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Preface

In this volume of the book, eigenvalue problems related to structured rank
matrices are studied. The first volume considered mainly two goals: introducing
structured rank matrices and investigating their properties, and secondly discussing
several methods for solving systems of equations involving these structured rank
matrices. Based on the ideas and methods presented in the first volume one can
now fully understand the techniques discussed in this volume. Nevertheless most
techniques are briefly repeated so that the book can be read independently from
Volume I. In this book, two types of problems are considered: some direct eigenvalue
problems and some inverse eigenvalue problems. Since many techniques are known
for sparse matrices, such as tridiagonal, band and so forth, quite often a comparison
between the sparse and structured rank case will be made.

The book is written from a numerical linear algebra viewpoint, meaning that
most of the attention is paid to the structure of the matrices involved, the com-
putational complexity, convergence analysis and numerical stability. Besides the
rank-revealing chapter, no real applications are considered. However, the volume
can be interesting for engineers as well, because in various fields nowadays one has
to deal with structured rank matrices. E.g., in signal processing, video processing,
state space models, these matrices arise.

A solid basic background and interesting theoretical results are provided. This,
combined with the available MATLAB codes and the references to related publica-
tions should make it possible to adapt the presented tools to the reader’s needs.

As not all readers are interested in the full details of all the material covered,
selective reading parts and an extensive index are included. This should make it
possible to focus directly on the part the reader is interested in.

The first two parts of the book focus on the development of implicit Q)R-
algorithms for special classes of structured rank matrices. These two parts provide
an alternative to the classical eigenvalue/singular value methods based on tridiag-
onal, Hessenberg and bidiagonal matrices. All the necessities to obtain such an
algorithm based on structured rank matrices are included. The following items are
covered: orthogonal reductions to semiseparable matrices and its variants, the con-
vergence properties of these reductions, implicit ) R-algorithms for these matrices,
chasing techniques, an implicit @-theorem, a multishift @) R-method a new iteration
(QH-iteration) for computing the eigenvalues and so forth.

The third part of the book contains some miscellaneous topics. The topics fit
however completely into the context of eigenvalue problems related to structured

Xi



xii Preface

rank matrices. A divide-and-conquer method for computing eigenvalues and eigen-
vectors is discussed, as well as a Lanczos-like semiseparabilization of a symmetric
matrix. Finally the rank-revealing properties of the reductions are investigated in
more detail.

The final part of this book relates structured rank matrices to orthogonal
functions, such as polynomials, polynomial vectors and rational functions. These
problems fit into this book because they address in some sense inverse eigenvalue
problems: reconstructing a certain structured rank matrix based on its eigenvalues
and some additional information.

Bibliography and author/editor index

After each section in the book, references, including a small summary of each cited
paper, related to that section, are presented.

The overall bibliography list contains boldface numbers in braces at the end
of each source. These numbers point to the pages in which the corresponding
manuscript is cited.

Besides a subject index an author/editor index is also included. All cited
authors and editors are included with references to their citations and occurrences
in the bibliography. An author’s name written in uppercase refers to manuscripts
in which the author is the first author. The author’s name written in lowercase
refers to the manuscripts of which the author is a coauthor.

Additional resources

This book comes together with a webpage. This page contains additional resources
for interested readers.

Updates of references can be found here, as well as additional references and
notes related to them. New, interesting and exciting developments can be found
here with the correct bibliographic links.

Errata will be posted here as well as extra material, such as additional exam-
ples or numerical experiments.

Implementations of different algorithms proposed or explained in this book
can be downloaded from this resource.

This page can be found at:
http://www.cs.kuleuven.be/~mase/books/
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Notation

Throughout the book we use the following notation, unless stated otherwise.

(X, ¥,2) «oovninn Denotes the vector space spanned by the vectors x,y and
Z.

A= (aij)ij------ A general matrix A with elements a; ;.

A gk l). ... .. Submatrix of A, consisting of rows i up to and including
7, and columns k up to and including .

Ala; B) oot Submatrix of A, consisting of indices out of the set o and
B.

ax B ... a x 3 denotes the product set {(4,7)|i € o, j € 8}, with «
and [ sets.

C .o Denotes the set of complex numbers.

Cplz] cvoeniennnn. Denotes the set of complex polynomials of degree < n.

cond (A) ........ The condition number of a matrix A.

S, T).......... Distance between the subspaces S and 7.

D................ A diagonal matrix.

deg(p) .......... The degree of a polynomial p.

det (A) .......... The determinant of a matrix A.

diag (d).......... Denotes a diagonal matrix, with as diagonal elements,
the elements from the vector d.

€ i The i-th basis vector.

G.oovoiii A Givens transformation.

Heo The hermitian conjugate of the involved matrix or vector.

H.o....o........... A (generalized) Hessenberg matrix.

Hooxoo = [hjk]... An infinite Hessenberg matrix with elements hg.

Tpooooiiiiiiin The identity matrix of size k x k.

K(A) oo The condition number of the matrix A.

Kr(A,v).ooooo... The Krylov subspace of the matrix A, with vector v of

dimension k.
A ={X\1,..., A} The \; denote the eigenvalues and A the spectrum of a

matrix.
Lhooeen The shift in the Q) R-method.
]3]1()\) .......... Equals pj(/\)pjfl ()\) .. pz()\)
Po:0o = [P0, P1,--.] An infinite vector with elements p;.
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XVi Notation
P Denotes the set of polynomials of degree less than n.
PM Denotes the monic set of polynomials of degree less than

n.

Range(A4) ......... Denotes the vector space spanned by the columns of A.
R, Denotes the set of real numbers.
1 - Denotes the polynomials in R of degree < n.
rank (A) ........... The rank of a matrix A.

The singular values of a given matrix.

A subspace S.

A semiseparable matrix.

A symmetric generator representable semiseparable ma-
trix with generators u and v.

The transpose of the involved matrix or vector.

A tridiagonal matrix.

Denotes the unit circle.

Denotes the lower triangular part of the matrix A,

below and including subdiagonal p.

Denotes the upper triangular part of the matrix A,
above and including superdiagonal p.

A unitary(orthogonal) matrix (with regard to the QR-
factorization).

An upper triangular matrix (with regard to the QR-
factorization).

A column vector u, with entries u;.

All vectors are column vectors and denoted in bold.

A subvector of u, consisting of the elements i up to and
including j.

A Hessenberg-like matrix.

The complex conjugate of z.



Chapter 1

Introduction to
semiseparable matrices

This chapter is included to make the book consistent and for those who didn’t read
the first volume of this book entitled: ‘Matrix Computations and Semiseparable
Matrices: Linear Systems’. For the people who did read the first volume, it might
be useful to refresh the notions and definitions used throughout this book.

The aim of this chapter is to present a concise but essential summary of the
results presented in Part I of the first volume. We will briefly recapitulate what is
meant by a semiseparable matrix and how we can represent it. Also some interesting
properties of these matrices will be discussed. Only the information essential for
a full and thorough understanding of the topics covered here is provided. More
detailed information can be found in the first volume [169].

We start the first section by introducing what is meant by semiseparable ma-
trices. Two types of matrices are introduced, the class of semiseparable matrices
and the class of generator representable semiseparable matrices. In a second section,
we investigate more closely the relations between these classes of matrices. Results
on the structure of the inverses of these matrices and on the close relation between
the class of semiseparable and generator representable semiseparable matrices will
be presented. It will be shown that the class of generator representable semisepa-
rable matrices is a specific subclass of the class of semiseparable matrices. In the
second section we briefly discuss two possible representations for these classes of
matrices, which will be used throughout the book. We introduce the Givens-vector
representation and also the generator representation.

A As in the first volume, we introduce in this paragraph the ‘selective reading
hints’. This paragraph is typeset in italics and marked with a pencil. It can be
found at the end of each introduction to a chapter or a part. The intention of
this paragraph is to highlight the main goals and issues of the chapter. A list of
the most significant theorems and examples will be presented. This is intended for
those readers who do not want to read the entire book but want to grasp the main
ideas presented in it.

Let us provide the essential information for this chapter. The aim of this



2 Chapter 1. Introduction to semiseparable matrices

chapter is to deliver a concise summary of the first volume. Only those ingredients
essential for an understanding of the coming chapters are included. These 12 pages
contain a lot of essential information, and it is advisable to read it from the begin-
ning to the end. It covers different definitions, representations and some important
properties such as the structure under inversion and the relation between generator
representable semiseparable and semiseparable matrices. People who have read the
first volume can skip this chapter without any problem. They can immediately
start with Part I: The reduction of matrices.

1.1 Definition of semiseparable matrices

Let us start by defining semiseparable matrices. Semiseparable matrices are so-
called structured rank matrices. This means that specific parts out of the matrix
need to satisfy a certain restriction on the ranks of subblocks. Let us provide some
concrete examples.

We start by defining the symmetric classes of matrices.

Definition 1.1. A matriz S is called a symmetric semiseparable matriz if and
only if all submatrices taken out of the lower and upper triangular part' (due to
symmetry) of the matriz are of rank 1 at most and the matric is symmetric.

This means that a symmetric matrix S € R™*™ is semiseparable if and only
if the following relation is satisfied:

rank (S(i:n,1:7)) <1lwithi=1,...,n.

This relation is a translation of the definition above into mathematical formulas.
With S(i : 4,k : )2, we denote that part of the matrix, ranging from row i up to
and including row j, and column k up to and including column .

If all subblocks marked by the K taken out of the lower triangular part in the
following 5 x 5 example have rank less then or equal to 1, we have a semiseparable
matrix. This illustrates only the rank structure for the lower triangular part of the
matrix, but by symmetry this also holds for the upper triangular part.

X x x x x X X X X X X X X X X
X x x x x XK X x x x X X X X X
K x x x x|, | KK x x x|, |[KKXX x x
X x x x X X K x x x X X XK x x
X x x x X X K x x x X X K x x

X X X X X X X X X X

X X X X X X X X X X

X X X X X | and | x x x x x

X X X X x X X X X X

X X X K x X X X XK X

IThe lower as well as the upper triangular part of the matrix includes the diagonal.
2This is MATLAB style notation. MATLAB is a registered trademark of The MathWorks, Inc.
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Example 1.2 The following three matrices are symmetric semiseparable matrices:

5 2 4 50 0 330
2 1 2],]06 0] and |3 3 0
4 2 5 00 7 00 4

The following frequently used definition for semiseparable matrices is the so-
called generator definition® (see, e.g., [38, 73, 115, 156]). Hence we name these
matrices satisfying this definition ‘generator representable semiseparable’ matrices.

Definition 1.3. A matriz S is called a symmetric generator representable semisep-
arable matriz if and only if the lower triangular part of the matriz is coming from
a rank 1 matriz and the matriz S is symmetric.

This means that a matrix S is symmetric generator representable semisepara-
ble if (for i =1,...,n):
tril(S) = tril(uv?),
triu(S) = triu(vu’),
where u and v are two column vectors of length n. With triu(-) and tril(-)?, we de-

note, respectively, the upper triangular and the lower triangular part of the matrix.
A generator representable semiseparable matrix has the following structure

: T __ T __ .
with u? = [ug, uz,...,u,] and v = v, ve,...,0,]:
U101 U2V RY%] oo Unpty
U2V1 U2vV2 u3zv2 oo UnpU2
S = | uzvy uszvy ugv3 : . (1.1)
UpV1  UpV2  UpV3 ... UpUp

Reconsidering Example 1.2, one can easily see that the first matrix is sym-
metric generator representable semiseparable, but the second and third matrices are
not. This indicates already that both classes do not cover the same set of matri-
ces. We will prove later on that the class of generator representable semiseparable
matrices is a specific subclass of the class of semiseparable matrices.

In the remainder of the text, we will often denote a generator representable
matrix, with generators u,v as S(u,v).

In this book we will not only work with the class of semiseparable matrices
but also with a closely related class, namely the class of semiseparable plus diag-
onal matrices. This class of matrices will become very useful for rank-revealing
applications as will be shown afterwards®.

3In our book, we name these matrices in this way. Often these matrices are simply referred to
as semiseparable matrices. (See also the notes and references at the end of this section.)
4The commands triu(-) and tril(-) are defined similarly as the MATLAB commands.

5In Chapter 3 we will show that a reduction to semiseparable plus diagonal form has some
specific convergence properties, which can be used for performing rank revealing,.
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Definition 1.4. A matriz S is called a symmetric semiseparable plus diagonal
matriz if and only if it can be written as the sum of a diagonal and a symmetric
semiseparable matriz.

This type of matrix arises for example in the discretization of particular inte-
gral equations (see, e.g., [109, 110]).

Throughout this book, we also do work with nonsymmetric matrices, such
as upper triangular semiseparable, and Hessenberg-like matrices. The definition of
an upper triangular semiseparable matrix is straightforward. An upper triangular
semiseparable matrix is an upper triangular matrix for which the upper triangular
part is of semiseparable form, which means that all submatrices taken out of that
specific part have rank less than or equal to 1.

Definition 1.5. A matriz Z is called a Hessenberg-like matriz if all submatrices
taken out of the lower triangular part of the matriz, including the diagonal, have
rank 1 at most.

In other words, the lower triangular part of the Hessenberg-like matrix is of
semiseparable form. These matrices are also called lower semiseparable (as they
only have the lower triangular part satisfying the semiseparable constraints). Even
though it might sound confusing, lower Hessenberg-like matrices (coming from the
inverse of lower Hessenberg matrices) have the upper triangular part of structured
rank form. These matrices are sometimes also referred to as upper semiseparable
matrices.

Even though we did not explicitly define them, sparse® matrices such as tridi-
agonal, bidiagonal and Hessenberg matrices can also be considered as structured
rank matrices. For a tridiagonal matrix all submatrices taken out of the part below
the subdiagonal have rank 0. Our convention is the following: when speaking about
sparse matrices we mean the tridiagonal, bidiagonal and Hessenberg case; when dis-
cussing the structured rank case we consider the semiseparable, upper triangular
semiseparable and Hessenberg-like case. This is to distinguish between the classes
of matrices considered in the book.

All the above matrices will be used throughout the book. The classes of semi-
separable and semiseparable plus diagonal matrices will be used as intermediate
matrices for solving the symmetric eigenvalue problem. The class of Hessenberg-
like matrices will replace the class of Hessenberg matrices in the unsymmetric eigen-
value problem. Finally, the class of upper triangular semiseparable matrices will be
used for computing the singular value decomposition instead of bidiagonal matrices.
Moreover in Section 1.2 we will prove that all the classes of matrices mentioned here
are closely related to each other via inversion.

6In some sense there are two mainstreams of naming matrices ‘sparse’. Often matrices are
named sparse if they have many more zero than nonzero elements. Another definition considers
matrices sparse when the zero structure can be exploited to obtain efficient algorithms. We choose
to use the last definition.
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Notes and references

More information concerning these classes of matrices plus the class of quasiseparable
matrices can be found in the following article and in the first volume of this book.

== R. Vandebril, M. Van Barel, and N. Mastronardi. A note on the represen-
tation and definition of semiseparable matrices. Numerical Linear Algebra
with Applications, 12(8):839-858, October 2005.

ww R. Vandebril, M. Van Barel, and N. Mastronardi. Matriz Computations
and Semiseparable Matrices, Volume I: Linear Systems. Johns Hopkins
University Press, Baltimore, Maryland, USA, 2008.

The following revised book includes the contents of some articles in which there
is, to our knowledge, the first appearance of semiseparable matrices called ‘one-pair’ or
‘single-pair’ matrices at that time.

w F. R. Gantmacher and M. G. Krein. Oscillation Matrices and Kernels
and Small Vibrations of Mechanical Systems. AMS Chelsea Publishing,
Providence, Rhode Island, USA, revised edition, 2002.

As mentioned before, many more references related to either generator representable
semiseparable and semiseparable plus diagonal matrices can be found in the first volume.

There are many more structured rank matrices not discussed in this section. For
example quasiseparable matrices, higher order semiseparable, decoupled semiseparable,
generator representable plus band and so forth. All these different classes are discussed in
a more general context in the first volume of this book.

Historically, semiseparable matrices have been defined in different, quite often incon-
sistent ways. One can divide these definitions into two main streams: the ‘Linear Algebra’
form and the ‘Operator Theory’ definition. From an operator theoretical viewpoint, semi-
separable matrices can be considered as coming from the discretization of semiseparable
kernels. The resulting matrix is a generator representable semiseparable matrix. Hence,
quite often in the literature one speaks about a semiseparable matrix but one means a
‘generator representable’ matrix, as defined in this section. From a linear algebra view-
point, semiseparable matrices are often considered as the inverses of tridiagonal matrices.
In this book we use the ‘Linear Algebra’ formulation. We will however always clearly state
which type of semiseparable matrix we are working with.

1.2 Some properties

In this section some properties of the previously defined classes of matrices will
be discussed. We will investigate the structure of the inverse of some previously
defined matrices. Moreover we will see that the inverse of some of the structured
rank matrices gives rise to a sparse matrix.

1.2.1 Relations under inversion

The basic tool for predicting the structure of the inverse of a structured rank matrix
is the nullity theorem. This theorem does not provide explicit methods for inverting
matrices, but it provides theoretical predictions on the inner structure of the re-
sulting matrices. This theorem was first formulated by Gustafson [103] for matrices
over principal ideal domains. In [79], Fiedler and Markham translated this abstract
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formulation to matrices over a field. Barrett and Feinsilver formulated theorems
close to the nullity theorem in [14, 15]. We will not provide a proof of the nullity
theorem nor explore its power. We will briefly state the theorem and some of its
interesting corollaries. Using this theorem, one can easily calculate the structure of
the inverse of some of the previously defined structured rank matrices.

Definition 1.6. Suppose a matriz A € R™*" is given. The nullity n(A) is defined
as the dimension of the right null space of A.

Theorem 1.7 (The nullity theorem). Suppose we have the following invertible
matrix A € R"*™ partitioned as

[ A Agg |

A:
| A1 Az |

with Ay1 of size p X q. The inverse B of A is partitioned as

[ Bi1 Bz |

B = ,
B Bao |

with Bi1 of size ¢ X p. Then the nullities n(A11) and n(Baz2) are equal.

The proof can be found in [79]. For the following corollaries, we use the
following notation. Let A be an m X n matrix. Denote with M the set of numbers
{1,2,...,m} and with N the set of numbers {1,2,...,n}. Let @ and § be nonempty
subset of M and N, respectively. Then, we denote with the matrix A(q;3) the
submatrix of A with row indices in « and column indices in 3. Let us denote with
|| the cardinality of the corresponding set .

The following corollary is derived from the nullity theorem. The abstract
formulation in terms of nullities of subblocks is translated in terms of the ranks of
submatrices.

Corollary 1.8 (Corollary 3 in [79]).  Suppose A € R™ ™ s a nonsingular
matriz and o, § are nonempty subsets of N with |a| < n and |5| < n. Then

rank (Ail(a; B)) = rank (A(N\B; N\a)) + |o| + |8 — n.
When choosing o = N\ 3, we get
Corollary 1.9. For a nonsingular matriz A € R™*"™ and o C N, we have:

rank (A" (a; N\a)) = rank (A(e; N\a)).

Based on the nullity theorem and its corollaries the proof of the following
theorem is an easy exercise.

Theorem 1.10. The inverse of an invertible
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tridiagonal matrix is a semiseparable matrix;

irreducible tridiagonal matriz is a generator representable semiseparable ma-
trix;

Hessenberg matrix is a Hessenberg-like matriz;

an upper triangular semiseparable matrix is a bidiagonal matrix;

a lower triangular semiseparable matrix is a lower bidiagonal matrizx.

The deduction of the structure of the inverse of a semiseparable plus diagonal
matrix is a little more tricky. We do not go into the details of the inversion but
provide a simple theorem for the special case of semiseparable plus diagonal matrices
for which the diagonal does not contain any zero values. A more comprehensive
study of its inverse can be found in [51] and in Volume I.

Theorem 1.11. The inverse of an invertible semiseparable plus diagonal matrixz
S + D, for which the matrix D is also invertible, is again a semiseparable plus
diagonal matriz with matriz D~' as the diagonal.

The proof can be found in [51, 169].

1.2.2 Generator representable semiseparable matrices

Example 1.2 in Section 1.1 already illustrated that there seem to be some major dif-
ferences between the class of generator representable semiseparable and the class of
semiseparable matrices. For example a diagonal matrix belongs to the class of semi-
separable matrices, but one is unable to represent it with generators. The following
theorems clearly illustrate how the class of generator representable semiseparable
matrices fits into the class of semiseparable matrices.

First we define the pointwise limit.”

Definition 1.12. The pointwise limit of a collection of matrices Ac € R™*™ (if it
exists) for € — €q, with €,¢9 € R and with the matrices A as

(al,l)e tee (al,n)e
A=
(an,l)e s (an,n)e
is defined as:
hme—»eo (al,l)s t 1im€—>é(} (al,n)e
lim A, =
€E—€Q . ° . °
111115*,50 (an,l)e e hm5~>60 (an,n)e

"Even though we use the pointwise limit here, any matrix norm suffices to prove similar theo-
rems, see the first volume.
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It is clear that the class of generator representable semiseparable matrices is
not closed under the pointwise limit; this is illustrated by the following example.

Example 1.13 For all €, the matrices A, are generator representable semisepa-
rable. The limit of these matrices A, for ¢ — 0, however, will not be generator
representable semiseparable but just semiseparable.

1 1 €
IlmA, =lim | 1 1 e
e—0 e—0
e e 1
1 1 0
=1 1 0
0 0 1

Before formulating a theorem, which defines the pointwise closure of the class
of generator representable semiseparable matrices, we need to introduce some more
notation and some preliminaries. As mentioned before, the submatrix of the matrix
A, consisting of the rows i,i 4+ 1,...,j — 1,7 and the columns k, k+1,...,1 — 1,1,
is denoted using the MATLAB-style notation A(i : j, k : 1); the same notation style
is used for the elements i,...,7 in a vector u: u(i : j) and the (i, j)-th element in
a matrix A: A(i,j) = a;,; (either notation is used, depending on the context).

The proofs of the following theorems and a more elaborate study of them can
be found in Volume I [169].

Theorem 1.14.  Suppose S to be a symmetric semiseparable matrix of size n.
Then, S is not a generator representable semiseparable matriz if and only if there
exist indices i,j with 1 < j < i < n such that S(i,5) = 0, S(i,1 : i) # 0 and
S+ n, ) #0.

If a zero in the semiseparable part is present, then that this zero propagates
up to a diagonal element, either in a row or in a column. Reconsider for example
a diagonal matrix, with nonzero diagonal elements. In this case, it is not true that
zero elements in the lower triangular part propagate up to and include the diagonal,
hence this matrix is not of generator representable semiseparable form.

The next proposition shows how the class of symmetric generator representable
semiseparable matrices can be embedded in the class of symmetric semiseparable
matrices.

Proposition 1.15. Suppose a symmetric semiseparable matriz S is given, which
cannot be represented by two generators. Then this matrix can be written as a
block diagonal matriz, for which all the blocks are symmetric semiseparable matrices
representable with two generators.

This theorem is of interest when developing @ R-algorithms; it gives a char-
acterization of the blocks (they are generator representable) if deflation is needed
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in the algorithm. More information on this property will be given in forthcom-
ing chapters. Let us conclude with a theorem, which will become crucial in the
remainder of the book.

Theorem 1.16. The pointwise closure of the class of symmetric generator repre-
sentable semiseparable matrices is the class of symmetric semiseparable matrices,
which is closed under pointwise convergence.

The above theorem will become important for the construction of eigenvalue
algorithms based on semiseparable and related matrices. As we want the semi-
separable matrices to converge to diagonal matrices containing the eigenvalues, we
cannot work with generator representable semiseparable matrices. Because gener-
ator representable matrices are not capable of dealing with diagonal matrices, this
can lead to numerical instabilities! As this representation does not satisfy our needs,
we need another type of representation. This representation is explored in the next
section.

Notes and references

As already mentioned, the first formulation of the nullity theorem was due to Gustafson
for matrices over principal ideal domains.

ww W. H. Gustafson. A note on matrix inversion. Linear Algebra and its
Applications, 57:71-73, 1984.

The nullity theorem, as presented in this section, was formulated by Fiedler and Markham,
who translated the abstract formulation of Gustafson.

= M. Fiedler and T. L. Markham. Completing a matrix when certain entries
of its inverse are specified. Linear Algebra and its Applications, 74:225-237,
1986.

Also Barrett and Feinsilver formulated theorems close to the nullity theorem.

w W. W. Barrett. A theorem on inverses of tridiagonal matrices. Linear
Algebra and its Applications, 27:211-217, 1979.

= W. W. Barrett and P. J. Feinsilver. Inverses of banded matrices. Linear
Algebra and its Applications, 41:111-130, 1981.

Barrett (1979) formulates another type of theorem connected to the inverse of tridiagonal
matrices. In most of the preceding articles, one assumed the sub- and superdiagonal ele-
ments of the corresponding tridiagonal matrix to be different from zero. In this article of
1979 only one condition is left. It is assumed that the diagonal elements of the symmet-
ric semiseparable matrix are different from zero. Moreover, the proof is also suitable for
nonsymmetric matrices. The theorems presented in this article are very close to the final
version result, stating that the inverse of a tridiagonal matrix is a semiseparable matrix,
satisfying the rank definition. Barrett and Feinsilver (1981) should be considered as one of
the most important articles concerning the inverse of band matrices. Barrett and Feinsil-
ver provide a general framework as presented in this section. General theorems and proofs
considering the vanishing of minors when looking at the matrices and their inverses are
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given, thereby characterizing the complete class of band and semiseparable matrices, with-
out excluding cases in which there are zeros. The results are a straightforward consequence
of Barrett (1979).

Based on the above presented historical references, the structure of the inverses of
these matrices can be deduced rather easily. Recently an article covering an extension of
the nullity theorem was presented.

S, Delvaux and M. Van Barel. Structures preserved by matrix inversion.

SIAM Journal on Matriz Analysis and Applications, 28(1):213-228, 2006.

The article of Meurant discusses several articles and methods for inverting band and
related matrices.

w G. Meurant. A review of the inverse of symmetric tridiagonal and block
tridiagonal matrices. SIAM Journal on Matrix Analysis and Applications,
13:707-728, 1992.

The inner relations between the class of generator representable semiseparable ma-
trices and the class of semiseparable matrices was extensively studied in the first volume
[169] and in [165]. In these articles, not only the relation between the above mentioned
classes of matrices, but also the relations between quasiseparable and semiseparable plus
diagonal matrices, the symmetric as well as the unsymmetric version, are discussed Also
the possible numerical problems as mentioned at the end of this section are covered in
the first volume. Moreover, robust and reliable techniques are provided for computing the
generators of generator representable semiseparable matrices.

The following articles by Woerdeman contain interesting results on completion prob-
lems. These problems address in some sense whether a matrix is generator representable.
These general theorems lead to a generalization of the nullity theorem.

ww H. J. Woerdeman. Matrixz and Operator Extensions, volume 68 of CWI
Tract. Centre for Mathematics and Computer Science, Amsterdam,
Netherlands, 1989.

ww H. J. Woerdeman. A matrix and its inverse: revisiting minimal rank com-
pletions. Operator Theory: Advances and Applications, 179:329-338, 2008.

1.3 The representations

In the previous section, we declared different types of structured rank matrices,
which will be used extensively throughout this book. The definition of a semi-
separable matrix however was purely based on the rank structure of the matrix.
The definition did not say anything about an effective way of dealing with these
matrices. Storing the matrices in their full, dense form results in O(n?) memory
usage. In exploiting the known rank properties more efficient ways exist. In this
section we will deduce the two frequently used types of representations in this book,
namely, the generator representation and the Givens-vector representation. These
are however not the only possible representations. More information can again be
found in [169)].

1.3.1 The generator representation

In the preceding chapter we discussed the relationship between generator repre-
sentable semiseparable matrices and semiseparable matrices. The class of generator
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representable semiseparable matrices is a subclass of the class of semiseparable ma-
trices.

Reconsidering the example presented above we have a generator representable
semiseparable matrix of the following form.

Suppose two vectors u and v of the following form u?’ = [u1,us, ..., u,] and
vl = [v1,v2,...,vy,] are given. The matrix S(u,v) of the form
U111 U2V1 usv1 coe Up
U2V U2vV2 uzv oo Upv2
S(U., V) = U3V U3V2  U3V3 : (12)
UpV1  Unpl2  Up¥3 ... Uplp

is a generator representable semiseparable matrix. The vectors u and v are called
the generators of this matrix.

We do not go further in detail on how to construct these generators in a
reliable way or how they fit in a more general representation type, namely the type
of quasiseparable matrices.

In this book, we will most of the time work with the Givens-vector represen-
tation. This representation is capable of representing all semiseparable matrices,
not only the generator representable ones.

1.3.2 The Givens-vector representation

The Givens-vector representation for a matrix S € R™*" consists of a sequence of
n—1 Givens transformations and a vector. The following figures denote how a semi-
separable matrix can be reconstructed using this information. The Givens trans-
formations are denoted as G = [G1,...,Gy_1] and the vector as v = [v1,..., vy,
The elements denoted by X make up the semiseparable part of the matrix. Initially,
one starts on the first two rows of the matrix. The element v; is placed in the upper
left position, then a Givens transformation is applied, and finally to complete the
first step, element vy is added in position (2,1). Only the first two columns and
rows are shown here.

(%1 0 _ G V1 0 + 0 0 R X 0
0 0 Lo o 0 v X vy |
The second step consists of applying the Givens transformation G2 on the second

and the third rows; furthermore, vs is added in position (3,3). Here only the first
three columns are shown and the second and third row. This leads to

X v 0 G K v 0 n 0 0 O _ X X 0
0 0 0 Lo 0 0 0 0 wvs X X v |
This process can be repeated by applying the Givens transformation G5 on the third

and the fourth rows of the matrix and afterwards adding the diagonal element wvy.
After applying all the Givens transformations and adding all the diagonal elements,
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the lower triangular part of a symmetric semiseparable matrix is constructed. Be-
cause of the symmetry, the upper triangular part is also known.
When denoting a Givens transformation G; as

(&) —S1
Gl = |: :| ’
Si Cl

the elements S(i,j) = s;; are calculated in the following way:

S(Z,]) = 8 = Ci8j—18i—2 """ 8;V; forn>i> J

S(n,J) = Spj = Sn—1Sn—2 - - 8;v; for i = n.

The elements in the upper triangular part can be calculated similarly due the sym-
metry. The elements of the semiseparable matrix can therefore be calculated in a
stable way based on the Givens-vector representation. This means that a semisepa-
rable matrix, represented with the Givens-vector representation, is of the following
form

€101
C251U1 CaV2
S = C352581V1 (C3S2V2 C3VU3 . (13)

The storage costs are 3n — 2. We store the cosine and sine separately because
of numerical efficiency. Theoretically, only storing the cosine (or sine) would be
enough, leading to a storage cost of 2n — 1. As can be seen from the structure
of a matrix represented with this Givens-vector representation, the Givens trans-
formations store the dependencies between the rows, while the vector contains a
weight posed on each column. An extension of the Givens-vector representation is
the Givens-weight representation (see [53]).

The Givens-vector representation, as it was designed here, starts at the top
and fills up the matrix gradually. Hence, this is a representation from top to bottom.
In fact, one can start in a similar way in the lower right corner and gradually fill
up the matrix from the right to the left. This representation is called a Givens-
vector representation from right to left, or sometimes a column based, because the
columns are filled up, whereas the first version is sometimes named the row-based
Givens-vector representation. Both representations can easily be transformed into
each other. The procedure for going from a top-bottom to a right-left representation
is called the swapping of the representation. An implementation of this swapping
can be found in the first volume.

The Givens-vector representation, both the top-bottom as well as the right-left
form, admit an easy graphical representation. The first volume of this book makes
extensive use of this representation for designing () R-factorizations. In this volume
this representation is only used for showing how one can interpret the different
algorithms easily by using the Givens-vector representation. They are depicted for
the first time in Chapter 4. There it is shown how to depict graphically the Givens-
vector representation, and the basic operations, such as the shift through and the
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fusion, are also shown. Based on these graphical schemes the reduction algorithm is
reinterpreted. In Chapter 8, the graphical representation is used for reconstructing
the implicit QR-algorithm. Finally in Chapter 9, extensive use is made of this
graphical representation because a mathematical description of, e.g., the multishift
algorithm would be hard to read.

Notes and references

In the literature much attention is being paid to the class of generator representable
semiseparable matrices. Especially as they can be considered as the inverses of irreducible
tridiagonal matrices.

= S. O. Asplund. Finite boundary value problems solved by Green’s matrix.
Mathematica Scandinavica, 7:49-56, 1959.

In this article, S. O. Asplund, the father of E. Asplund, proves the same as Gantmacher
and Krein, by calculating the inverse via techniques for solving finite boundary value
problems. Also some theoretical results concerning inverses of nonsymmetric tridiagonal
(not necessarily irreducible) matrices are included.

The Givens-vector representation was defined in [165] (see also Section 1.1 of this
chapter). Vandebril, Van Barel and Mastronardi investigate in detail the difference be-
tween generator representable semiseparable and semiseparable matrices. Moreover the
relations between the generator and Givens-vector representation are explored. An exten-
sion of the Givens-vector representation was proposed by Delvaux and Van Barel. This
representation is the so-called Givens-weight representation, which can be used to repre-
sent also higher-order structured rank matrices by more Givens transformations and the
role of the vector is replaced by the weights.

w S. Delvaux and M. Van Barel. A Givens-weight representation for rank
structured matrices. SIAM Journal on Matriz Analysis and Applications,
29(4):1147-1170, 2007.

The representations discussed in this chapter are not the only ones. The diagonal
subdiagonal representation stores in fact only the diagonal and the subdiagonal of the
semiseparable matrix. This representation is just like the generator representation, not
capable of representing all semiseparable matrices. This diagonal subdiagonal representa-
tion is mainly investigated by Fiedler and co-authors. Important theorems related to the
diagonal and subdiagonal representation can be found in

= M. Fiedler. Basic matrices. Linear Algebra and its Applications, 373:143—
151, 2003.

= M. Fiedler and Z. Vaviin. Generalized Hessenberg matrices. Linear Algebra
and its Applications, 380:95-105, 2004.

In the articles of 2003 and 2004, the properties of so-called basic matrices and complete
basic matrices are investigated. These are matrices representable with the diagonal and
subdiagonal representation. Theorems concerning the representation, LU-decompositions,
factorizations of these matrices and inversion methods are presented.

Another frequently used representation is the quasiseparable representation. In fact,
this representation is the most general one. It covers the Givens-vector representation, as
well as the generator representation as special cases. Unfortunately this representation
uses more parameters than strictly necessary. Hence one has to choose these parameters
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very carefully to avoid numerical problems. The following publications introduce the
quasiseparable representation.

= Y. Eidelman and I. C. Gohberg. On a new class of structured matrices.
Integral Equations and Operator Theory, 34:293-324, 1999.

ww E. E. Tyrtyshnikov. Mosaic ranks for weakly semiseparable matrices. In
M. Griebel, S. Margenov, and P. Y. Yalamov, editors, Large-Scale Scientific
Computations of Engineering and Environmental Problems II, volume 73 of
Notes on Numerical Fluid Mechanics, pages 36—41. Vieweg, Braunschweig,
Germany, 2000.

In the first article, the authors Eidelman and Gohberg investigate a generalization of the
class of semiseparable matrices, namely, the class of quasiseparable matrices in its most
general form. They show that the class of quasiseparable matrices is closed under inversion,
and they present a linear complexity inversion method. Tyrtyshnikov names the class of
quasiseparable matrices weakly semiseparable matrices.

1.4 Conclusions

This chapter was meant as a brief introduction into the theory of semiseparable
matrices. The goal was to get the reader acquainted as quickly as possible with the
definition of a semiseparable and a generator representable semiseparable matrix.
Based on these definitions, two possible representations, which are frequently used
in the remainder of the book, were covered. Finally we provided some background
information on some inner relations between semiseparable and generator repre-
sentable semiseparable matrices and also the structure of their inverses was briefly
discussed.
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The reduction of matrices
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The first and second part of this book focus on the translation of traditional
eigenvalue algorithms, based on sparse matrices, towards a structured rank ap-
proach. Let us specify this. For example, a traditional method for computing the
eigenvalues of a symmetric matrix first transforms this symmetric matrix to a sim-
ilar tridiagonal one, and then the eigenvalues of this similar tridiagonal one are
computed via the well-known @ R-algorithm. A translation of the reduction to a
more easy form (tridiagonal in the traditional setting) is the topic of the first part,
and a translation of the QR-algorithm (for tridiagonal matrices in the traditional
algorithm) is the topic of the second part of this book. Let us provide some more
information on the first part.

This part goes out to the development and study of new reduction algorithms,
which reduce matrices not to a sparse form such as Hessenberg, bidiagonal or tridiag-
onal form, but to their analogues in the structured rank setting, i.e., Hessenberg-like,
upper triangular semiseparable and semiseparable. The algorithms are proposed.
Their properties with regard to the traditional reduction algorithms are investi-
gated and their implementations, computational complexities and some numerical
examples will be discussed.

Chapter 2 starts with introducing the different reduction algorithms. The
traditional algorithms for reducing matrices to sparse form are also revisited to
clarify the correspondences and differences with the new proposed methods. First
we discuss transformations of symmetric matrices to two specific forms, namely
semiseparable and semiseparable plus diagonal. It will be shown that the reduction
to semiseparable plus diagonal form is the most general one, covering in fact also the
reduction to tridiagonal and semiseparable form. Applying the same reduction al-
gorithm to nonsymmetric matrices leads to an orthogonal similarity transformation
for transforming arbitrary matrices to Hessenberg-like form. Similarity transfor-
mations are not necessary if one wants to compute the singular values; hence, a
reduction method to transform arbitrary rectangular matrices into an upper trian-
gular semiseparable matrix is also proposed. To conclude this chapter, two extra
sections are added proposing methods to go from sparse to structured rank form
and vice versa. For example efficient algorithms for reducing a semiseparable plus
diagonal matrix to a tridiagonal matrix are proposed.

It was already mentioned that the reductions to structured rank form are
slightly more costly than the reductions to sparse form. In Chapter 3, we discuss in
more detail the effect of these extra transformations. We start by deducing a gen-
eral theory stating which similarity transformations have the Lanczos-Ritz values
as eigenvalues in the already reduced part. The provided theoretical results give
necessary and sufficient conditions that need to be imposed on similarity transfor-
mations to obtain this convergence behavior. After this investigation we investigate
the extra convergence behavior due to extra operations performed in the reduction
procedure. This results in a kind of nested subspace iteration. Moreover in the case
of the reduction to semiseparable plus diagonal form, it is a kind of nested multishift
iteration, in which the shift depends on the diagonal initially chosen for the reduc-
tion procedure. Of course these two types of convergence behavior interact with
each other. It is proven that the subspace iteration starts working on the already
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reduced part if the Lanczos-Ritz values approximate well enough particular values
in the spectrum. A tight upper bound is computed predicting rather well the speed
of the convergence of the multishift subspace iteration taking into consideration the
interaction with the Lanczos-Ritz values.

The last chapter of this first part gives some mathematical details of imple-
menting these methods and shows some numerical experiments. First some tools for
operating with Givens transformations are provided. Secondly the mathematical de-
tails of implementing some of the reduction procedures, based on the Givens-vector
representation, are shown. The chapter is concluded by showing some numerical
experiments illustrating the convergence behavior of the proposed reduction proce-
dures.

& The main realization of this part will be the development of some reduction
algorithms and the study of their (convergence) behavior.

Chapter 2 proposes the different reduction algorithms that will be used
throughout this book. The reductions to structured rank forms are the essentials
for this chapter. These reductions are discussed in Theorems 2.6, 2.9, 2.13 and 2.17.

Chapter 3 discusses the convergence properties of the designed reduction al-
gorithms. Two types of behavior are investigated. First the Lanczos-Ritz values
behavior (Theorems 3.2 and 3.3) and the effect on the reduction algorithms (Subsec-
tion 3.1.5) is discussed. Secondly the nested subspace iteration (Subsection 3.2.3)
and its convergence speed during the reduction (Subsection 3.3.3) are studied.

The final chapter of this part discusses the implementation of the methods
and shows some numerical examples. This chapter contains extra material that is
not necessary for a full understanding of the remainder of the book. We recommend
however considering the computational complexity in the case of deflation (Subsec-
tion 4.2.5) showing that the computational complexity is heavily dependent on the
convergence behavior. The Experiments 2, 3 and 4 of Subsection 4.3.1 illustrate
the interaction between the convergence behaviors. The examples starting from 5
in Subsection 4.3.2 compare the theoretical bound on the convergence speed with
the real situation.



Chapter 2

Algorithms for reducing
matrices

It is known from the introductory chapter that semiseparable and tridiagonal ma-
trices are closely related to each other. Invertible semiseparable matrices have as
an inverse a tridiagonal matrix and vice versa. One might wonder whether this
close relation between these two classes of matrices can be extended, for exam-
ple, whether one can also reduce any symmetric matrix via orthogonal similarity
transformations into a similar semiseparable one. In this chapter we will construct
algorithms for reducing matrices to different structured rank forms. We will propose
algorithms for reducing matrices to upper triangular semiseparable, semiseparable
and semiseparable plus diagonal form. The aim of these reductions is to exploit the
rank structure in the development of eigenvalue/singular value algorithms.

In the first introductory section we briefly discuss the nomenclature of trans-
formations. In the second section we discuss three types of orthogonal similarity
transformations, applied on symmetric matrices. Firstly we will introduce the well-
known tridiagonalization of a symmetric matrix. Secondly we will see that the
semiseparabilization of a symmetric matrix is closely related to the previously de-
fined tridiagonalization process. Finally we will further explore the semiseparabiliza-
tion and adapt this procedure to arrive at an orthogonal similarity transformation
for reducing a symmetric matrix to semiseparable plus diagonal form.

The third section focuses on applying this reduction scheme on nonsymmetric
matrices. We will show the similarity transformation of matrices into Hessenberg
and Hessenberg-like forms. A Hessenberg-like matrix can be considered as the
analogue of a Hessenberg matrix for the structured rank case.

The second and the third section focused attention on similarity transforma-
tions. Similarity transformations are useful if the aim is to compute the eigenvalues
of the original matrix. If one wants to compute the singular values, however, there
is no reason to stick to similarity transformations. Therefore, we propose in this
section orthogonal transformations to come to an easy form, useful for computing
the singular values. In correspondence with the reduction of an arbitrary matrix
by orthogonal transformations to a bidiagonal one, we construct an algorithm that

19
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reduces a matrix into an upper triangular semiseparable one.

In Sections 2.5 and 2.6 algorithms for transforming matrices from sparse form
to the structured rank form and vice versa are presented.! Similarity transforma-
tions as well as the other type of transformation are discussed for transforming
tridiagonal to semiseparable (plus diagonal) form and transforming bidiagonal to
upper triangular semiseparable form and vice versa.

N\ The reader familiar with the standard reductions to sparse matrix format
such as to tridiagonal, Hessenberg and bidiagonal (described in Theorems 2.5, 2.12
and 2.15) can omit the discussion of these reduction algorithms and proceed im-
mediately to the new reduction methods to structured rank format. The following
reductions are the key algorithms for this chapter: the reduction to semiseparable
form in Theorem 2.6; the reduction to semiseparable plus diagonal form in Theo-
rem 2.9; the reduction to Hessenberg-like form in Theorem 2.13 and the reduction
to upper triangular semiseparable form in Theorem 2.17. These algorithms are the
basics of the forthcoming chapters. For completeness also reductions from sparse to
structured rank and from structured rank to sparse form are included (Sections 2.5
and 2.6). These are not however essential for the remainder of the book.

2.1 Introduction

Before focusing attention on the various reduction algorithms, we will briefly explain
some tools and notations used throughout this chapter. We start by introducing
the different types of transformations that will be used such as similarity and equiv-
alence transformations. Secondly we will introduce two popular types of orthogonal
transformations, namely the Givens and the Householder transformations.

2.1.1 Equivalence transformations

We will briefly repeat here the standard nomenclature related to the transformations
discussed in this book.

Definition 2.1. A matriz®> A € R™¥" is said to be equivalent with a matriz
B € R™ ™ if there exist two nonsingular matrices C and D such that:

C™'AD = B.
This transformation is called an equivalence transformation.

Equivalence transformations come in handy when computing the singular val-
ues of matrices as orthogonally equivalent matrices (with C and D orthogonal) have

IRemember the convention from the preceding chapter. With sparse form we mean tridiag-
onal, bidiagonal and Hessenberg, with structured rank we mean semiseparable, upper triangular
semiseparable and Hessenberg-like.

2Even though in this book, we will mainly focus on real matrices, most of the results presented
here are directly generalizable to complex matrices.
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the same singular values. In the case of an orthogonal equivalence transformation,
we denote this as
UTAV = B,

in which both U and V are orthogonal matrices.® See the forthcoming Definition 2.4
of an orthogonal matrix.

A similarity transformation is a special equivalence transformation that pre-
serves the eigenvalues, the so-called spectrum of the matrix.

Definition 2.2. A matrix A € R™ "™ is said to be similar to a matriz B € R™ "™ if
there exists a nonsingular matriz C' such that:

C'AC = B.
This transformation is called a similarity transformation.

In case of an orthogonal similarity transformation, this is denoted as U1 AU =
UT AU = B, with U as an orthogonal matrix.* A special type of transformation is
the congruence transformation.

Definition 2.3. A matrix A € R™ "™ is said to be congruent with a matriz B €
R™>™ if there exists a nonsingular matriz C' € R™*™ such that:

CTAC = B.
This transformation is called a congruence transformation.

An orthogonal similarity transformation is hence also a congruence transfor-
mation.®

In this chapter we will explore all these three transformations as a preprocess-
ing step for computing the eigenvalues and/or singular values. The clue is to perform
any of these transformations, such that the obtained matrix B is of easy structure,
which means that one can more efficiently compute its eigenvalues/singular values.

2.1.2 Orthogonal transformations

In the previous subsection we proposed different kinds of transformations for ob-
taining a more easy structure of the resulting matrix B. In this chapter we will
focus on orthogonal transformation matrices.

Definition 2.4. A matriz Q is said to be orthogonal® if

Q71 _ QT.

3In the case of unitary matrices we obtain UH AV = B.

4For unitary matrices we obtain UH AU = B.

5Tn the case of complex matrices, one also uses the relation CH AC for defining a congruence.
6In the complex case, these matrices are called unitary and Q—! = Q. The operation -7 is

called the hermitian conjugate.
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These transformations are used because of their favorable numerical behavior
with regard to other transformations. This means that an orthogonal similarity
transformation is in fact also a congruence transformation.

Let us briefly explore the orthogonal transformations extensively used through-
out this book.

Givens transformations

A Givens transformation is a 2 x 2 orthogonal transformation applied on a column
or row vector of length 2. A Givens transformation is constructed in such a way
that one element in the vector is annihilated.

A 2 x 2 Givens transformation is of the following form:

where ¢ + s2 = 1. In fact ¢ and s are, respectively, the sine and cosine of a
certain angle. Suppose a vector [x,y]” is given, then there exists always a Givens

transformation such that
x r
[31-15]
with r = /22 + 92.

Givens transformations are often used in different applications for creating
zeros in matrices and so on. A study on how to compute Givens transformations
accurately can for example be found in [20]. In the remainder of the book, the Givens
transformations will also be working on vectors, not necessary of length 2. Hence
we need to embed our Givens transformation (see, e.g., [94]), in a larger matrix.
The embedding is an easy procedure. In fact, an embedded Givens transformation
acting on a vector does only change two elements in this vector. One element is
zeroed out, and the other element incorporates the energy of the element, which
is made zero. The notation we use is the following: G denotes the 2 x 2 Givens
transformation matrix, consisting of all the sines and cosines. And the matrix G is

the Givens transformation acting on the complete vector. In fact the matrix G is
embedded in G in the following way:

10 ... .07
0
1 0
C —S
G:
S C
S
L0 0 1 |
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The matrix G is the identity matrix, with the elements of the matrix G in the
positions (k, k), (k,1), (I, k) and (I,1), where the | and k correspond to the positions
of the elements v and v; in the vector v, which one wants the Givens transformation
to act on. Storing a Givens procedure can be done in two ways, based on the
following relation”:

We have )
s sin 0 1

tanf = - = = -,

¢ cosf t

Either one stores one parameter ¢ from which one can easily compute the cosine
and the sine, but this costs some operations. Or one can store both the sine and
cosine. This costs more memory allocation. In our implementations we chose to
store both the sine and the cosine. But essentially a Givens transformation is only
determined by one parameter.

Householder transformations

A Householder transformation is an orthogonal transformation working on a vector.
This transformation creates many zeros in the vector by one matrix vector multi-
plication. This section is based on [94, Subsection 5.1.2]. If v is a nonzero column
vector of length n, then the matrix H, with

2
H=1-—vvT,
vy
defines a Householder reflection. These matrices reflect any vector with respect to
the hyperplane orthogonal to (v)8.
Suppose now a vector x is given. Setting v = x + ||x||2e1, with e; as the first
basis vector, gives us the following relation:

T
Px = (z_gg)xz Fxlze1.
V-V

The matrix P projects all the energy of the vector x via an orthogonal transforma-
tion into the first element. Efficient manners to store Householder transformations
or to compute them are discussed in [94].

Notes and references

Householder transformations have already been known for quite some time. They are
named after A. S. Householder. Givens transformations are named after W. Givens.®
Many more references on Givens and Householder transformations can be found in

"Remark that this relation also admits the value ¢t = co!
8With (x,y,z), we denote the subspace spanned the vectors x,y and z.
9Givens transformations are also sometimes referred to as Jacobi rotations.
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= G. H. Golub and C. F. Van Loan. Matriz Computations. Johns Hopkins
University Press, Baltimore, Maryland, USA, third edition, 1996.

Often 2 x 2 unitary transformations are also referred to as Givens transformations. Unless
stated otherwise, when speaking about Givens transformations we mean rotations in this
book. There is, however, no loss of generality when using arbitrary 2 X 2 unitary matrices.

Givens transformations are frequently used in this volume. Results on how to com-
pute them accurately can be found in.

ww D. Bindel, J. W. Demmel, W. Kahan, and O. A. Marques. On computing
Givens rotations reliably and efficiently. ACM Transactions on Mathemat-
ical Software, 28(2):206—238, June 2002.

2.2 Orthogonal similarity transformations of
symmetric matrices

As already mentioned in the introduction of this chapter, this section focuses on
orthogonal similarity transformations of symmetric matrices to easier forms. The
aim of the proposed reduction methods is to exploit the structure of the reduced
matrices in the eigenvalue computations.

First we briefly repeat the traditional reduction of symmetric matrices to tri-
diagonal form, followed by the reduction to semiseparable form. The final subsection
focuses on an orthogonal similarity transformation to semiseparable plus diagonal
form. The reduction to semiseparable plus diagonal form has a special, tunable
convergence behavior, which will be investigated in the next chapter.

2.2.1 To tridiagonal form

The reduction of a symmetric matrix to a semiseparable one is similar to the reduc-
tion to tridiagonal form. Therefore the reduction to tridiagonal form will briefly be
given in this section. More detailed information concerning this reduction can be
found in [129, 58, 94, 145]. We present this well-known method to get the reader
familiar with the notation. Understanding the notation and proof of this section
will make the understanding of the reduction to semiseparable form in the next
subsection easier.

Theorem 2.5. Let A be a symmetric matrixz. Then there exists an orthogonal
matriz U such that
UTAU =T,

where T is a tridiagonal matriz.

Proof. We will construct a tridiagonal matrix by using Givens transformations.

These transformations will introduce the zeros in the correct places. The same can
. 1

of course be done via Householder reflectors. Let!? A((J ) = A. Often, we denote

101n fact one can perform an arbitrary initial orthogonal similarity transformation and set Aél) =

Ugfon7 this initial transformation does not change the reduction procedure, but it has a significant
influence on the convergence behavior. We will come back to this in Chapter 3.
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A(()i) as AU, Let GEZ) be a Givens transformation, such that the product Agl_)lGEl)
has the entry (n — [ 4 1,¢) annihilated and the i-th and the (¢ + 1)-th columns of

Ang modified. Zero elements are not denoted in the figures.

e Step 1. We will start by making all the elements in the last row, except for
T

the last two, zero. Just multiply A(()l) to the left by Ggl) and to the right

by Ggl) to annihilate the elements in the positions (1,n) and (n,1) in Aél),

respectively. The arrows denote the columns and rows, which will be affected

T
by transforming the matrix Aél) into G(ll) A(()l)Ggl):

o
— X X X ® X X x 0
— X X X nT 1 X X X
. Gg)A()Gg)
X X X X X X X X
® X X X 0 x X X
(;
T
G(l) A(l)G(l)
1 1
Aé) 1 o Y1 Ag).

Let us remark that the elements denoted with x are arbitrary elements
of the matrix, while the elements ® denote the elements that will be an-
nihilated by the similarity transformation. Summarizing, we obtain that
Agl) = Ggl)TAél)Ggl). Continuing this process of annihilating all the ele-
ments in the last row (column), except for the elements in position (n,n —1)
((n—1,n)) and (n,n), we get

X X x 0
X
1 —
AnZa = .ox 0
X X X X
0 0 x X

We remark that the lower right 2 x 2 block already satisfies the tridiagonal
structure. Let us define now Aé2) as Aé2) = ASzQ.

e Step k. Let k =n—j, 1 < j < n. Assume by induction that A(()k) has the
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lower right k£ x k block already in tridiagonal form.

M x ... X X 1« 1
X .. X X — )
Aék): S —j+1
% % —j+2
X
L X X | +<n

We can now construct a Givens transformation ng) such that multiplying
T

A(()k) to the left by ng) will annihilate element (1,5 + 1) without destroying

the tridiagonal structure of the lower k& x k block. In a similar way, we can

construct the Givens transformations Gék), ces Gg-]i)Q and Gg',i)1 such that mul-

T T
tiplying Agk) on the left with Gyi)l .. Gék) will make zero elements in rows
2 up to j — 1 in the column j+ 1. Again, applying these transformations does
not involve the lower right tridiagonal block starting from row and column
J+1

k K T BT (k) Ak k
AP =g e APeP g,

j—1
M x ... X 0 1+ 1
x 0
= X X X X — ]
0 -~ 0 x x . —Jj+1
y .
L X X 1 «n

One can clearly see that the latter sequence of Givens transformations ex-
panded the lower right tridiagonal block by adding a row and a column to it.
This proves the inductive procedure. If we define our matrix U as follows:

v=c..c, g®... .. G G2,

we have constructed an orthogonal matrix U as the product of individual
Givens transformations such that U7 AU is a tridiagonal matrix.

The same procedure, of course, can be performed by using Householder transfor-
mations instead of Givens transformations. 0
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One can see that the overall reduction algorithm involves either n — 2 House-
holder reflectors or 3(n—1)(n—2)/2 Givens transformations, leading to a complexity
of 4/3n® + O(n?) or 2n® + O(n?), with, respectively, Householder and Givens trans-
formations.

This process of tridiagonalization is well-known. In the following section, a
procedure will be constructed for reducing arbitrary symmetric matrices to semisep-
arable form. Part of this reduction is similar to the reduction to tridiagonal form.
Moreover it will be shown that one can decouple the reduction to semiseparable
form into two parts. A first part will make the matrix tridiagonal and a second
part will transform this tridiagonal matrix to semiseparable form. The difference
between the uncoupled algorithm and the decoupled algorithm, in which we first re-
duce to tridiagonal and then to semiseparable form, has to do with the convergence
properties and will be explained in Chapter 3. In the last section of this chapter
we will present also another reduction to semiseparable form, which one cannot
decouple in a reduction to tridiagonal and afterwards to semiseparable form.

2.2.2 To semiseparable form

An algorithm to transform a symmetric matrix into a semiseparable one by orthog-
onal similarity transformations is presented in this section. The constructive proof
of the next theorem provides the algorithm. The original algorithm was presented
in [154].

Theorem 2.6. Let A be a symmetric matriz. Then there exists an orthogonal
matriz U such that

UTAU =8,
where S is a semiseparable matriz.

Proof. The constructive proof is made by induction on the rows of the matrix A.
Let A(()l) = A. We remark that an extra initial orthogonal transformation can be
applied on the matrix A, similar to the tridiagonal case. We will often briefly denote

A(()i) as AW, Let GZ(D be a Givens transformation, such that the product Agl_)lGEl)
has the entry (n — 1+ 1,4) annihilated and the i-th and the (i 4+ 1)-th columns of

AZ(.Ql modified, unless stated otherwise.

e Step 1. We start by constructing a similarity transformation that makes the

last two rows (columns) linearly dependent in the lower (upper) triangular
T
part. To this end, we multiply Aél) to the left by Ggl) and to the right by Ggl)
to annihilate the elements in position (1,n) and (n,1) in Aél), respectively.
The arrows denote the columns and rows that will be affected by transforming
T

the matrix A(()l) into G(ll) Aél)Ggl):
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o
— X X X ® X X x 0
T
— X X >< GEU A(()l)Ggl) X X X
X X X X X X X X
® X X X 0 x X X
(;
T
G(l) A(l)G(l)
1 1
AW G A G )

This process of annihilation is exactly the same as the one used for tri-
diagonalizing a symmetric matrix. Continuing the annihilation process of
the nonzero elements in the last row gives us

X X .- x 0
X
A(l) _
n—2 X 0
X - X X X
o --- 0 x x

In the tridiagonalization procedure, the first step is finished, and all the desired
zeros are created in the bottom row. Because we want to obtain a semisep-
arable matrix in this case, we have to apply another, extra transformation.

T
Multiplying ASEQ to the left by el , leads to the following situation:

n—1

X X - x 0 X x -+ x 0
X . s X
a® T4
x 0 |nZl nm2) woox 0
— X X X ® X ... X x 0
— 0 0 X X X ... K x X
i}
T
o T Am
AW Tnol Fnmz 40

i.e., the last two rows are proportional to each other, with exception of the
entries in the last two columns (to emphasize the linear dependency among
the rows [columns], we denote by X the elements of the matrix belonging to
these rows [columns]; in fact the elements marked with X denote the part of
the matrix already satisfying the semiseparable structural constraints). Let
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121522 = GSEITASZQ. Multiplying now ASZZ to the right by Gfllll, the last
two columns become linearly dependent above and on the main diagonal, i.e.,
the last two columns form an upper semiseparable part. Because of symmetry,
the last two rows become linearly dependent below and on the main diagonal

and form a lower semiseparable part:

Lol
X X x 0 X X X X
8 . Anl—QGnl—l X
oo x 0 : X X
X X x 0 X X X KX
X X x x X X X KX
(;
AL M)
1 nolpn_ 1
A, AmaGoy g,

To start the next step, A(()Q) is defined as A(()z) = Afll,)l.

e Step k. Let Kk =n—j, 1 < j < n. Assume by induction that A(()k) has the
lower (upper) triangular part of semiseparable form, from row n up to row
j+ 1 (column j + 1 to n). We will now prove that we can make the lower
(upper) triangular part semiseparable up to row j (column j). Let us denote
the lower (and upper) triangular elements that form a semiseparable part with
X. Matrix A(()k) looks like:

(% o ox ® . Kle 1
A(k)— X x X ... X — ]
0TI R . R K - K| il

We remark that the lower right £ x k block of A(()k) is already semiseparable.
Because the submatrix of A(()k) consisting of the first j columns and the last
n — j rows is already semiseparable, it has rank < 1. Hence, we can construct
a Givens transformation ng) such that multiplying A(()k) to the left by ng)T
will annihilate all elements (1,541), (1,742) up to (1,n). In a similar way, we
can construct the Givens transformations ng R, G§Ii)2 and G;k_)l such that

T T
multiplying Agk) on the left with Gék_)l e ng) , will make zero elements in
rows 2 up to j — 1, the columns 7 + 1 up to n. Applying these similarity
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Jj Ji+1
[

x X X 00 .- 0 X cr X X 0 0 - 0
x XX 00 -0 GOT (k) X i X X0 0 e 0
j— | % x B ®e - ® J j—1 ... 8 x 0 o0 - 0
j+1—= 10 o XXX . X ... XXKKXK. X
0 o X XK. X 0 -+ 0 @ KX . X
0 0N KK X lo .- 0 9 I X
X x B X o 0
T (k) &) |%x - xBE O --. 0
Gy A% R RRR o - 0
X B~ P ]
0 -0 0 MK ... X
0 00 RK X

T
Figure 2.1. The transformation Ag“ = ng) A;k_)ngk) makes the first j

entries of rows (columns) j and j + 1 proportional.

transformations, we obtain the following matrix:!*

k g T BT (k) ~(k k
A('—)1 - G;_)l Gg ) Aé )Gg ) ...Gg,_>1
M x ... X 0 O_H 1
. x 0 0 :
- X X x X o... X — ]
0 0 ¥ K | e—j+1.
0 - 0 B K -« B | n

Since the rows j and j + 1 are proportional for the indexes of columns greater

T
than j, the Givens transformation G;k) also can be constructed, annihilating
all the entries in row j with column index greater than j. Furthermore, the

T
product of Gg-k) Ayi)l to the right by Gg-k) makes the columns j and j + 1
proportional in the first j entries. The latter similarity transformation is
depicted in Figure 2.1.

To retrieve the semiseparable structure, below the (j + 1)-th row and to the
right of the (j+1)-th column, n— j—1 more similarity Givens transformations
Gi,i=j+1,j4+2,...,n—1 are considered. Each of these is chosen in such
a way that when the Givens transformation GI is applied to the left, the
elements ¢ + 1,7 + 2,...,n are annihilated in row 4, using the corresponding

Hater on, we will prove that these transformations are essentially the same as the transforma-
tions used for tridiagonalizing this matrix.
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elements of row ¢ 4+ 1. To obtain a similar matrix, we apply G; also on the
right, thereby adding one more row (column) to the semiseparable part. The
whole process for adding one more row/column to the semiseparable structure
is summarized in Figure 2.2.

Ll Ll Ll
SIX XXX XQ®Q®Q X X X X X 000 0 X X X XX 0000
—x x x x x XXRKK SIX XX XX X X X X X 0000
X x x xxXNRKK S x x x x x XXX KX X X X X X Q)
x x x x x KKK x x x x x KKK —x x x x x NN XKX
X X x x x KRKK| X x x x x KK xxxxx BRRK -
PRNERNKKRK KK OQNNKRKRKXKKN 00 NNNNKK
PRNKRNKKKKKX IQNNKRKRKXKXK 00 NNRKXKK
PRNRNKKK KK OQNNKKKXKXKN 00 NNKKKK
PRNKENKKKKKX OQNNKNNKXKXKX 0 0 QNXNKKNKK
1l Ll 1]
X X X X X 00 00 X X X X X 0000 X xxxXMooo
X X X X X 00 00 X X X X X 0000 XxxxxXXooo
X X X X X 0000 X X X X X 00 00 x xxxXRKXo oo
—[X XXX X®®QQ® X X XXX 0000 x x x xXKoo0o0 |
Six x x x xBREARNE 7 o|x x X X XQ® Q| NXXXKXKKOODO
000 Q@ XNKKXNKNK —|(0000@KNKXKXNKX S NN N R Q®
000@XKXKKK 0000 XXKKK —|00000QXKK
000@XKXKKK 0000 XKNKK 00000Q@NKNK
000Q@XNKXKKXNKN 0000QXKXKK 00000Q@RXNKK
1l 14
x x x x XXX o o Xx x x x KKK o X x x x KX KXKX
x x x x KXo o0 x x x x XXX o x x x x KKK
x x x x KXo o0 x x x x KKK o x x x x KKK K
XX xxXKXNXoO0 o0 X x x x KXKRKX o x x x x KKK KK
RXRNRXRKKoO o NN Ro| ~ RN NKXK
NN XKX o o KX KNXKXK o KRR XKKKKX
SRR NN @ ® NRNXRNXKXEKO NN KX XK
—|000000QKXK SN NRNNNQ XXX NNNKXX
000000Q®KNK —Llooooo0oo0oo0@®X XXX NNNKNX

Figure 2.2. Description of the similarity transformations used to retrieve
the semiseparable structure.

Combining, similarly as in the tridiagonal case, all Givens transformations together
in an orthogonal matrix U, we proved the theorem. O

Note 2.7. In the remainder of the text we will often refer to this reduction as
starting at the bottom (bottom-right) of the matriz, since during the reduction the
part already of semiseparable form is located in the bottom right position of the
matriz. Similarly one can easily adapt the procedure by creating zeros in the upper-
left position (see Theorem 2.8) and hence the growing semiseparable matriz can be
found in the upper-left corner. This second reduction is often referred to as the
reduction starting at the top (upper-left). For example the reduction to bidiagonal
or upper triangular semiseparable form traditionally starts on the upper-left corner.
Hence we will refer to this reduction as starting at the top or at the upper-left corner
of the matriz.

In Chapter 4, the details are given on how to implement this algorithm using
the Givens-vector representation for the semiseparable part of the matrices involved.
This will result in an O(n?) algorithm to compute the Givens-vector representation
of a semiseparable matrix similar to the original symmetric matrix. The algorithm
can in fact be divided into two main parts. First we have the zero creating step,
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similar to the tridiagonalization process, and secondly we have to perform a chasing
step to bring the matrix back to the semiseparable form. Taking a closer look at the
algorithm reveals that the Givens transformations applied in the first part of each
step in the reduction algorithm can be replaced by a corresponding Householder
transformation. In step k& = n — j of the reduction a similarity transformation

T T
of the following form is performed Gg?l o ng) A(()k)ng) ... G;k_)l, which can be

replaced by a single Householder transformation H®*) such that H ("’)TAék)H ()
has the same entries annihilated. Moreover we obtain also a semiseparable matrix,
using the same number of operations, when transforming the symmetric matrix
into a tridiagonal one, which costs 4n3/3 + O(n?) with Householders, 2n3 + O(n?)
with Givens transformations and then transforming the tridiagonal matrix to a
semiseparable matrix by using Givens transformations, which costs an extra 9n? +
O(n), when storing the semiseparable part of the matrix efficiently. This means that
we have, in comparison with the tridiagonalization, an extra cost of 9n? + O(n).
When first reducing matrices to tridiagonal form, intermediate matrices look like:

Xx000[00O0O0
XX x 000000
0 xxx0[0O0O00O0
00 x xX|KX 00
00 0 XXK|IKX OO0
00 0 XX|XKX OO0
00 0 XX|XK@KX
0000O0|0QR®RKK
100000]0XKXNKX,

Because the algorithm from Theorem 2.6 and the algorithm that first tri-
diagonalizes a symmetric matrix and afterwards makes a semiseparable matrix from
it are essentially the same, one might doubt the usefulness of the reduction to
semiseparable form. However, the algorithm of Theorem 2.6 has some advantages,
namely different convergence properties, which will become apparent in Chapter 3.

Once the semiseparable matrix has been computed, several algorithms can be
considered to compute its eigenvalues (see, for instance, [38, 40, 77, 117] and the
implicit @ R-algorithm, as considered in this book; see Part IT, Chapter 7).

Before deducing another type of reduction algorithm, we briefly propose a
theorem that will come in handy for investigating the convergence properties of
these reduction algorithms. The reduction algorithm as presented here constructs
a semiseparable block in the lower-right part of the matrix. During the reduction
algorithm, this block increases in size. In fact one can deduce a similar method that
constructs a block of increasing size starting from the upper-left part of the matrix.

Theorem 2.8. Let A € R"*™. Then there exists an orthogonal similarity reduction
to semiseparable form, such that the intermediate matrices AU™) have the upper left

m X m block of semiseparable form.

Proof. Apply the reduction of Theorem 2.6 to the matrix JAJ, where J is the
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counteridentity matrix. The counteridentity matrix has zeros everywhere, except
ones on the antidiagonal. The intermediate matrices A(™ arising from the reduction
in Theorem 2.6 have the lower right block semiseparable. Denote with U an
intermediate orthogonal matrix such that the following equation is satisfied:

A = g T g a4 ym),
This means that

Alm) — jAm) g
= Jum™T yagum g
_ (U(m))T AT

and A(™) has the upper left block of semiseparable form. O

We remark that this algorithm is easy to implement. Instead of starting the
reduction on the last row and annihilating every element except the last one, one
has to start on the first row and annihilate all the elements except for the first one.

2.2.3 To semiseparable plus diagonal form

In the following chapter it is proved that the chasing step inside of the reduction
procedure corresponds to performing a @ R-step without shift on the already semi-
separable part of the matrix. A natural question arises here. Is it possible to change
the algorithm in such a manner that QR-steps with shift are performed inside the
algorithm and what will the outcome be in this case. Intuitively, one expects the
outcome of such an algorithm to be a semiseparable plus diagonal matrix, as this
shift will create the diagonal matrix. The algorithm having these properties will be
constructed in this section. It is similar to the reduction to semiseparable form but
changes in every step the diagonal elements slightly to obtain finally not a semi-
separable but a semiseparable plus diagonal matrix. The theorem will be proved
similarly as the other ones in a constructive way and was firstly presented in [172].

Theorem 2.9. Let A be a symmetric matriz and dy,...,d, are n arbitrary ele-
ments. Then there exists an orthogonal matriz U, such that

UTAU = S+ D,

where S is a semiseparable matrix and D is a diagonal matriz containing the ele-
ments dy, ...,d, as diagonal elements.

Proof. The proof is again by finite induction and illustrated on a 5 x 5 example.
The more general case is completely similar. Notations are the same as before. We
remark that there is the possibility to perform an initial extra similarity transfor-
mation.
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e Step 1. Exactly the same Givens transformations are performed to annihilate

all the elements in the last row except for the last two ones (this can also be
done by performing specific Householder transformations). Let A(()l) = A.

X X X X ®
X X X X ® X X0
x X x X ® X X x x 0
Y % % % x _— X X x x 0
® ® ® X X X X X X X
0 0 0 x x
(3
DT ()T )T (1) (1) ~(1) ~(1
a0 ST AP
0 3 -

In the reduction to semiseparable form one would immediately perform an-
other Givens transformation, thereby making the last two rows and columns
dependent. Here however we do not want a semiseparable but a semisepara-
ble plus diagonal matrix, and therefore we first have to change the diagonal
elements in the matrix Agl). Before doing so, some new notation is intro-
duced. As in the previous proofs the elements surrounded by O denote the
elements that will be annihilated by the upcoming transformation and the
elements surrounded by [ denote the elements already satisfying the semi-
separable structural constraints. The elements themselves were denoted with
x. As such an element changes now, e.g., by subtraction or by addition we
will denote this new element with a + sign.

Rewrite the matrix Agl) as the sum of a matrix flgl), having the same elements
: e .
equal to zero and a diagonal matrix D;’:

AW =
dy

S X X X X
S X X X X
X + X X X
4+ X oo o
+
o

dy

g © X X X X

N

AP D,

Determining now the Givens transformation Gfll), to annihilate the element
(5,4) in the matrix Agl) gives us the following transformation:
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o X X X X

o X X X X

o X X X X

X 4+ X X X

4+ X oo o

T
GA(LI) Agl)Gil)
_—

XX X X X

HT 2(1) A1
o G APGY o)
3 _— .

Ay

XX X X X

XX X X X

XXKXX X
XNXNXXKX

For ease of notation, after the transformation we changed the elements H

again to X. Applying now this transformation Gfll) to the matrix Aél)

- T
of Agl) we get the following matrix Gfll) Agl)Ggl) = Afll) = A52)7 which can
be written as

instead

x x x XK KX 0
x x x X X 0
Aéz) =] x x x K K|+ 0
X X X X K dq
X X X X K dq
We rewrite the matrix A((JQ) now in the following form:
x x x K KX 0
x x x K X 0
AP =] x x x B K|+ 0
XK X X X K dy
XK X X X H do

_ AP 4 D,

This completes the first step in the proof. We have now two rows and two
diagonal elements satisfying the desired semiseparable plus diagonal structure.
The remainder of the proof proceeds by induction. An extra row and diagonal
element will be added to the existing semiseparable plus diagonal structure.

Step k. Assume that the last k rows of the matrix A®) are already in
semiseparable form and the corresponding diagonal elements are dy, ..., dg.
We will add now one row (column) to this structure such that A +1 has k41
rows satisfying the semiseparable plus diagonal structure with corresponding
diagonal elements dy,...,dg1. For simplicity we assume here £ = 3 in our
example. Our matrix is of the following form:

AP =

XXX K
XX XX K
XX XX K
+
S
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Similarly as in the reduction to semiseparable form we introduce some zeros
in the structure by applying a similarity Givens transformation G§3) to the
first two rows and columns. We remark that applying this transformation
does not affect the diagonal matrix as the first two rows and columns of the
diagonal matrix D(()3) equal zero; therefore we only demonstrate this Givens
transformation on the matrix AE)S):

3T ~(3) (3
6" A

QR & X X
XXX X X
XXNXX®
XXKXX®
XXKXX®
co o X X
XXX X X
XXNXKXo
XXKXKXo
XXKXKo

Applying this transformation onto the matrix A(()B) gives us Ggg)TAég)Gg‘g) =
Af”), which can be rewritten as the sum of a new partially semiseparable
matrix /1?) and a diagonal D:(LS). This matrix Agg) is then again rewritten by
changing diagonal element (2,2).

3
dg
d3

dy

da

KX NKo KKK o

KKK KKK

KKK KKK
o

O OO X X oo o X X

d3

b XX+ X XIXKKX X X

I
I 1
B
w
e
+
AR
w
S

Consecutively we use the matrix /153) to determine the next Givens transfor-

mation Ggg), which will transform the matrix /153) in the following way:

T
GgS) A§3)G53)
—_——

S O O X X
XXX+ X
XXX o
XK XX o
XX XK o
oo XX X
Co XXX
XX KXRXX
XK KXo o
XK KXo o

Applying this transformation on the matrix Ags) and rewriting the matrix by
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changing diagonal element (3, 3) gives us

[x ® ® 0 0] [0 T
XN K X 0 0 dy
AV |8 B KK K|+ dy

0 0 B R X dy
000 R K R | | ds |
[x ® ® 0 0] [0 T
N K X 0 0 dy

=R X B KR K|+ dy
0 0 B K X dy
00 R R K| | ds |

= AP + DY

Transformation GgB) is determined in a similar way such that we have the

T .
following equations for the matrix A:(,)?’) = G§3) Agg)Gés):

x B K K 0 0
N X K K 0 dy

AV= |8 B K K 0 |+ dy
N KKK KX dy
000 0 ® R | | ds |
[x " ® ® 0] [0 T
N K X X 0 dy

- |®B X R KR 0|+ dy
N K X B X ds
000 0 ® | | ds |
=AY + DY

Applying the last transformation Gf’) gives us the desired result AELS), which

completes step k in the iterative procedure:

dq
AP =
do

d3

dy

ds

KKK X XX KXKX K
KKK X XX KXKXK
HKKX XX KXKXK

dy
3
3. (2.1)

CHNXNXX XXXKX X
b KKK IRXXK

3

Il
T
=S
+
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To obtain the complete semiseparable matrix one has to perform one extra chasing
step. 0

Note 2.10. We remark that the last step in the inductive procedure, namely step
n can be done in two different ways, both for the reduction to semiseparable as well
as for the reduction to semiseparable plus diagonal form.

A first way is to perform an extra chasing procedure, as indicated in the proofs
of both methods.

Or one can stop after step n—1. This can be seen by looking at Equation (2.1):
in fact the matriz /L(f) is already in semiseparable form, i.e., the matric AA(LS) s
already a semiseparable plus diagonal matriz. The diagonal is however not of the
desired form. This problem can be solved rather easily by initially starting with
diagonal element dy instead of the element dy. In this way Equation (2.1) becomes:

0
N K
A= | "
N K
N K

=AY + DY,

d
d3
dy

XNXKXXKX

XXKXXKX

XXKXXKX
+

ds

This can easily be rewritten as

X X
AP = | ® X
X X
X X

KKK KX
XX KKK
XX KKK
_|_
&

which gives us the desired semiseparable plus diagonal matriz. This trick can of
course also be applied when reducing a matriz to semiseparable form. In this case
one does not even need to worry about starting with the correct diagonal element.

It is clear that the reduction to semiseparable plus diagonal is the most general
one. If we choose the diagonal elements equal to zero we obtain the reduction
to semiseparable form, and if we omit the extra chasing procedure, we obtain the
reduction to tridiagonal form. In fact we have even more. One can see the reduction
to tridiagonal form as the reduction to semiseparable form with all the diagonal
elements equal to —oo.

Theorem 2.11. The orthogonal similarity reduction to tridiagonal form can be
seen as the orthogonal similarity reduction to semiseparable plus diagonal form,

where we choose the diagonal equal to —oc.

Proof. If we prove that the performed Givens transformations in the chasing step
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equal the identity matrices, we know that the resulting matrix will be of tridiagonal
form.
Let us define the Givens transformation as follows:

-0

Where ¢, s and r are defined as

r=ya?+y?
c=y/r,
s=—x/r.
The ¢ and s are, respectively, the cosine and sine of a specific angle.
Assume we would like to obtain a semiseparable plus diagonal matrix with diagonal

—e. This means that we have to perform the following Givens transformations in
the chasing technique on the right to annihilate the element x, where y + € is the

diagonal element:
c s T 10
-5 ¢ y+e | | r |’

with the parameters defined as

AT
c=(y+e/r
s=—x/r.

Taking the limit now for € — oo leads to the Givens transformation equal to the

identity:
. 1 (y+e) —x } { 10 }
lim a——-————— = .
=00 ( 22+ (y + ¢)2 T (y+e) 0 1

We remark that this previous theorem implies that we can construct for every
tridiagonal matrix a sequence of semiseparable plus diagonal matrices converging to
this tridiagonal matrix. This implies that the class of semiseparable plus diagonal
matrices is not pointwise closed, as a tridiagonal matrix cannot always be written
as the sum of a semiseparable and a diagonal matrix. We briefly illustrate this with
a symmetric 3 X 3 matrix:

O

a b 1 0o 0 0 a b
lim b ebd d |+ 0 c—ebd 0O =|b ¢ d
TEANLL d e 0 0 0 d e
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The sequence of matrices on the left are all semiseparable plus diagonal ma-
trices, and their limit is tridiagonal. There is a larger class of structured rank
matrices named the class of quasiseparable matrices, which covers both the class of
semiseparable plus diagonal and tridiagonal matrices. This class is also closed under
pointwise convergence. Also reductions to quasiseparable form and @ R-algorithms
for this type of matrices exist. We will not however cover this class of matrices in
detail. Information on them can be found in a forthcoming chapter in which related
references are discussed. The ideas and theorems provided here present enough in-
formation for understanding the ideas presented in these articles. More information
concerning quasiseparable matrices can also be found in Volume I.

Notes and references

The reduction to tridiagonal form can be found in different textbooks, such as the book
of Golub and Van Loan [94] and

w B. N. Parlett. The Symmetric Eigenvalue Problem, volume 20 of Classics
in Applied Mathematics. STAM, Philadelphia, Pennsylvania, USA, 1998.

w G. W. Stewart. Matriz Algorithms, Volume II: FEigensystems. SIAM,
Philadelphia, Pennsylvania, USA, 2001.

w L. N. Trefethen and D. Bau. Numerical Linear Algebra. STAM, Philadel-
phia, Pennsylvania, USA, 1997.
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diagonal form were described are the following ones (see also [155]):

== M. Van Barel, R. Vandebril, and N. Mastronardi. An orthogonal similarity
reduction of a matrix into semiseparable form. SIAM Journal on Matriz
Analysis and Applications, 27(1):176-197, 2005.

w R. Vandebril, E. Van Camp, M. Van Barel, and N. Mastronardi. Orthog-
onal similarity transformation of a symmetric matrix into a diagonal-plus-
semiseparable one with free choice of the diagonal. Numerische Mathe-
matik, 102:709-726, 2006.

In the following article, the authors Van Barel, Van Camp and Mastronardi present
an adaptation of the algorithm for reducing matrices to semiseparable form. They present
a method for reducing a matrix to a higher order semiseparable one. In fact an orthogonal
similarity reduction to a block semiseparable matrix of rank & is proposed.

= M. Van Barel, E. Van Camp, and N. Mastronardi. Orthogonal similarity
transformation into block-semiseparable matrices of semiseparability rank
k. Numerical Linear Algebra with Applications, 12:981-1000, 2005.

The authors Bevilacqua and Del Corso investigate the properties of the reduction
to semiseparable form if the resulting matrix is of generator representable semiseparable
form. Existence and uniqueness results are proved.

w R. Bevilacqua and G. M. Del Corso. Structural properties of matrix unitary
reduction to semiseparable form. Calcolo, 41(4):177-202, 2004.
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2.3 Orthogonal similarity transformation of
(unsymmetric) matrices

In this section three different reduction algorithms will be presented. Arbitrary
matrices, not necessary symmetric, will be reduced via orthogonal similarity trans-
formations to a more simple form. These reduced matrices can afterwards be used,
e.g., for calculating the eigenvalues of the original matrices. First, we will present
the well-known reduction to Hessenberg form, and secondly we deduce the trans-
formation to Hessenberg-like form. Hessenberg-like matrices are the inverses of
Hessenberg matrices and have the lower triangular part of semiseparable form. The
results in this section are a straightforward extension of the results presented in the
previous section on symmetric matrices; hence they are not covered in detail.

2.3.1 To Hessenberg form

Even though this is a well-known algorithm, we will briefly repeat the reduction
procedure.

Theorem 2.12. Let A be an n X n matriz. There exists an orthogonal matriz U
such that the following equation is satisfied:

UTAU = H,

for which H is a Hessenberg matriz.

Proof. In fact we have to perform exactly the same transformations as for the
symmetric case. We will briefly illustrate what happens. Instead of using Givens
transformations as we used in the tridiagonal reduction, we will illustrate the pro-
cedure here with Householder reflectors. Of course one can also use Givens trans-
formations. Let Aél) = A. Often, we denote Aéz) as AW Let Ul-(l) be a Householder
reflector, such that the product A(()I)H 1(l) has the entries 1 up to n — [ — 1 annihilated
in the n — [ 4+ 1-th row, thereby changing the columns 1 up to n — [ of the matrix.

e Step 1. We will start by making all the elements in the last row, except
for the last two, zero. Just multiply A(()l) to the right by Hfl) to create the
wanted zeros. To complete the similarity transformation, we also perform the

transformation Hfl)T to the left of A((]l)Hl(l). This last transformation on the
left does not destroy the zeros created by the transformation on the right,
as this transformation only interacts with rows 1 to n — 1. Graphically we
have the following figure: on the left the elements that will be annihilated are



42 Chapter 2. Algorithms for reducing matrices

marked as ®:

X X e XX
X X e XX
X
DT (1) 441 X
|
.oX X
X X X X o v x x
® ©oxox 0 0 x x
(;
o HO 00
Aé) 1 0 1 Ag).

The initialization step of the inductive procedure is completed.

e Step k. Let k =n —j, 1 < j < n. Assume by induction that Agk) has the
lower right k x k block already in Hessenberg form:

X e X X X ... X
X X X X
A(()k) X X X X X X
& ® X X X X
X X
. X X_

Performing now the Householder reflector Hl(k) on the matrix A(()k), it will
annihilate the elements ® and we will get the following matrix:

X e X X X ... X
X X X X
A(()k)f X X X X X X
0 0 x x x X
X X
- X X_

The latter matrix has now a (k+ 1) x (k+ 1) block in Hessenberg form. This
proves the induction step.

Combining all the orthogonal transformations, i.e., the Householder transformations
into one single orthogonal matrix U gives us the desired orthogonal transformation
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matrix. 0

Similarly as in the symmetric case, the reduction to Hessenberg-like form has
similarities with this reduction. First we have the zero-making transformations, and
secondly we have to perform a kind of chasing to obtain the Hessenberg-like form.

2.3.2 To Hessenberg-like form

It is well-known how any square matrix can be transformed into a Hessenberg matrix
by orthogonal similarity transformations. As the inverse of a Hessenberg matrix is
a Hessenberg-like matrix, one might wonder whether it is possible to transform a
matrix into a similar Hessenberg-like one. By using an algorithm similar to that
described in the previous section, it is possible to do so, for every matrix.

Theorem 2.13. Let A be an n X n matriz. There exists an orthogonal matriz U
such that the following equation is satisfied:

UTAU = 2,

for which Z is a Hessenberg-like matriz.

Proof. In Theorem 2.6, it was unimportant whether one first annihilated the
elements in the last row or in the last column because the matrix was symmetric.
Here, however, our matrix is not necessarily symmetric anymore. Therefore the
transformations determined for annihilating elements in the upper or in the lower
triangular part are not necessarily the same anymore.

To obtain a Hessenberg-like matrix, the transformation matrix U should be com-
posed of Householder and/or Givens transformations, constructed to annihilate el-
ements in the lower triangular part of A, when performing this transformation on
the right of A. Applying then the transformation U7 AU results in a matrix whose
lower triangular part is semiseparable. Hence the matrix is a Hessenberg-like ma-
trix.1? O

The algorithm to reduce an arbitrary matrix by means of orthogonal transfor-
mations into a similar Hessenberg-like matrix also requires O(n?) operations. The
previous theorem can also be formulated for a lower Hessenberg-like matrix.'3

For the sake of completeness, the following theorem is also included:

Theorem 2.14. Let A be an n X n matriz. Then there exist a symmetric semisep-
arable matriz S, a strictly upper triangular matriz R and an orthogonal matriz U
such that the following equation is satisfied:

A=U(S+RUT,

12Constructing the matrix U such that application on the left annihilates elements in the upper
triangular part results in a lower Hessenberg-like matrix.

13Remark that a lower Hessenberg-like matrix has the upper triangular part of structured rank
form.
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i.e., A is similar to the sum of a symmetric semiseparable and a strictly upper
triangular matrix R by means of orthogonal transformations.

Proof. The same as from Theorem 2.12. By adding a strictly upper triangular
matrix to the Hessenberg-like matrix, one can make this matrix symmetric; hence
one can write the Hessenberg-like matrix as the sum of a symmetric semiseparable
plus a strictly upper triangular matrix. O

This last theorem will come in handy for certain proofs further in the text.

2.3.3 To Hessenberg-like plus diagonal form

The transformation of a matrix via similarity transformations into a similar Hes-
senberg-like plus diagonal matrix is left to the reader as an exercise. Using the
knowledge of the reduction to Hessenberg-like form and the similarity reduction to
semiseparable plus diagonal form, this should be an easy exercise.

Notes and references

The transformation to Hessenberg form is widespread and can be found in many general
textbooks. The reduction to Hessenberg-like form, as well as the development of an implicit
@ R-algorithm for Hessenberg-like matrices, is discussed in the following PhD dissertation.

= R. Vandebril. Semiseparable Matrices and the Symmetric Eigenvalue Prob-
lem. PhD thesis, Department of Computer Science, Katholieke Univer-
siteit Leuven, Celestijnenlaan 200A, 3000 Leuven (Heverlee), Belgium,
May 2004.

2.4 Orthogonal transformations of matrices

The preceding two sections focused on orthogonal similarity transformations. Or-
thogonal similarity transformations are useful for transforming matrices to a similar
easier form, which can be exploited then for effectively computing the eigenvalues.
If one however wants to compute the singular values instead of the eigenvalues,
one does not necessarily need to use similarity transformations. Hence we propose
in this section some methods for transforming matrices to an easier form, without
changing the singular values of the transformed matrices. In the final subsection,
we discuss the relation of the orthogonal transformations proposed in this section,
with the orthogonal similarity transformations for reducing symmetric matrices to
semiseparable form. We will show that both reduction procedures are closely related
to each other.

2.4.1 To upper (lower) bidiagonal form

In this section we will apply the Householder bidiagonalization process [93] to a
matrix A. The algorithm can also be written in terms of Givens transformations.
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Theorem 2.15. Let A € R™*"™ m > n. There exist two orthogonal matrices
UeR™™ and V € R"™™™ such that

T | B
-] 2],

where B is an upper bidiagonal matrix.
The case n > m is considered afterwards.

Proof. We will present a proof by finite induction, constructing thereby the upper
bidiagonal matrix.

The proof is illustrated for a matrix A € R™*", with m = 6 and n = 5, as this
illustrates the general case. The side on which the operations are performed plays

an important role. Starting from A = A(()}()J = A, we apply the following rules,
giving information about the performed transformations:

l l l l l
DAL = A AV = AL,

Furthermore, we define A(l) AW and AUHD = Agl,)l. In this reduction procedure,
we only consider Householder reflectors.

e Step 1. The initialization step consists of making the first row and the first

T
column in the desired upper bidiagonal form. The first transformation Ul(l) is

performed to the left of the matrix Ao ), thereby annihilating all the elements
in the first column except for the top Teft diagonal element:

1 1
v Ay
-

QRO R X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
SO oo o X
X X X X X X
X X X X X X
X X X X X X
X X X X X X

)

LT
A(()T()) — AW Uy AOO A(l)

As we want the first column and first row to be in upper bidiagonal form,
another transformation has to be performed on the right. This Householder
transformation, will create zeros in the first row, except for the first two
elements'*

14 The elements not shown in the graphical representation are assumed to be zero.
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1 1
AV
—_—

X X X X X X
X X X X X &
X X X X X Q&
X X X X X ®
X X X X X X
X X X X X ©
X X X X X ©
X X X X X ©

)

AWy
1 1
Ay AT

Then we put A® = Aﬁ, as the first step is completed.

e Step k. By induction, for k¥ > 1. The first k — 1 rows and columns of A®*)
already satisfy the bidiagonal structure. Let us assume k = 3. This means
that A®) has the following structure:

X X X X X
X X X X
X X X X

In this step we will expand this bidiagonal structure with one row and one

T
column. Therefore we apply a Householder transformation Ul(?’) to the left
of A®) | annihilating all elements below the diagonal in the third column:

X X X X
X X X X
X X X U(g)TA(3) X X X
1 0,0
® X X X X
® X X X X
® X X X X

)

@7 43
e

One more element has to be annihilated to get all three first columns and rows
in the correct form. This is done by a Householder transformation performed
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on the right of the matrix:

X X X X
X X X X
XX @ | )6) X X
1,01
X X X X
X X X X
X X X X

)
(3)
@ A 406
Ay — Al,i'
This completes the induction step.
e Step n + 1. When the number of rows exceeds the number of columns one
extra transformation needs to be performed to annihilate the remaining ele-

ments in the last column. This is done by a single Householder transformation
on the left of the matrix A®):

X X X X
X X X X
X X U1(5)TA§)5()) X X
’ X X
X X
& 0

)

5 UDAS
A2 8 AV

This last transformation completes the proof as we have an upper bidiagonal matrix
now. O

The case considered in the theorem is just a special case. The proof of any of
the following cases proceeds similarly.

Theorem 2.16. Let A € R™*". There exist two orthogonal matrices U € R™>*™
and V € R" ™ such that

e form > n:

UTAV = [ B ]
0 b

where By is a lower bidiagonal matrix,

e form < n:

UTAV =[ B, 0],

where B, is an upper bidiagonal matriz,
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o form < n:
Urav=[B 0],

where By is a lower bidiagonal matriz.

Proof. Using the transpose operation and permuting rows or columns, these results
can easily be obtained from Theorem 2.17. O

In the following section the reduction to upper triangular semiseparable or
lower triangular semiseparable form is described.

2.4.2 To upper (lower) triangular semiseparable form

Similar to the Householder bidiagonalization process as described above, the algo-
rithm given here makes use of orthogonal transformations, i.e., Givens and House-
holder transformations to reduce the matrix A into an upper triangular semisep-
arable matrix. The algorithm can be retrieved from the constructive proof of the
following theorem.

Theorem 2.17. Let A € R™*" m > n. There exist two orthogonal matrices
UeR™™ and V € R™™ such that

T _ Su
vav=[ %],

where Sy, is an upper triangular semiseparable matrizx.
The case n > m is formulated in Theorem 2.18.

Proof. The proof given here is constructive. We prove the existence of such a
transformation by reducing the matrix A to the appropriate form using Givens
and Householder transformations. Of course one can replace a single Householder
transformation by a number of Givens transformation.

The proof is given by finite induction. The proof is outlined for a matrix A € R™*™
with m = 6 and n = 5. We use the same notation and conventions as in the previous
proof:

v®, A0, = AY

OO _ 40
k+1 k+1,5° Ak,' j A

g+l T kg

Let A((){)() = A® and define A+D = A" The applied transformations to the left

AS A
and to the right of A,(i)j are Givens and/or Householder transformations.
Step 1 illustrates the basic idea of the reduction procedure. One starts by creating
zeros as in the reduction to (lower) bidiagonal form. Having obtained this (lower)
bidiagonal structure in the first column, one performs a Givens transformation for
creating the structured rank part. The next steps of the reduction proceed similarly.
First create zeros, followed by a procedure enlarging the rank structure.
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nT

)

e Step 1. In this first step of the algorithm three orthogonal matrices U1(

T
U2(1) and Vl(l) are to be found, such that the matrix

T T
A® =y 4Oy,

with A®) = A, has the following properties: the first two rows of the matrix
A®@) already satisfy the semiseparable structure and the first column of A

is zero below the first element. A Householder transformation Vl(l) is applied

to the right of AN = A((f()) to annihilate all the elements in the first row
except for the first one. The elements denoted with ® will be annihilated,
and the ones denoted with X mark the part of the matrix having already a
semiseparable structure:

X & ® & ® x 0 0 0 0
X X X X X X X X X X
XXX X X)) ® X X X X
X X X X X 0071 | ® x x x X
X X X X X ® X X X X
X X X X X ® X X X X

(3

(H)y,(1)
Af) = A AoV A
O

A Householder transformation U; is now applied to the left of A(()}i to

annihilate all the elements in the first column except the first two ones as
T
depicted in the previous equation!®, Agli =y Aéﬁ. This is followed by

T
a Givens transformation Uz(l) applied to the left of Aﬁ to annihilate the

T
second element in the first column Aéli = U2(1) Agli . As a consequence, the

first two rows of Ag% already have a semiseparable structure:

x 0 0 0 0 X X X XK X
® X X X X 0 X X X KX
8 X X X X Uz(l)TA(H 0 x x x x

X X X X ’ 0 x x X X
0 x X X X 0 x x X X
0 X X X X 0 X X X X

)

T
(W7 40

1y U 1

Agi 2 L1 Agi

Then we put A = Agli

15This reduction procedure can be seen as first reducing the matrix to a lower bidiagonal form
after which it is transformed to an upper triangular semiseparable form.
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There is little difference with the standard bidiagonalization (to lower bidi-
agonal form). The only difference is the performance of one extra Givens
transformations. The induction steps proceed similarly. First zeros are cre-
ated as in the bidiagonalization procedure; next some Givens transformations
are performed for enlarging the rank structure.

Step k. By induction, for k > 1. The first k rows of A*) have a semiseparable
structure and the first £ — 1 columns are already in an upper triangular form.
In fact, the upper left k£ by & block is already an upper triangular semiseparable
matrix. Without loss of generality, let us assume k = 3. This means that A()
has the following structure:

coocooX
cooco XK
X X X KMXKX
X X X KMXKX
X X X KKK

The aim of this step is to make the upper triangular semiseparable structure
in the first four rows and the first three columns of the matrix. To this end, a
Householder transformation Vl(s) is applied to the right of A®), chosen in or-
der to annihilate the last two elements of the first row of A®), A((f% = A(()ﬁ())Vl(‘g).
Note that because of the dependency between the first three rows, Vl(?’) an-
nihilates the last two entries of the second and third row, too. Furthermore,

a Householder transformation is performed to the left of the matrix Aé‘?’% to
annihilate the last two elements in column 3:

XK X X 0 0 XK X X 0 0
0 X X 0 O 0 X X 0 0
0 0 X 0 O U(g)TA(3) 0 0 X 0 0
0 0 x x X 1 0110 0 x x x
0 0 ® x X 0 0 0 x x
0 0 ® x X 0 0 0 x x
(3
3T 46)
3 3,3 Up” A 3
A = A U A

T
The Givens transformation U2(3) is now applied to the left of the matrix Af’i,
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annihilating the element marked with a circle:

HT (3
0" )
—

coo oo X
co oo X KX
co® X KXKKX
X X X oo o
X X X oo o
coo oo X
coc oo XX
cocoXKXKX
X X XKoo
X X X XKoo

)

T
T OLICII
Ay U A )

Dependency is now created between the fourth and the third rows. Neverthe-
less, as it can be seen in the figure above, the upper part does not satisfy the
semiseparable structure, yet. A chasing technique is used in order to chase
the nonsemiseparable structure upwards and away, by means of Givens trans-
formations. Applying VQ(?’) to the right to annihilate the entries (2,3) and

(1,3) of Aggi, a nonzero element is introduced in the third row on the second
column (i.e., in position (3,2)). Because of the semiseparable structure, this
operation introduces two zeros in the third column, namely in the first and
second row. Annihilating the element just created in the third row with a
Givens transformation to the left, the semiseparable structure holds between
the second and the third row:

x XK 0 0 O x X 0 0 0
0 X 0 0 O 0 ¥ X X K
0 ® x K X U(g)TA(g) 0 0 X X K
0 0 0 X K 3 2210 0 0 X K
0 0 0 x x 0 0 0 x x
0 0 0 x x 0 0 0 x x
(3
@7 43)
3 3,3 Us” A 3
A9y = A BT A 40

This up-chasing of the semiseparable structure can be repeated to create a
complete upper semiseparable part starting from row 4 to row 1. First we
annihilate the element in position (1,2): Ags% = AS%VB(?’).
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x 0 0 0 0 X X X XK K
® x X K KX 0o X X X X
0 0 X X KX U(g)TA(s) 0 0 X X X
0 0 0 X K 4 3310 0 0 X K
0 0 0 x x 0 0 0 x x
0 0 0 x x 0 0 0 x x
(3
©ENC)
3 3,3 U7 A 3
A= afw U A

Then we put A® = AA(S% This proves the induction step.

e Step n + 1. This step is only performed if m > n. A Householder transfor-
mation has to be performed to the left to have a complete upper triangular
semiseparable structure. Suppose, the matrix has already the semiseparable
structure in the first n rows, then one single Householder transformation is
needed to annihilate all the elements in the n-th column below the n-th row:

X X X

5T (5
0" )

—

oo oo o
co oo X KX
coo XX KX
co XX KX K
X XXX KX
oo oo o

co oo X KX
coc oKX KXK
S XXX KX

X
X
X
0
0

)

T 5
o U®T A
ABG) 1 0,0 A§3

After the latter Householder transformation, the desired upper triangular semisep-
arable structure is created and the theorem is proved. O

The reduction just described is obtained by applying Givens and Householder
transformations to the matrix A. Note that the computational complexity of ap-
plying the Householder transformations is the same as of the standard procedure
that reduces matrices into bidiagonal form using Householder transformations. This
complexity is 4mn? — 4/3n3 (see [94]). At step k of the reduction procedure, de-
scribed above, k Givens transformations U j(k), j=2,3,...,k+ 1 are applied to the

(k)

left and k£ — 1 Givens transformations V™, j = 2,3,..., k are applied to the right

of the almost upper triangular semiseparable part of Agkl) The purpose of these
Givens transformations is to chase the bulge on the subdiagonal upwards while
maintaining the upper triangular semiseparable structure in the upper part of the
matrix. Applying the k£ —1 Givens transformations Vj(k) on the first (k+1) columns
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of Agkl) requires only O(k) flops using the Givens-vector representation of the upper
left upper triangular semiseparable matrix. Applying the k& Givens transformations
U;k) on the upper left part of the matrix Agkl) requires also only O(k) flops using the
Givens-vector representation of the upper triangular semiseparable matrix. Because

the upper right part of the matrix Agkf can be written as a (k+ 1) x (n —k — 1)

matrix of rank 1, applying the Givens transformations U ;k) on this part of Agkl)
also requires only O(k) flops. Hence applying the Givens transformations during
the whole reduction requires O(n?) flops.

A generalization of the previous result towards m < n and to lower triangular
semiseparable matrices is formulated in the following theorem.

Theorem 2.18. Let A € R™*"™. There exist two orthogonal matrices U € R™*™
and V € R™ "™ such that

e form > n:

UTAv = [ S ]
0 )

where Sy is a lower triangular semiseparable matrix,

e form < n:

Urav=_[5, 0],
where Sy, is an upper triangular semiseparable matriz,

o form < n:
UTAV =[5 0],

where Sy is a lower triangular semiseparable matriz.

Proof. Using the transpose operation and permuting rows or columns, these results
can easily be obtained from Theorem 2.17. O

2.4.3 Relation with the reduction to semiseparable form

As the reduction to upper triangular semiseparable form, and the orthogonal sim-
ilarity transformation to semiseparable form are closely related, we present here
some theorems, relating both reduction procedures.

The first theorem connects the full reduction procedure of both methods.

Theorem 2.19. Suppose A is an m x n with m > n matrix and U and V' are
orthogonal matrices such that

T _ Su
=[S,



54 Chapter 2. Algorithms for reducing matrices

with Sy, an upper triangular semiseparable matriz. Denote with A the symmetric
matriz A = AAT and U the orthogonal matriz such that
UTAU = 8,

with S a symmetric semiseparable matriz, with the matriz U coming from Theo-
rem 2.8.

Then we have that U = U and S = SuSg, in case no initial transformation is
performed!

Proof. The statement U = U can be checked rather easily by looking at the
structure of the orthogonal transformations. The second statement is justified by
the following equation:

SuST =UTAVVTATU = UTAATU = UT AU = S,

which proves the theorem.® O

The following theorem is a generalization of the previous one connected with
the intermediate steps in the reductions.

Theorem 2.20. Suppose we have the matriz A and the matriz A from the previous
theorem. At step k of the reduction we have the following equations:

T gy k) — gk (2.2)
. T ..
(U(k)> AT®). (2.3)
In Equation (2.2) we have that the upper k rows are already of semiseparable struc-

ture; denote them with S®) . In Equation (2.3) we have that the upper left k < k
block is of semiseparable form; denote this block with S®). Then we have that:

Gk) _ gk gt T

Proof. Similar to the proof of Theorem 2.19. O

Notes and references

The original algorithm for computing the singular value decomposition, based on an adap-
tation of the @ R-algorithm for computing the eigenvalue decomposition, was proposed by
Golub and Kahan.

16Tn some sense we neglected some details. The orthogonal transformations are not uniquely
determined; some sign changes might occur. The resulting matrices are what is called essentially
unique, meaning that the matrices are identical up to the signs. For a formal definition of essentially
unique we refer to Definition 6.20.
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= G. H. Golub and W. Kahan. Calculating the singular values and pseudo-
inverse of a matrix. SIAM Journal on Numerical Analysis, 2:205-224,
1965.

The reduction procedure to upper triangular semiseparable form, was described in.

= R. Vandebril, M. Van Barel, and N. Mastronardi. A @) R-method for com-
puting the singular values via semiseparable matrices. Numerische Math-
ematik, 99:163-195, November 2004.

In this article a complete algorithm based on semiseparable matrices instead of sparse
matrices is described to compute the singular value decomposition. It includes the reduc-
tion to upper triangular semiseparable form as well as an implicit @ R-algorithm for these
matrices.

We remark that in the reduction to upper triangular semiseparable form, one can still
reduce the complexity of the proposed method. The algorithm was kept consistent with
the reduction to upper bidiagonal form, which is why we first reduced the intermediate
results to upper bidiagonal form. If one takes a closer look at the reduction one can see that
in fact one first reduces the upper bidiagonal form to lower bidiagonal form, and then the
semiseparable structure is created. To reduce the complexity one can therefore reduce the
matrix instead to upper bidiagonal form immediately to lower bidiagonal form and then
create the upper triangular semiseparable matrix from this structure. This procedure is
cheaper than the procedure proposed in the text; moreover the convergence properties, as
they will be discussed in the remainder of the text, are still valid.

2.5 Transformations from sparse to structured rank
form

In the previous sections we considered various reduction algorithms. Algorithms
were considered for reducing matrices either to tridiagonal/bidiagonal form (named
sparse matrices in this book) and algorithms were considered for transforming ma-
trices to structured rank form, such as semiseparable or upper triangular semisep-
arable. In fact we discussed transformations from unstructured matrices to either
structured rank or sparse form. These reductions to structured rank or the sparse
form involved always O(n3) operations.

In this section and in the forthcoming section, we will investigate possibilities
for transforming the structured rank matrices to the sparse form and vice versa.
Moreover we will show that these reduction algorithms are cheaper to perform.

In this section we start with the reductions from sparse to structured rank
form. The transformations involve O(n?) operations going from a tridiagonal to a
semiseparable (plus diagonal) and also O(n?) when going from a bidiagonal to an
upper triangular semiseparable. In this section we do not discuss the transition from
Hessenberg to Hessenberg-like form as it is similar to the reduction to semiseparable
form. Transition costs are due to the unsymmetric structure, O(n?).

2.5.1 From tridiagonal to semiseparable (plus diagonal)

The previously proposed reduction procedure from symmetric to semiseparable
(plus diagonal) form involved two parts in each iterative step of the reduction proce-
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dure. One part consisted of creating zeros in the matrix, and a second part consisted
of chasing the semiseparable structure downwards. Taking a closer look at this re-
duction procedure, one can clearly see that one can decouple these two parts, as
already mentioned before in Subsection 2.2.2. This means one can first create all the
zeros to obtain a tridiagonal matrix, and then one can start the chasing procedure
to create a full semiseparable matrix.

Hence, the computational cost of reducing a tridiagonal matrix to semisepara-
ble form involves only the cost of performing the chasing step, which is 9n? + O(n)
flops and for reducing the matrix to semiseparable plus diagonal form, which takes
10n? + O(n) flops.

2.5.2 From bidiagonal to upper triangular semiseparable

Similarly as the orthogonal similarity reduction of a symmetric matrix becomes a
similar semiseparable one, we can decompose the reduction of a matrix to upper
triangular semiseparable form into two main parts. A first part consists of creating
zeros. A second part consists of performing the chasing technique for making the
matrix upper triangular semiseparable.

We do not present the complete algorithm but show how to decompose the two
parts when transforming a matrix to upper triangular semiseparable form. Hence
applying only the last step to a bidiagonal matrix solves the problem.

e The first part consists of transforming the matrix via orthogonal similarity
transformations to a “lower” bidiagonal matrix.

e The second part consists of performing the chasing techniques as described
for making the matrix of upper triangular semiseparable form.

As an upper and a lower bidiagonal matrix can easily be transformed into each
other by performing a sequence of n — 1 Givens transformations we can perform
any kind of transformation from upper/lower bidiagonal to upper/lower triangular
semiseparable form. These transformations involve O(n?) operations because each
time a chasing has to be performed.

2.6 From structured rank to sparse form

In the preceding section we discussed the other way around: from sparse to struc-
tured rank form. This was rather easy, as we could decompose the reductions from
symmetric to structured rank into two parts. The first part reduced the symmetric
matrix to sparse form and then performed a chasing technique on the sparse matrix.

The reductions discussed in the previous section involved O(n?) operations.
One might wonder if the reductions from the dense structured rank matrices to
the sparse form can also be performed in O(n?) operations. In this section we will
address this question and design the appropriate reduction methods. Again we do
not discuss the nonsymmetric problem as this is similar to the proposed techniques.
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2.6.1 From semiseparable (plus diagonal) to tridiagonal

As the semiseparable plus diagonal case is completely similar to the semiseparable
case, we will only discuss the semiseparable plus diagonal case. The results pre-
sented in this section are based on [115]. We will first present the algorithm, which
involves O(n?) operations, for transforming the semiseparable plus diagonal matrix
to tridiagonal form.

Theorem 2.21. Let S+ D be a semiseparable plus diagonal matriz. Then there
exists an orthogonal matrix U such that

UT(S+D)U =T,

where T is a tridiagonal matriz. Moreover T' can be computed in O(n?) operations.

Proof. We will illustrate the reduction procedure on a semiseparable plus diagonal
matrix of dimension 6 x 6. The proof is by finite induction. Let A = S + D and
Aél) = A. Often, we briefly denote A" as Aéi). Elements that are zero are not
shown in the figures.

e Step 1. Suppose a semiseparable plus diagonal matrix is given, and one wants
to make it tridiagonal. The first orthogonal similarity transformation consists
of making the complete last row and column zero, except for the subdiagonal,
the diagonal and the superdiagonal element. Because of the specific rank
structure of the matrix this can be achieved by performing a similarity Givens
transformation involving the last two rows and the last two columns of the
matrix A(()l). As we have a semiseparable plus diagonal matrix, the diagonal
is not includable in the semiseparable structure; hence, the elements X do not
include the diagonal. This is what happens (remark that the elements ® in
this figure are also includable in the rank structure):

nT (1) A1
6 APt

® XXX X X
O XRXKKX KX
RN XK
® XX XNXKKX
Kx XXX
X RO ®®
OX XK X x
OSKKX KX KX
OXNXX XX
o X KKK
X X KKXKXX
X X © o oo

)

T
4w GV 4G )
The Givens transformation on the left exploits the specific rank structure
in the last two rows to make all the elements except the subdiagonal and
the diagonal element zero. In fact we have already completed one step of
the induction process now. The last row and column satisfy already the
tridiagonal structure. Pose now A(()Q) = A(ll).
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e Step k. For simplicity reasons we assume we are in step k£ = 3 of the algo-

rithm, as this illustrates the general case. This means that our intermediate

matrix A(()3) has already the last two rows and columns satisfying the tridiag-

onal structure. The matrix Aé3) looks like:

x X XK X
X x X KX
A(3)f®&><®
0TI ¥ X X x X
X X X
X X

We perform now a similarity Givens transformation on row 3 and 4 (column
3 and 4) to annihilate the first two elements in row 4. This can be done by
one single Givens transformation, exploiting the semiseparable structure.

x X XK ® x X K
X x X ® X x K
X X x K 3T, (3) A(3) X X x x X
® ® K x x (;1’4406:1) X X X
X X X X X X X
X X X X
(;
T
G(3) A(3)G(3)
Aé?’) 1 0 Y1 A§3).

We remark that performing this transformation creates fill-in in the positions
(3,5) and (5, 3) of our matrix. This can be seen as a bulge in the tridiagonal
structure. We can remove this bulge by standard chasing techniques (see, e.g.,
[181, 183]). To remove this bulge we apply a similarity Givens rotation to the
rows 4 and 5 (and columns 4 and 5). This is illustrated in the following figure:

x X X x X X
X x K X x K
T )
ggiié Mgﬁiixx
® X X X X X X
X X X X X
(;
T
G(3)A(3)G(3)
3 3
A§)212 Aé).

This transformation created however another bulge, and therefore the process
needs to be repeated. We perform another Givens rotation to the rows 5 and
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6 (and columns 5 and 6). This gives us

x X KX x X X
X x X X x K
X XK x x T, (3) A(3) X XK x x
X X X ® M} X X X
X X X X X X
® X X X X
(3
T
@7 43 )
AP 3 2 s, AP

This completes the induction step.

One can clearly see that the final step in the algorithm only consists of chasing the
bulge away. 0

The proof of the theorem gives an algorithm for performing the reduction
involving O(n?) operations, however this is not the only possible way for reducing
a semiseparable plus diagonal matrix to tridiagonal form. Ome can for example
perform also a two-way chasing algorithm. This reduction can in fact be performed
parallel on two processors. The idea is simple: in the algorithm presented above,
we started creating zeros in the bottom row by performing a transformation on the
left. In fact one can at the same time perform a transformation on the left, creating
zeros in the top row starting from the second superdiagonal element. This means
that as in our method we start creating zeros which go from the bottom to the top,
but at the same time we also create zeros which go from the top to bottom. More
details on this algorithm and on the implementation can be found in [115]. See also
the notes and references for other variants.

2.6.2 From semiseparable to bidiagonal

In this section we will derive an orthogonal transformation, which will transform
an upper triangular semiseparable matrix into an upper bidiagonal one. A similar
procedure can be constructed for reducing a lower triangular semiseparable to a
lower bidiagonal matrix.!”

Theorem 2.22. Suppose S € R™ "™ to be an upper triangular semiseparable matriz,
then there exist two orthogonal matrices U € R™*™ and V € R"*™ such that

Utsv = B,

where B is an upper bidiagonal matrix.

17The transitions from a lower triangular semiseparable to an upper bidiagonal (and an upper
triangular semiseparable to a lower bidiagonal) are possible.
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Proof. The proof given here is constructive, i.e., we will again explicitly show which
Givens transformations are performed in order to get the desired upper bidiagonal
matrix.

The proof is outlined for an upper triangular semiseparable matrix of size 6 X 6.
We use again the following rules for A = S:

(1 1) ( I l
Uk—i)-lA( = Al(c-)i-l e Ak)gVJ(H = Al(c,)j+1'

We define A = AD and A+ = Al(ll)

The applied transformations to the left and to the right of A,(Cl)j are all Givens
transformations in this case.

e Step 1. In this first step of the algorithm, we will bring the first row of
our upper triangular semiseparable matrix A to upper bidiagonal form. We
know that the upper part of the matrix A( is of semiseparable form, i.e.,
by performing one Givens transformation on the left, working on rows 1 and
2, of the matrix we can introduce all zeros in the upper row, except for the
diagonal element. The elements X indicate the part of semiseparable form.
The elements ® will be annihilated but are also includable in the semiseparable

structure.
X @ @ ® @ ® x 0 0 0 0 O
X X X X K x X X K K KX
X X X K U(1)A(1) X X X KX
X XK X 1 0,0 X X X
X X X X
X X
(3
(1 1)
Al = 4@ U_l) Aba 00 A®.

As one can see we have introduced a bulge now in position (2, 1); this bulge
can be removed by performing one Givens transformation on the first and the
second column of the matrix A%. In this way we get:

x 0 0 0 0 O x x 0 0 0 O
® X X K XK X X X X XK X
X X X X AWM X X X X
X X X 1,071 X X X
X X X KX
X X
(3
1 A V 1
Ag% A()
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Then we put A® = Agli and we have completed the first step in the reduction
process, as the first row of the matrix is in bidiagonal form.

Step k. By induction, for £ > 1. Let us assume that the first £k — 1 rows of
A®) are in bidiagonal form and then we will add now one more row to this
upper bidiagonal structure. Without loss of generality, let us assume k = 3.
This means that A®) has the following structure:

X X
X

X

X X
3) _
4 X

XX KX
X XXX

We start in a similar manner as in the first step. A Givens transformation is
applied on the left acting on rows 3 and 4 to annihilate the last three elements
in the third row. The annihilation of these three elements by one operation is
possible due to the semiseparable structure:

X X X X
X X X X
N o @ ® U(g)TA() x 0 0 0
X X X |1 0.9 x K X K
X K X KX
X X

)

@7 46
) Uy 0,0 Aﬁ)).

Unfortunately we created again a bulge. This bulge will be chased away by
a sequence of Givens transformations performed alternating on the right and
left side of the matrix. The first transformation will be performed on the right
and it will work on columns 3 and 4.

X X X X
X X X X X
X (3)7,(3) XX
» 8 & ® |4 N K K
X X X X
X X
¢
AB)3)
Py putieugly)
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A new bulge is created that is removed by a Givens transformation on the left
involving the second and the third row.

X X X X
X X & X X
X X (3) 4(3) X X X
K X KX Uz Al’l X X KX
X X X X
X X

)

(3) 4(3)
3 U7 A 3
A A
The latter bulge is removed by a transformation on the right involving columns
2 and 3; next the following bulge is removed by a Givens transformation on
the left involving the first two rows.

X X X X X
X X X X
® x X (3)1,(3) X X
X X X AZJVQ X X X
X X X X
X X
T
A(3)V(3)
A A
X X (29 X X
X X X X X
X X (3) 4(3) X X
X X X Us A2’2 X X X
X X X X
X X

U® 4G)
agy U 4

A final Givens transformation needs to be performed on the first and second
columns to remove the element in position (2, 1).
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® X
X X

3 3
Ao
R —

XX KX

X
X
X
b
A®
P e LY

This completes the induction step. In a similar fashion one can proceed and
make also the last part of the matrix upper bidiagonal.

O

Similarly as in the reduction from semiseparable to tridiagonal, we can con-
sider another, faster chasing technique acting on two sides of the matrix at the same
time. More information can be found in the notes and references.

Notes and references

Originally these reductions to sparse form were used for solving systems of equations
involving semiseparable (plus diagonal) matrices or for computing their spectra. At that
time these methods were the fastest available for solving systems of equations involving
semiseparable and semiseparable plus diagonal matrices. Of course these methods were
of complexity O(n?). Nowadays, the complexity of solving these systems of equations has
significantly decreased involving only O(n) operations.

Let us present in this section some of the references on which the results in this
section are based. We have to make an important remark concerning the titles used by
the different authors in the following articles. The nomenclature concerning structured
rank matrices is not so unified. This means that sometimes matrices named semiseparable
plus diagonal are named quasiseparable by other authors. The reader has to keep this
always in mind and carefully check which type of matrices the authors consider. We will
always carefully point out the type of structured rank matrices the authors use, with regard
to the conventions used in our book.

The reduction technique as presented in this section for bringing diagonal plus semi-
separable matrices via orthogonal similarity transformations to tridiagonal form was orig-
inally proposed in the following article.

1= S. Chandrasekaran and M. Gu. Fast and stable eigendecomposition of
symmetric banded plus semi-separable matrices. Linear Algebra and its
Applications, 313:107-114, 2000.

Chandrasekaran and Gu present a way to compute the eigenvalues of what they name
‘semiseparable plus band’ matrices. The matrices considered in this article are of the
following form: they are symmetric and can be written as the sum of a band matrix plus
two matrices, which fill up the remaining zeros of the band matrix with a rank r matrix.
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Hence the parts above and below the band are coming from a matrix of the form VU7T
and UVT, both matrices U,V of dimension n X .

The idea to compute the eigendecomposition of these matrices is to reduce them in
an effective way to tridiagonal form. Then one can use in fact any suitable method for
computing the eigenvalues of the resulting tridiagonal matrix.

The reduction to tridiagonal form proceeds as follows: a part of the low rank struc-
ture is removed, after which one has to chase the created bulge away. The complexity of
the proposed method is approximately 3n2 (b+ 2r) in which b denotes the bandwidth and
r the rank of the parts above and below the band.

= N. Mastronardi, S. Chandrasekaran, and S. Van Huffel. Fast and stable
reduction of diagonal plus semi-separable matrices to tridiagonal and bidi-
agonal form. BIT, 41(1):149-157, 2003.

The authors Mastronardi, Chandrasekaran and Van Huffel, provide an algorithm to trans-
form a symmetric generator representable quasiseparable matrix into a similar tridiagonal
one, by using Givens transformations. A generator representable quasiseparable matrix,
has the parts below and above the diagonal coming from a rank 1 matrix. The presented
method is demonstrated for matrices having semiseparability rank 1 but is also applicable
for the matrices considered in the article above. The Givens transformations remove gen-
tly the rank structure. After each transformation also a step of chasing is performed to
remove the created bulge, similarly as in the previous article by Gu and Chandrasekaran.
The main adaptation is that the algorithm can easily be run on two sides, a so-called
two-way algorithm. Instead of only removing the rank structure starting from the bottom,
one also starts by removing the rank structure at the top. This leads to a complexity that
is halve of the one presented above. Moreover the presented method can be run in parallel
on two processors. Also an algorithm to reduce a generator representable quasiseparable
matrix to a bidiagonal one by means of orthogonal transformations is included. Also this
bidiagonalization procedure admits a two-way version.

The following articles (and the references therein) are related with the reduction of
arrowhead matrices to tridiagonal form. Arrowhead matrices can also be considered as
special types of structured rank matrices.

= A. Abdallah and Y. Hu. Parallel VLSI computing array implementation
for signal subspace updating algorithm. IEEE Transactions on Acoustics,
Speech and Signal Processing, 37:742-748, 1989.

ww S. Van Huffel and H. Park. Efficient reduction algorithms for bordered
band matrices. Journal of Numerical Linear Algebra and Applications,
2(2):95-113, 1995.

w H. Zha. A two-way chasing scheme for reducing a symmetric arrowhead

matrix to tridiagonal form. Numerical Linear Algebra with Applications,
1(1):49-57, 1992.

In the following article, the authors Fasino, Mastronardi and Van Barel propose
two new algorithms for transforming a generator representable quasiseparable matrix to
tridiagonal or bidiagonal form.

ww D. Fasino, N. Mastronardi, and M. Van Barel. Fast and stable algorithms
for reducing diagonal plus semiseparable matrices to tridiagonal and bidi-
agonal form. In Fast Algorithms for Structured Matrices: Theory and
Applications, volume 323 of Contemporary Mathematics, pages 105-118.
American Mathematical Society, Providence, Rhode Island, USA, 2003.
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Instead of performing one Givens transformation as in [115, 38] and then chasing the bulge
away, n/2 Givens transformations are performed at once. The algorithm is demonstrated
for the easy class of matrices having semiseparability rank 1. After having performed n /2
Givens transformations @ (assume n to be even) on the matrix A we obtain

ro A0
QAQ*[T’AT}’

which is a block diagonal matrix, with both blocks A; and Az of generator representable
quasiseparable form. Hence we can work on both blocks separately. This procedure
can also be rewritten in terms of a two-way form and a variant is also presented for
bidiagonalizing a semiseparable plus diagonal matrix.

Recently also more hybrid structured rank matrices are investigated.

= Y. FEidelman, L. Gemignani, and I. C. Gohberg. On the fast reduction
of a quasiseparable matrix to Hessenberg and tridiagonal forms. Linear
Algebra and its Applications, 420(1):86-101, January 2007.

In this article, the authors present a method for effectively reducing a quasiseparable
matrix (not symmetric) to Hessenberg form. The authors exploit also the rank structure
of the upper triangular part to come to a fast reduction. This reduction is important as
in practice the reduction to Hessenberg and the corresponding @) R-method applied on the
Hessenberg matrix can be much faster (above a certain rank) than immediately computing
the eigenvalues of the quasiseparable matrix by the QQ R-method for quasiseparable matrices
[70].

1= S. Delvaux and M. Van Barel. A Hessenberg reduction algorithm for rank
structured matrices. SIAM Journal on Matriz Analysis and Applications,
29(3):895-926, 2007.

In this article the authors Delvaux and Van Barel present a method for reducing arbitrary
structured rank matrices, based on the ‘structured rank blocks’ characterization, to Hes-
senberg form. This is a very general method as all types of structured rank matrices nicely
fit into this class. The matrices are represented with a unitary weight or a Givens-weight
representation.

w V.Y. Pan. A reduction of the matrix eigenproblem to polynomial rootfind-
ing via similarity transforms into arrow-head matrices. Technical Report
TR-2004009, Department of Computer Science, City University of New
York, New York, USA, July 2004.

In this article Pan makes use of the reduction to Hessenberg-like form, for computing the
eigensystem of a matrix. After having computed the similar Hessenberg-like matrix, this
matrix is transformed via nonunitary similarity transforms into an arrowhead matrix. The
eigenvalues of the arrowhead matrix are computed via polynomial rootfinding algorithms.

2.7 Conclusions

In this chapter different transformation techniques were discussed. The main aim of
the proposed transformation techniques was to obtain sparse ‘representable’ struc-
tures, for which the structure can be efficiently exploited for computing the eigen-
values or singular values.
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For completeness we also discussed the traditional reductions to tridiagonal
and bidiagonal form. Moreover, also the transformations from sparse to structured
rank form and vice versa were investigated.

In the following chapters we will investigate in more detail the properties of
the reductions to structured rank form. These reductions cost more operations than
the corresponding reductions to sparse form, but the extra performed operations
induce an extra convergence behavior. This extra convergence behavior might come
in handy in certain applications when only parts of the spectrum are needed, or
it can even become faster than the traditional methods if there are gaps in the
spectrum.



Chapter 3

Convergence properties of
the reduction algorithms

In the previous chapter, several types of reduction algorithms to either sparse or
structured rank matrices were presented. It was stated there that the orthogonal
similarity reduction to a similar semiseparable matrix could also be achieved by
first transforming the matrix to a similar tridiagonal one and then transforming the
tridiagonal matrix into a similar semiseparable one. It is a known result that the
already reduced part in the tridiagonal reduction contains the Lanczos-Ritz values.
In this chapter we will see to which extent these classical results for tridiagonal
matrices are valid for the semiseparable case. Secondly there was also a remark,
which stated that the reduction, although it costs an extra 9n? + O(n) with respect
to the tridiagonalization, inherited an extra kind of convergence behavior. These
extra operations create a subspace iteration convergence behavior, which also will
be addressed here.

This chapter contains three sections. The layout of all three sections is similar.
First we describe the property we want to investigate for the reduction to semisep-
arable form. Then we extend this property to a general framework, and finally we
apply this general framework to all the reduction algorithms as proposed in the
previous chapter, i.e., the reduction to semiseparable, semiseparable plus diagonal,
Hessenberg-like and so forth.

In the first section we deduce a general theorem, providing necessary and suffi-
cient conditions, for an orthogonal similarity transformation to obtain the Arnoldi-
Ritz values in the already reduced part of the matrix. The theorem provided is very
simple, only two conditions have to be placed on the reduction algorithm, but it is
completely general. This means, that using this theorem the convergence properties
of the transformations to tridiagonal, semiseparable, Hessenberg and Hessenberg-
like can be proved in one line.

In the second section we will investigate in detail the extra convergence be-
havior of the reductions to structured rank form, with regard to the reductions to
sparse form. We will prove that the extra performed Givens transformations cause
a convergence behavior, which can be interpreted as a type of nested subspace

67
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iteration.

In the last section the interaction between the Lanczos convergence behavior
and the subspace iteration will be investigated. We will prove that the subspace
iteration will start converging as soon as the Lanczos-Ritz values approximate well
enough the eigenvalues the subspace iteration tends to converge to. The interaction
behavior as proposed in this section is affirmed by the derivation of the convergence
speed. Moreover a detailed complexity analysis, if deflation is possible, will be given.
The theoretical results in this chapter will be confirmed by numerical experiments
in the following chapter.

& In this chapter, the convergence properties of the reduction algorithms
proposed in the previous chapter are examined. Two types of behavior are cov-
ered. The Lanczos-Ritz values convergence behavior and the subspace iteration
convergence behavior.

An introduction to Lanczos-Ritz values and an explanation of the notation
used can be found in Subsection 3.1.1. The Lanczos-type of convergence behavior
is summarized into two theorems, namely Theorem 3.2 and Theorem 3.3, providing
the necessary and sufficient conditions, respectively. The case of invariant sub-
spaces is left to the interested reader and is rather similar to the standard case
(Subsection 3.1.5). Important for our analysis is the application of these theorems
(Theorems 3.2 and 3.3) towards the proposed reduction algorithms. This is done in
Subsection 3.1.7.

The second convergence behavior is analyzed in its most general form in Sub-
section 3.2.2 and Subsection 3.2.3. Especially Theorem 3.6 covers the global picture.
The different formulations of the theorem leading to different interpretations cov-
ered in Corollaries 3.7, 3.8 and 3.9 help to understand the convergence behavior.

The interaction of both convergence behaviors is neatly summarized in Sub-
section 3.3.2. Estimates on the convergence speed towards a block diagonal matrix
are given in Subsection 3.3.3. The paragraph titled “the convergence speed of the
nested multishift iteration” contains the theoretical upper bound on the convergence
speed.

3.1 The Arnoldi(Lanczos)-Ritz values

It is well-known that while reducing a symmetric matrix into a similar tridiagonal
one the intermediate tridiagonal matrices contain the Lanczos-Ritz values as eigen-
values. Or for a Hessenberg matrix they contain the so-called Arnoldi-Ritz values.
More information can be found in the following books [43, 58, 94, 129, 136, 145]
and the references therein.

In this section we will investigate to which extent this is true for the reductions
discussed in the previous chapter, namely the reduction to semiseparable, semisep-
arable plus diagonal, Hessenberg-like and so on. After defining what is meant with
Ritz values, we will provide, in a first subsection, an easy proof stating that the
reduced parts in the reduction to semiseparable form have the same eigenvalues as
the reduction to tridiagonal form. Hence we know that both reduced parts will
have the same eigenvalues, namely the Lanczos-Ritz values. Instead of proving for
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every type of reduction which eigenvalues are located in the already reduced part,
we provide a general framework in this section. In the following subsection, we will
briefly recapitulate what is meant by the Ritz values in this book, and we provide a
general scheme for orthogonal similarity transformations, which we will investigate.
The Subsections 3.1.3 to 3.1.6 deal with these orthogonal similarity transformations
and provide necessary and sufficient conditions such that the already reduced parts
in the matrix have the Ritz values. The final subsection discusses all the different
reduction algorithms from the previous chapter and proves which type of eigenvalues
are contained in the already reduced block.

3.1.1 Ritz values and Arnoldi(Lanczos)-Ritz values

We will briefly introduce here the notion of ‘Ritz values’, related to the orthogonal
similarity transformation. The orthogonal similarity transformations we consider
are based on finite induction. In each induction step a row and a column are added
to the desired structure. In this way all the columns and rows are transformed,
such that the resulting matrix satisfies the desired structure. Suppose we have a
matrix A©®) = A, which is transformed via an initial orthogonal similarity trans-
formation into the matrix A = Q(O)TA(O)Q(O). The initial transformation Q(©) is
not essential in the following scheme, as it does not affect the reduction algorithms.
It does, however, have an effect on the convergence behavior of the reduction, as
will be shown. We remark that in real applications often a matrix Q(©) is chosen in
such a way to obtain a specific convergence behavior. The other orthogonal trans-
formations Q*), 1 < k < n — 1, are constructed by the reduction algorithms. Let
us denote the orthogonal transformation to go from A®) to A®+1) as Q) and
we denote with Qq.;, the orthogonal matrix equal to the product Q@OQW ... Q).
This means that

AG+D — T 400 (k)

T T T T
=QW Q=07 .M Q" 40 Qk-Dg®)
= Qb A Qo

The matrix A®*Y is of the following form:

Ryt X
X A1
where Rp+1 (Reduced) stands for that part of the matrix of dimension (k4 1) x

(k + 1), which is already transformed to the appropriate form, e.g., tridiagonal,
semiseparable and Hessenberg.'® The matrix Ay is of dimension (n—k—1) x (n—

18In this section the already reduced part of the matrix can be found in the top-left corner. The
reduction algorithms as proposed in the previous chapter have the reduced part in the bottom-right
corner. Essentially this does not make any difference. We chose not to stick to either formulation,
as in practice both descriptions occur. In several books, the reduction to tridiagonal form starts
at the bottom, whereas often the reduction to bidiagonal is illustrated starting at the top. See
Note 2.7.
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k —1). The x denote arbitrary matrices. They are unimportant in the remaining
part of the exposition. The matrices A*) are not necessarily symmetric, as the
elements x may falsely indicate.

Let us partition the matrix Qq.; as follows:

‘a5 nx (k+1)
Qo:x = {ao:ﬂao:k] with { C—%O:k €R

QO:k c Rnx(n—k—l) )

This means

A [ao:ﬂao:k} = [5o:k\6o:k} [ Riy1| X } .

X | Agga

The eigenvalues of Ry are called the Ritz values of A with respect to the subspace

spanned by the columns of 50;k (see, e.g., [58]).
Suppose we have now the Krylov subspace of order k with initial vector v:

Ki(A,v) = (v,Av, ..., AF"1y),

where (x,y,z) denotes the vector space spanned by the vectors x,y and z. For
simplicity we assume in Subsections 3.1.3 and 3.1.4 that the Krylov subspaces we
are working with are not invariant, i.e., that for every k: KCr(A,v) # Kr11(4,v),
where £ = 1,2,...,n — 1. The special case of invariant subspaces is dealt with in
Subsection 3.1.5. _

If the columns of the matrix @ ., form an orthonormal basis of the Krylov sub-
space Ki11(A,v), then we say that the eigenvalues of Rj41 are called the Arnoldi-
Ritz values of A with respect to the initial vector v. If the matrix A is symmetric,
one often calls the Ritz values the Lanczos-Ritz values.

3.1.2 The reduction to semiseparable form

We will briefly formulate a theorem valid for the reductions to either tridiagonal,
semiseparable and semiseparable plus diagonal form.

Theorem 3.1. Let A be a symmetric matriz and U is the orthogonal matriz (from
Theorems 2.9,2.6 or 2.5) such that

UTAU = B,

where B is either a tridiagonal, semiseparable or semiseparable plus diagonal matrix.
If we consider the reduction algorithms like in the proofs of Theorems 2.9,2.6 or 2.5,
the intermediate matrices at step m of the reduction have as eigenvalues of the lower
right m xm block the Lanczos-Ritz values with regard to Upe,,, where Uy is an initial
transformation applied on A, before starting the reduction procedure, as indicated
in Theorem 2.6.

Proof. We will not prove this statement for the tridiagonal matrices, as this is
a well-known, and classical results (see, e.g., [94]). Taking a closer look at the
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algorithms from the proofs of Theorems 2.9 and 2.6, we see that these latter two
orthogonal similarity transformations perform always a chasing step after perform-
ing the Householder transformation. This chasing step is applied on the lower right
k x k block. In fact an orthogonal similarity transformation is performed on the
lower right block, and hence it does not change the eigenvalues of this block. The
eigenvalues of this block are in fact essentially the same eigenvalues as the ones
coming from the reduction to tridiagonal form, as all three reduction methods use
exactly the same (up to the sign) Householder transformations. O

Even though the proof above was very easily based on the knowledge that the
reduction to tridiagonal form had the Lanczos-Ritz values, we are not yet completely
satisfied. We based ourselves on the properties of the reduction to tridiagonal form.
In the following sections we will not use this prior knowledge anymore and derive a
general formulation for all kinds of orthogonal similarity transformations.

3.1.3 Necessary conditions to obtain the Ritz values

In this section, we investigate the properties of orthogonal similarity transforma-
tions, where the eigenvalues in the already reduced block of the matrix are the
Arnoldi-Ritz values, with respect to the starting vector v, where v/||v| = +Qe;.
This makes clear that the initial transformation can change the convergence behav-
ior, as it changes the Krylov subspace and hence also the Ritz values. We remark
once more that this initial transformation does not change the reduction algorithm

as the actual algorithm reduces the matrix A = Q(O)TAQ(O) to the desired form.
However, in practice a good choice of the vector v, can have important consequences
for the convergence behavior in applications.

Suppose that our orthogonal similarity reduction of the matrix into another
matrix has the following form after step k — 1 (with k =1,2,...,n—1):

Ry x| _ A7
{ % x ] = Qouk—1A4Q0:k—1.
This means that we start with this matrix at step k of the reduction: with Ry a
square matrix of dimension k, which has as eigenvalues the Arnoldi-Ritz values.
Hence, we have the following properties for the orthogonal matrix Qg.x—1:

1. The columns of 50;;0,1 form an orthogonal basis for ICx(A, V).

2. The columns of C_Q)O:k—l form an orthogonal basis for the orthogonal comple-
ment of (A4, v).

As already mentioned before, for simplicity reasons we assume here that we
work with one noninvariant Krylov subspace K(A,v). The more general case is
dealt with in Subsection 3.1.5.

After the next step in the transformation we have that the block Rjy1 has
the Ritz values as eigenvalues with respect to Kr41(A,v). This results in two easy
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conditions, similar to the ones described above. After step k, in the beginning of
step k + 1 we have:

1. The columns of ao:k form an orthogonal basis for K11(A,v) = Kr(A,v) +
(Akv).

2. The columns of ao:k form an orthogonal basis for the orthogonal complement
of Ki41(4,v).

We have the following equalities:

A= Qo1 APQL, _,
= QO:kA (k+1 )ng

This means that the transformation to go from matrix A® to matrix A*+Y can
also be written in the following form:

QL Qok 1 AP QL. Qo = AFFTD,

Using the fact that Q*) denotes the orthogonal matrix to go from matrix A%®) to
matrix AF+tD | we get:

QW = Qo Qo:k—1
- | & | [20scr[Fore]

ats
_ [ @), (@), ]
T T )
@), (@),

where the (Q(k))lTl (QF )12 QW )21 and (Q(k)) denote a partltlomng of the
matrix Q T These blocks have the following dimensions: (Q(k)) e R+ xk
(Q(k ) e R+ x(n—k) (Q( )) € R(n—k=1)xk 514 (Q(k)) c R(n k=1)x(n—k)
It can be seen rather easﬂy, by comblmng the properties of the matrices Qo.x_1
and Qo.x from above, that the block (Q(k)) has to be zero. This zero block in the
matriz Q%) is the first necessary condition.

To obtain a second condition, we will investigate the structure of an interme-
diate matrix A% satisfying
A0 — T 40
T
= Q" QGx1 AQok—1
= Qb AQoik—1,

which can be rewritten as

Qo A® = AQop—1. (3.1)
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Rewriting Equation (3.1) gives us:
— — Ny — 3 (k)
A [QO:k71|QO:k71] = [QO:HQO:IC} A

Because the columns of Aao:k—l belong to the Krylov subspace: Kiy1(A4, v), which
is spanned by the columns of ao:k, A®) has a zero block of dimension (n—k—1) x k
in the lower left corner. This zero block provides us a second necessary condition.

The two conditions presented here, namely the condition on A%*) and the
condition on Q¥ are necessary to have the desired convergence properties in the
reduction. In the next section we will prove that they are also sufficient. We will
formulate this as a theorem:

Theorem 3.2. Suppose we apply an orthogonal similarity transformation on the
matriz A (as described in Subsection 3.1.1), such that the already reduced part Ry,
in the matriz has the Arnoldi-Ritz values in each step of the reduction algorithm.
Then we have the following two properties for every 1 <k <mn —1:

o The matriz Q(k)T, which is the orthogonal matriz to transform A% into the
matric AR+ = Q(k)TA(k)Q(k), has a zero block of dimension (n—k—1) x k
in the lower left corner.

e The matriz A®) = Q(k)TA(k) has a zero block of dimension (n —k — 1) x k
in the lower left corner.

3.1.4 Sufficient conditions to obtain the Ritz values

We prove that the properties from Theorem 3.2 connected to the matrices Q") and
A®) are sufficient to have the Arnoldi-Ritz values as eigenvalues in the blocks Ry.

Theorem 3.3. Suppose, we apply an orthogonal similarity transformation on the
matriz A (as described in Subsection 3.1.1), such that we have for A©) = A:

A%

vl

Assume that the corresponding Krylov subspace Ky (A, v) will not become invariant
for k < n—1. Suppose that for every step 1 < k <n —1 of the reduction algorithm
we have the following two properties:

Qe = + and QO A©QO) — 40,

e The matriz Q(k)T, which is the orthogonal matriz to transform A% into the
matriz AR+ = Q(k)TA(k)Q(k), has a zero block of dimension (n—k—1) x k
in the lower left corner;

e The matriz A®) = Q(k)TA(k) has a zero block of dimension (n —k —1) x k
in the lower left corner.
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Then we have that for the matric A*+Y partitioned as

R X
A1) { k+1 }
X | Agg1

the matriz Rigy1 of dimension (k+ 1) x (k+ 1) has the Ritz values with respect to
the Krylov space Ki11(A,v).

Proof. We will prove the theorem by induction on k.

e Step 1. The theorem is true for k¥ = 1 because Q(O)TAQ(O) contains clearly
the Arnoldi-Ritz value in the upper left 1 x 1 block.

e Step k. Suppose the theorem is true for AN, AR AW with k <n— 1.
This means that the columns of 60:;@,1 span the Krylov subspace K (A, v).
Then we will prove now that the conditions are sufficient to have that the
columns of EO;k span the Krylov subspace of Kj1(A,v). We have the fol-
lowing equalities

AR — T 40
T
=QW QL1 AQuk—1
= Qbr AQok—1.
Therefore,
AQO:k—l = QO:k A(k)
— — — — T(k)
A QO:k—llQO:k—l} = [QO:HQO:k} AW,

Hence, we have already that the columns of A(C_Q();k_l are part of the space

spanned by the columns of (6_20;;9. Note that the columns of Aa():k,l span the
same space as A (A4, v). We have the following relation:

AKk(A,v) C Range(Qou)- (3.2)

With Range(A) we denote the vector space spanned by the columuns of the

T
matrix A. Since Q)" has a zero block in the lower left position, we have
that:

Qok = Qok1Q™
Qor@"" = Qo 1.
Hence,
[ Qoil@ox | @9 = [ Quics|Gons |-
Using the zero structure of the matrix Q(k)T we have

Range(Qo:x_1) = K (A, v) C Range(Q o:x)-



3.1. The Arnoldi(Lanczos)-Ritz values 75

When we combine this with Equation (3.2) and the fact that our subspace
Kr(A,v) is not invariant, i.e., Kry1(A,v) # Ki(A,v), we get
—
Range(QO:k) = ’Ck-‘rl(Aa V)
This proves the theorem for A*+1)

Hence the theorem is proved. 0

3.1.5 The case of invariant subspaces

The theorems and proofs of the previous sections were based on the fact that the
Krylov subspace K (A, v) was never invariant. In the case of an invariant subspace,
we can apply deflation and continue working on the deflated part, or we can derive
similar theorems as in the previous sections but for combined Krylov subspaces.
We will investigate these two possibilities in deeper detail in this section.

Some notation

We will introduce some extra notation to be able to work in an efficient way with
these combined Krylov subspaces. Let us denote with K} (A) the following subspace:

Kk(A) = ICll(A, V1) &) ’C12 (A7V2) D...PH K[Fl (A,Vt_l) &) K:kf, (A,Vt).

The @ denotes the direct sum of vector spaces. This means that Kj(A) is the union
of t different Krylov subspaces. We make the following assumptions.

e The dimension of Ki(A) equals k, and k =13 +lo + 15+ ... + -1 + k¢

e With /; we denote the maximum dimension the Krylov subspace with matrix
A and initial vector v; can reach before becoming invariant. This means
that the Krylov subspaces (4, v;) with p > [; are all equal to Ky, (A4, v;) #
Ki,—1(A,v;). The k; is an index 1 < k; < [; for the Krylov subspace with
matrix A and initial vector v;:

K:k", (A, Vi) = <VZ‘, AVZ', - ,Ak7'_1vi)

e The starting vectors v; of the different Krylov subspaces are chosen in such a
way that they are not part of the previous Krylov subspaces. This means

v; ¢ DK (4, vi).

i=1

In the following two subsections we will note what changes in the theoretical deriva-
tions for obtaining the necessary and sufficient conditions. In a final subsection we
will investigate in more detail the case of deflation.
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The necessary conditions

For the derivation of the necessary conditions we assumed, for simplicity reasons
that we were working with only one Krylov subspace. In the case of invariant
subspaces, however, we have to work with a union of these Krylov subspaces. This
means that our orthogonal transformations Qq.;—1 satisfy the following conditions:

1. The columns of (C—Qo:kq form an orthogonal basis for Kj(A4) = K, (A, v1) @
... D ]th (A, Vt).

2. The columns of 60:;6,1 form an orthogonal basis for the orthogonal comple-
ment of Kj(A).

In fact this is the only thing that changes in these derivations, all the remaining
statements stay valid. The conditions put on the orthogonal matrices Q) and on
the matrices A®) remain valid.

However in the case of invariant subspaces we can derive also the following
property. The occurrence of invariant subspaces creates zero blocks below the diag-
onal in the matrices A*). Suppose that for a certain k the space K (A, v) becomes
invariant. Due to the invariance we have AKy(A) C Ki(A). As the matrix 60:k_1
forms an orthogonal basis for the space Kj(A), we get the following equations:

Qb 1AQuik—1 = AW,
which can be rewritten as

AQok-1 = Qop—1 AW

= Qo |

In case of an invariant subspace the matrix A*) has a zero block of dimension
(n — k) x k in the lower left position. In fact one can apply deflation now and
continue working with the lower right block Ay, e.g., for finding eigenvalues. If
one applies deflation after every invariant subspace, one does in fact not work with
the whole space Kj(A), but on separate (invariant) subspaces. Indeed, after the
first invariant subspace Kj, (A) = K, (A, v1) one applies deflation and one starts
iterating this procedure on a new matrix A, .

Sufficient conditions

In this subsection, we will take a closer look at the proof of Theorem 3.3 and
investigate the changes in case of an invariant Krylov subspace.

Suppose at step k of the reduction algorithm we encounter an invariant sub-
space Ki(A), ie., Kp(4) = Ki,(4,v1) & ... ® K, (A, v¢). Only the last lines of
the proof of Theorem 3.3 do not hold anymore. The following equation however
remains valid: o

Ki(A) C Range(Qou).
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This leads to the following equation:
[QO:k|QO:k} = [QO:kfl‘Vt+1‘Q0:k} { 0T } .
With W a matrix of dimension (k + 1) x (k + 1). Therefore

Range(ao:k) = Kk(A) S <Vt+1>7

with

Vi1 & Range( Qo 1) @’Cz (A, v;).
So, defining Kiy1(A) = Ki,(A,v1) @ ... & IClt(A,Vt) @ K1(A,viy1) proves the
theorem.

One might wonder whether it is possible to choose any vector v not in Kj(A)

. . T . .
for defining the new space Kjy1(A) because our matrix Q)" still has to satisfy
some conditions. Let us define the vector w as the orthogonal projection of the

—
vector v onto (Qo.x_1. Then we have that

Kip(A) @ (v) = Ki(A) @ (w), (3.3)

with w orthogonal to 60%_1. We have the relation:
— — T «— —
{Qo:kl@o:k} QW = {QO:k—1|QO:k—1 ,

so if we choose now <60:;C = [(@0:1@,1 |w], we see that the conditions put on Q™ and
A®) still are satisfied and moreover we have chosen v to be an arbitrary vector not
in Ki(A) because the matrix ao:k spans the space Ki41(A4) = Ki(A) @ (v), due
to Equation (3.3).

The case of deflation

Finally we will take a closer look at the case of deflation. Suppose now that for a
certain k we get an invariant space Ki(A) = K, (A, v1) @ ... &K, (4, vi). Suppose
we apply deflation, and we can continue iterating the procedure on the matrix Ay.
Assume we start on this matrix with vector w by applying an initial transformation
W5. This means that Wae; = w. In fact this corresponds to applying the similarity
transformation (with W; an arbitrary orthogonal matrix):

Wil 0
(k) — 1
Q¥ = [F ey
which satisfies the desired condition (the lower left (n —k — 1) x k block is zero), on
the matrix A®). Looking closer at the matrix Qo.;, we get the following relations:

Qo = Qok—1Q™
= [60%—1‘60%—1} Q(k)
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This means that
— —
Qok = | Qok—1Wi|vit1

Clearly the vector vy = 50,k,1w does not belong to the space Ki(A); moreover
the vector is perpendicular to K (A). This last deduction clearly shows the relation
between the different Krylov spaces when applying deflation and the continuation
of the reduction process on the complete matrix.

3.1.6 Some general remarks

When we take a closer look at the matrix equation:

T
QW = Qf,Qox-1

— [ %2;’; ] [50:k71|60:k71:|;

we can see that the matrix Q(k)T has the upper right (k + 1) x (n — k) block
of rank less than or equal to 1. The upper right (k + 1) x (n — k) block corre-
sponds to the product aakao:k-1~ The columns of the matrix <C_20:k span the
subspace Kj11(A) = Ki(A) + (AF*v,) (assuming that Kj(A) is not invariant) and
the columns of 60;k_1 span the space orthogonal to Kj(A), which leads directly
to the fact that the product <C_2(:£k50:k_1, has rank less than or equal to 1. The
invariant case can be dealt with in a similar way.

The reader can easily verify that the similarity reductions of a symmetric
matrix into a similar tridiagonal or a semiseparable one, and the similarity reduction
of a matrix into a similar Hessenberg or a matrix having the lower triangular part
of semiseparable form [154], perfectly fit in this scheme. Moreover one can derive
that the vector v equals ey, if of course the initial transformation Q(® equals the
identity matrix as we silently assumed in the previous chapter, when presenting the
different reduction algorithms.

3.1.7 The different reduction algorithms revisited

In this subsection we will briefly discuss the different reduction algorithms presented
in the previous chapter. We will first discuss the orthogonal similarity transfor-
mations, and secondly we will take a closer look at the transformations to upper
triangular semiseparable and bidiagonal form.

The orthogonal similarity transformations

We remark once more that the different reduction algorithms as presented in the
previous chapter, start reducing the matrices from the bottom-right up to the upper-
left corner. The orthogonal transformations as discussed in this chapter deal with
reduction algorithms starting at the top-left corner. There is no loss in generality,
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because all the transformation algorithms as presented in the first chapter can easily
be translated to start working on the upper-left part (see Theorem 2.8).19
This gives us

Theorem 3.4. The orthogonal similarity transformations, as proposed in the pre-
vious chapter to the

e tridiagonal
e semiseparable

e semiseparable plus diagonal

Hessenberg

Hessenberg-like

form, have the Ritz values as eigenvalues in the already reduced part of the matriz.

Proof. The proof is straightforward by looking at the structure of the orthogo-
nal similarity transformations involved. If one wants to rewrite Theorem 3.3, for
matrices starting to reduce at the bottom-right position, one has to consider that
the initial starting vector for the Krylov subspace changes from Q©e; into Q@e,,.

O

The orthogonal transformations

In this section we will discuss the orthogonal transformations to either bidiagonal
or upper triangular semiseparable form.
Let us formulate the following theorem:

Theorem 3.5. The orthogonal transformations of a matrix A, as proposed in the
previous chapter, to either

e upper(lower) bidiagonal;
e upper(lower) triangular semiseparable;

form, have as singular values in the already reduced part of the matriz the square
roots of the Ritz values originating from the reduction of the matriz AAT (ATA) to
respectively

o tridiagonal;
o semiseparable;

191f one translates the previous deductions to matrices starting the reduction at the bottom
right, the Krylov subspace changes and has starting vector Q@e,, instead of Q(®e;.



80 Chapter 3. Convergence properties of the reduction algorithms

form.

Proof. We only formulate the proof for the reduction to upper triangular semisep-
arable form.

We know from the reduction algorithm as presented in Theorem 2.17 that the
intermediate matrices A®*) have the upper k x n matrix S®*) of upper triangular
semiseparable form. Using the relations provided in Theorem 2.20, we know that
the singular values of this matrix S*) are the square roots of the eigenvalues of the

matrix S*) = S(k)S(k)T, and the eigenvalues of the matrix S*) as can be seen when
combining Theorem 2.20 and the results from Subsection 3.1.7 are the Lanczos-Ritz
values. O

This concludes the results of this section. We know now which eigenvalues are
contained in the already reduced block using any of the orthogonal transformations
discussed in the previous chapter.
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ww S. Helsen, A. B. J. Kuijlaars, and M. Van Barel. Convergence of the isomet-
ric Arnoldi process. SIAM Journal on Matriz Analysis and Applications,
26(3):782-809, 2005.

w A. B. J. Kuijlaars. Which eigenvalues are found by the Lanczos method?
SIAM Journal on Matriz Analysis and Applications, 22(1):306-321, 2000.



3.2. Subspace iteration inside the reduction algorithms 81

3.2 Subspace iteration inside the reduction
algorithms

In this section we will investigate in detail the reduction to semiseparable (plus
diagonal form), with regard to the extra chasing step that is not present in the
reduction to the tridiagonal form. We know already that the reduction to semi-
separable and the reduction to tridiagonal form can be seen as special cases of the
reduction to semiseparable plus diagonal form. In fact we showed that one can
interpret the reduction to tridiagonal form as a reduction to a semiseparable plus
diagonal matrix with the diagonal equal to co. We also know already that all three
reduction methods have as eigenvalues in the already reduced part of the matrix the
Lanczos-Ritz values. In this section we will prove that the reduction to semisepara-
ble plus diagonal form has an extra convergence behavior, which we can interpret as
a nested multishift iteration on the original (untransformed) matrix. Having some
information on the spectrum of the matrix, the diagonal can be chosen in order to
enforce the convergence to possible clusters present in the spectrum.

This section is organized as follows. First we will deduce the subspace iter-
ation convergence theory for the reduction to semiseparable form, as this is the
most easy case. Secondly we will adapt this theoretical consideration towards the
semiseparable plus diagonal case, which leads to a nested subspace with multishift
interpretation.

3.2.1 The reduction to semiseparable form

In Subsection 3.1.7 we showed that the intermediate semiseparable matrices have
as eigenvalues the Lanczos-Ritz values. This behavior is completely the same as
the one observed in an orthogonal similarity transformation to reduce a symmetric
matrix into a similar tridiagonal one. One might therefore doubt the usefulness
of this reduction because it costs 9n? + O(n) more and has no advantage over the
tridiagonal approach. In this section we will prove that the extra cost of 9n2+O(n)
operations provides an extra interesting property for this reduction.

At each step of the algorithm introduced in Theorem 2.6, one more row (col-
umn) is added by means of orthogonal transformations to the set of the rows
(columns) of the matrix already proportional to each other. In this section, us-
ing arguments similar to those considered in [177, 178, 179, 182, 191], we show that
this algorithm can be interpreted as a kind of nested subspace iteration method [94],
where the size of the vector subspace is increased by one and a change of coordinate
system is made at each step of the algorithm. As a consequence, depending on the
gaps between the eigenvalues, the semiseparable part of the matrix will converge to
a block diagonal matrix, and the eigenvalues of these blocks converge to the largest
eigenvalues in absolute value of the original symmetric matrix.

Given a matrix A and an initial subspace S(?), a subspace iteration method
[94] can be described as follows:

Sk = AS=1) =123, ...

Under weak assumptions on A and S(9, the S*) converge to an invariant subspace.
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(More details on these assumptions will be investigated in the next subsection, be-
cause the subspace iteration will interact with the Lanczos convergence behavior.)
We will see that the reduction algorithm from a symmetric to a semiseparable ma-
trix can be interpreted as a kind of subspace iteration, where the dimension of
the subspace grows by one at each step of the algorithm. Let A1) = QO AQ©).
For the reduction algorithm as presented in Subsection 2.2.2 in Chapter 2 we have
Q) = I. Suppose we have only performed the first orthogonal similarity transfor-
mations such that the rows (columns) n and n — 1 are already proportional. (Let
us capture all the necessary Givens and Householder transformations to go from
matrix A®) to matrix A+ in one orthogonal matrix Q*).):

A — QT 400 (3.4)

where A has the semiseparable structure in the rows (columns) n and n — 1 and
QW = qgl), e ,q%l)} . We know that Q(l)T applied to the left of the matrix A

annihilates all elements in the last column of the matrix, except for the last one
(the element on the diagonal). Combining this knowledge with (3.4) leading to

ADQMWT — 9T AW we can write

AW — Q) (A(2>Q(1>T> (3.5)
X x 0
— W :
X x 0
X X X
=W LW,
Let ey,...,e, be the standard basis vectors of R™. From (3.5), because of the

structure of L), it can clearly be seen that:

AW (e,) = (ai)).
This means that the last column of A1) and qsll) span the same one-dimensional
space. In fact one subspace iteration step is performed on the vector e,,. The first
step of the algorithm is completed when the following orthogonal transformation is
performed:

A — T 4O,

The latter transformation can be interpreted as a change of coordinate system: A1)
and A® represent the same linear transformation with respect to different coordi-
. . T .
nate systems. Let y € R™. Then y is represented in the new system by Q)" y. This
(1) T 1) _ .. .
means that for the vector q,’ we get Q%" q,’ = e,. Summarizing, this means
that one step of subspace iteration on the subspace (e,) is performed, resulting in
a new subspace <q$11)>, and then, by means of a coordinate transformation, it is
transformed back into the subspace (e, ). Therefore, denoting by z®) the eigenvec-

tor corresponding to the largest eigenvalue in absolute value A of A k' =1,2, ..,
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we can say that, if z(*) has a nonzero last component and if the largest eigenvalue
is unique, the sequence {z(k)} converges to e,, and, consequently, the lower right
element of A*®) converges to A. Note that the last assumption of the nonzero com-
ponent will play an important role in Section 3.3, where the interaction between
the Lanczos behavior and the subspace iteration is investigated.

The second step can be interpreted in a completely analogous way. Suppose
we have already the semiseparable structure in the last two rows (columns). Then
we perform the following similarity transformation on A

A®) — o@T 4@0@) (3.6)

in order to make the rows (columns) n up to n — 2 dependent. Using (3.6), A
can be written as follows:

X x 0 0
A® = Q(z) X x 0 0
X x x 0
X X X X
— Q(2)L(2).

Considering the subspace (e, _1,e,) and using the same notation as above, we have

AP ey1,e0) = (a1, a).
This means that the second step of the algorithm is a step of subspace iteration
performed on a larger subspace. For every new dependency that is created in the
symmetric matrix A®*), the dimension of the subspace is increased by one.
One can also see the algorithm as performing in each iteration step a () L-step
without shift on the semiseparable bottom-right submatrix. Let us partition the
matrix A(()k) (as in the proof of Theorem 2.6) as follows:

AP = Ak =

Ak ukvg
Vkllg Sk ’
with A € R("_k)x("_k), u, € R("_k)“, vi € RF¥land S, € RF*%. From the

semiseparable structure, we know that [v, Spei] has rank one. In the first part of

the k-th iteration step, an (n — k) x (n — k) orthogonal matrix ng) is constructed
such that

T
QY up =100,0,...,0,9)7,

with 17 = #||ug||. Hence, our matrix A®) is transformed into the following orthog-
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onally similar matrix

QP | o Ay | wpvi ] [ Q" ] (3.7)
0 | I viug | Sk 0 | Ix
B Ay ‘ Nen—_kVi
- vaeg—k ‘ Sk 1 .

Let us partition the matrix in a slightly different way, adding one more column and
row to the semiseparable part. Let

< A
= 0]

then we can define the semiseparable matrix Sy as follows

T
& | o nmvi
Sk41 = .
k+1 |: NV Sk :|
In the second part of the k-th iteration step, we perform a ()L-step on the semi-
separable matrix Siy1 of order k + 1, i.e., we construct an orthogonal matrix ng)
such that 3 N
Sirr = Q57 L®,

with L) lower triangular. Hence, the matrix of (3.7) is transformed into the
orthogonal similar matrix

[In—k—l‘ 0 Ak+1‘ae{ In_k_l‘ 0

e Lo |5 T
Ap11 ‘ Wer1VE,

- vk+1u{+1‘ Sk+1 ]

The execution of the two steps is illustrated in Figure 3.1. At the beginning of the
iteration the last four rows and columns already have a semiseparable structure. In
(1), a similarity transformation (either a Householder matrix or a product of Givens
transformations) is considered in order to annihilate the entries indicated by ®. Due
to the semiseparable structure, all the entries in the first four rows (columns) with
column (row) indexes greater than 5 are annihilated, too. In steps (2), (3), (4)
and (5), the Givens rotations are only applied to the left, transforming the (5 x 5)
principal submatrix in the right-bottom corner to lower triangular form. To retrieve
the semiseparable structure in the last five rows and columns, the transpose of the
latter Givens rotation must be applied to the right.

This means that from step 4, ¢ = 1,...,n, all the consecutive steps perform
subspace iterations on the subspace of dimension i. From [182], we know that these
consecutive iterations on subspaces tend to create lower block triangular matrices.
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A A
Srx X X x|x @ KK K X X
—x x x x|x @ KKK X X
—(x x x x|x @ KKK X X
—x x x x[x @ KKK X (2) X 3)
— X X X x|[x ¥R KK X X -
R R XNK KKK X — X
XXKXKKXKXKKX KX X — X
XXKXKKXKKXKX KX X X
XXKXKXKXXKX X X X
X x X X|x X X X X X|x
X X X X|x X X X X X[x
X X X X|x X X X X X[x
X X X X|X (4) X (5) X X X _X|x
KX KX X[x X 3
XXX Kx x X XXX X|x
- IR K Kx x x @K X XXX X|x
— XXXKXKX — X XXX X|x
XXX X — X X XX X|x

Figure 3.1. Description of QL-step without shift applied in each iteration
of the semiseparable reduction.

Hence, for a symmetric matrix these are block diagonal. Furthermore, the process
works for all the nested subspaces at the same time, and so the semiseparable
part of the matrices A*) generated by the proposed algorithm becomes more and
more block diagonal, and the blocks contain eigenvalues of the original matrix.
This explains why in the numerical examples (see Chapter 4) the lower right block
already gives a good estimate of the largest eigenvalues, since they are connected to
a subspace on which the subspace iteration is performed most. In this subsection we
discussed the subspace iteration interpretation and the ) L-interpretation, in fact
they are the same, just looking from a different viewpoint towards the convergence
properties. Also in the coming subsection we will give different interpretations to
the convergence behavior.

This insight also opens several new perspectives. In many problems, only the
few largest eigenvalues (in absolute value) need to be computed [29, 108, 173, 174,
189, 188]. In such cases, the proposed algorithm gives the required information
after only a few steps without running the algorithm to completion. Moreover,
because the sequence of similar matrices generated at each step of the algorithm
converges to a block diagonal matrix, the original problem can be divided into
smaller independent subproblems.

We know that at each step of the algorithm a step of a @) L-iteration is per-
formed on the semiseparable part of the matrix. This insight opens the perspective
to a new research topic. Is it possible to incorporate a shift in this reduction,
thereby performing a @ L-step with shift on the already semiseparable part? In fact
this viewpoint gave rise to the development of the reduction to semiseparable plus
diagonal form as it was proposed before.

As the reduction to semiseparable plus diagonal form is the most general one
from the reductions to either tridiagonal or semiseparable form, we will reconsider
the previously discussed theory and come to subspace iteration interpretation for
the reduction to semiseparable plus diagonal.
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3.2.2 The reduction to semiseparable plus diagonal form

The reduction to semiseparable and to semiseparable plus diagonal form performs
more operations than the corresponding reduction to tridiagonal form. More pre-
cisely, at every step m of the reduction algorithm m extra Givens transformations
are performed. These extra Givens transformations create the “nested subspace
iteration” behavior. In this section we will investigate more in detail what is meant
by this behavior. Firstly we will derive an analogue of the convergence theory as
described in the former subsection.

The nested subspace iteration, connected to the orthogonal similarity transfor-
mation of a matrix to semiseparable form, was investigated in the previous subsec-
tion. As proved before, the reduction to semiseparable form is a special case of the
reduction to semiseparable plus diagonal form, therefore its convergence behavior is
also a special case of the more general convergence behavior. Hence, we will derive
the nested subspace iteration, related to the transformation into semiseparable plus
diagonal form and afterwards translate this to the reduction to semiseparable and
the reduction to tridiagonal form.

Denote by D™ the diagonal matrix of dimension n, with the lower right m
diagonal elements equal to [dy,ds, . .., dn].

When looking at the first step of the reduction algorithm, we can state that

QO AQ® = A = g (EWT AW
:Qm@mﬁDm+ym)

0 X ... x|0
T - :
:Q(l) Q(l) . + : :
0 X ... x 1|0
| dv X ..o x| x

Multiplying both sides of the former equality to the right by (e,) leads to

AN (e,) = diI,(e,) + QW (e,) (3.8)
= (A(l) —dil,)(en) = Q(1)<en> = <Ch(zl)>a

with qg) in the last column of Q). We assume that the lower-right element in

the matrix Q(l)TS(l) is different from zero, otherwise d; would be an eigenvalue
and e,, would be an eigenvector. This brings us to the case of invariant subspaces,
which is in fact good news. We will however not go into these details and assume,
throughout the remainder of the text, that the subspaces we work with are not
invariant. The invariant case naturally splits up in blocks, and the blocks can be
dealt with completely similar as in the remainder of the book.

To complete the first step of the algorithm, the following transformation is
performed:

A — QT g0 ),

This can also be interpreted as a transformation of the basis used. The vector qg)

becomes Q(l)qull) = e,,, and hence, because of Equation (3.8), (A" —d;1I,,)(e,)
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becomes (e,,). This means that the subspace (e,,) we are working on stays the same,
and only the matrix we use changes.

Looking now at the m-th step, m = 2,...,n — 1, of the reduction algorithm,
we get

A = gm) ()T 4(m))
— QU QT (D) 4 gm)y)

0 X ... x|0 ... 0
_ (m) (m)T 0 X ... x| 0 ... 0
@ @ d1 + X ... X|x ... 0

L dm | L X o XX X

Multiplying both sides of the latter equality to the right by the subspace
(€n—(m—1)s€n—(m—2)s -+ +» €n—1,€y) leads to
Alm) <en—(m—l)a €n—(m—2)y--- 7en> =
D(m) <en7(m71)7 €n—(m—2),--- 7en> + Q(m) <en7(m71)7 €n—(m—2)y--- 7en>-

This implies that
(A7) = D) ey uryseven) = (@ eeedl™) (39)
with qgm) the i-th column of Q™). The left-hand side can be rewritten as

(A(m) - D(m))<en7(m71)venf(mf2)a s 7en>
= ((A™ —D"™)e,_(,_1y,...,(A™ — D™)e,)
= (A" —diL)en (m1ys-- - (A™ = dpnn)en).

Hence, the completion of each m-th step (m =2,...,n—1):
A1) — g 4m) (m)

can also be considered as a change of coordinate system: transform any vector y
of the old system into Q(m)Ty for the new system. Then A(™) will be transformed
into A(™*1 and the subspace of Equation (3.9): (qf:f)(mfl),qi@(mfz), e ,q;m)>
will become

(m) (m)

m T m
Q( ) <q£z—)(m—1)’ qn_(m_2)7 EERER® ) > = <en7(m71)a €n—(m—2),--- 7en>-

Therefore, at each step the basis remains the same, but the matrix used changes.
It is called a nested subspace iteration because the subspace involved increases in
each step of the algorithm.
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The subspace iteration involved for the semiseparable reduction is just a reg-
ular subspace iteration without the shift (see, e.g., [154]), as the chasing technique
is not involved in the tridiagonal case, no subspace iteration is involved for the
tridiagonal matrices. In the next subsection, we will investigate in more detail the
resulting convergence behavior, subject to this subspace iteration, as the interpre-
tation of these results is not straightforward because we do not have a shift matrix
anymore but really a diagonal which is subtracted from our matrix.

3.2.3 Nested multishift iteration

In this subsection we will give some theoretical results that might help us to choose
the diagonal in the reduction to semiseparable plus diagonal form in such a way
that we can tune the convergence behavior. In the following chapter numerical
experiments are given to illustrate these results. The results we will give here
are based on the convergence properties of a generic G R-algorithm?® as derived in
[182, 179].

In this section we will rewrite the subspace iteration as presented in the pre-
vious section, such that it can be interpreted as a nested multishift iteration.

Related to the diagonal elements d;, used in the reduction algorithm we define
the following monic polynomials p;(A\) = A — d;. The monic polynomial p;(\) of
degree i represents a multiplication of all the polynomials p;;, ..., p1, i.e.,

pi(A) = pi(N)pi—1(A) ... p1(N)
=A=di)AN=di—1)...(A—=dr).
Moreover we also need partial combinations of these polynomials. Define the poly-
nomials p;.;(A) with (j > ¢) in the following way:
Pi:i(A) = pi(N)pj—1(A) .. pi(A).

Note that p;(A) = p;.1(\) and assume po = po.o = 1.

Let us prove now the following theorem, which rewrites the subspace iteration
behavior in terms of the original matrix. This theorem is an extension of the results
in the previous subsection (see also Lemma 3.1 in [155]).

Theorem 3.6. Let us use the notation as defined before. At stepm =1,2,...,n—1
of the algorithm we have for every n > k > n —m, that (denoten =k —n+m)

QO:m <ek’7 .. 7en> = ﬁn(A) <f]£m) 7ﬁn+1:7]+1 (A)f]silia s
.. 7]§j—n+m:7]+1(A)fj(7n)7 o 7ﬁm:n+1(A)f7(Lm)>7

where the vectors f,im) are defined as follows. For every m, fT(Lm) =e,. Forn>k>
n—m, withn=k—n+m:

m m—1) 4 m—1 ~ —1
flg ) € <f]§ )7pn:77(A)f]£+1 )7 e 7pm—1:77(A)fr(Lm )>7
20 A GR-algorithm is based on a factorization p(A(Y) = GR, in which p(:) is a polynomial,

G is assumed invertible and R upper triangular. A GR-algorithm performs iterates of the form
AG+D) = G=1 AD G on the sequence of matrices A®).
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and the vector ffffzn equals Qo.men—_m and is hence orthogonal to the subspace

PrAYET s Btz (AET Btz (ADE™ L P (A)ET™).

Proof. We will prove the theorem by induction on m.

e Step m = 0. We will prove that for every n > k > n — 0 (i.e., k = n) the
following holds:
Qo:o(en) = (£1”)).

This is straightforward by choosing f,(LO) equal to the last column of Qp.o. We
remark that (.o is an initial transformation, which in fact does not explic-
itly needs to be applied on the matrix A, to reduce it to semiseparable plus
diagonal form. In the reduction method we proposed Q.o = I and hence

fT(LO) =e,.

e Step 1. Before starting the induction procedure on m, we will demonstrate
the case m = 1. We have to prove two things: for k = n,

Qo:1len) = (A—diT)(£(")
= pr(A)(ED)

and for k=n —1,
QO:1<en—17 en> = <fy(zl—)1a (A - dlI)fr(Ll))
= (£, pr (D).

We will first prove that the equation holds for k = n.

When the transformation Q") used at the first step is only applied on the
rows, the matrix A = QF 1 AQo.o is transformed into

QW AW — T (P 4 gy = QT p) 4 O

0 0 X ... X 1|0

:Q(l)T : 4 : : . (3.10)
0|0 X ... x|0
0 0 dy X ... x| x

with all the elements of the strictly upper-triangular part of the last column
of LM zero.

Hence, combining Equation (3.10) with

T T
QW™ AW = QW (QFAQu.0) = Qi AQo.0,
implies that

AQo.0 — Qo.0DY = Qo LW, (3.11)
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Multiplying both sides of Equation (3.11) to the right by (e,) and using the
knowledge for m = 0, leads to

(AQo:0 — Qoo DW)(en) = (Qo:1LM)(en) = Qo (en)
= (AQo.0 — Qo:0d11)(en)
= (A —diI)Qo.0(en)
=(A- d11)<7(1>
= pr(ANED) = pr(A)(ED),

~

with f,SO) = fy(ll). This completes the case k = n. Using this equation, the case

k =n —1 is straightforward. Taking f, (1 )1 = Qo.1e,—1 immediately leads to:

QU:1<enflaen> <f( )17131(A)f7(Ll)>

Moreover, we also have that f, ( )1 is orthogonal to p; (A)fr(Ll).

e Step m. We will prove now the general formulation, assuming that the case
m — 1 holds for every n > k > n— m — 1. So we know that for every
n >k >n—m — 1, the following equation is true (denote n = k — n + m)?!

QO:m71<ek7 cee 7en>
= Pyt (A E Y D (DR B g (A)E D).

To prove the case m, we will distinguish two cases, namely n > k > n —m
and k =n—m.

We start with the case n > k > n — m, in a similar way as for m = 1. When
the transformation Q("™) used at the m-th step, is only applied on the rows,
the matrix A™ is transformed into:

Q™ Atm)
— QT (ptm) 4 gm)y — Qm)T pim) 4 [(m) (3.12)
T 0 T [x ... x|0 ... 0]
T 0 X x| 0 0
=@ d1 + X ... xX|x ... 0|
i dm | | X ... XX .0oXxX |

with all the elements of the strictly upper-triangular part of the last m columns
of L™ zero.

21The definition of 7 is slightly different than the one from the theorem. This is done to obtain
the final formulation in the correct form.
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Hence, combining Equation (3.12) with

T T
Q(m) A(’"l) = Q(m) (Q(j)—:nL—IAQO:m—l) = Qg:mAQOZHL—I?
implies that
AQO:m—l - QO:m—lD(m) = QOmL(m) (313)
Multiplying now Equation (3.13) on the right by (eg,...,e,) leads to:

Qo: m(ek, ces€n)

= (Qo:m L™ (ex, .., en)

(AQM_1 — Qo:m_1D™) ey, ..., en)

((AQo:m—1 — Qosm—1D" ey, ..., (AQoim—-1 — Qoim—1D™)e,)

= (A — dyD)Qoum1€5s - -+ (A — due ) Qo 160). (3.14)

We know by induction, that for every k, with k& < j < n the following equation
is true (denote n; = j — n + m):
QO:m71<ej7 s 7en>

~ m—1) A m—1 ~ m—
= By =1 (AN E" ™ Do, (DETT B, (E D).
So we can write:

Qoim—1(e;) = Py, 1 (A)(£™)

(m)

where f;7 is a suitably chosen vector such that

m m—1) 4 m—1 ~ m—
fj( ) € <fJ( )7pnj171j (A)f](+1 )7 <o s Pm—1:n; (A)fv(t 1)>'

Using now this relation for every vector Qo.m—1€; in Equation (3.14), we get
the following relations:

(A= dyD)Qo:m—1€k, - - - (A = dpn ) Qi —1€1)
= (A = dy)pry—1 (A)E™ (A = d )Py, 1 (A)ET™)Y,
= B (DE™, g, (AE),
= (A E" Dyt (DET, - i1 (DE™).
Proving thereby the theorem for & > n — m. The case k = n — m is again

straightforward by defining fé’f)n as Qo:m€n—m.
O

This means that at step m of the reduction algorithm we perform for every
n > k > n—m a multishift iteration on the subspace <f,£m), ceey fflm)>. This is called
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a nested type of multishift iteration. Under mild assumptions we will therefore
get a similar convergence behavior as in the multishift case. Before giving some
reformulations of Theorem 3.6, we will give a first intuitive interpretation to this
convergence behavior. Let us write down for some k = n,n — 1,n — 2, the different
formulas:

Qo:m(en) = <ﬁm(A)fnm)>a (3.15)
QO:m(en—laen> = <ﬁm—1(A f»r(LT)pﬁm(A)f m)>’ (316)
£07) D1 (A)E™) pon (A)E)Y.

QO:m<en—2a €en—1, en> = <ﬁm—2(A n
We will assume, for simplicity reasons, that the vectors f,gm) do not have a significant
influence on the convergence behavior?2. This means that they do not have a small
or zero component in the direction we want them to converge too. Further on in the
text we will investigate in more detail the influence of these vectors f ,Em), with regard
to the convergence speed. Under this assumption, according to Equation (3.15), the
last vector of Qq.,, will converge (for increasing m) towards the eigenvector of the
matrix p,,(A) corresponding to the dominant eigenvalue of p,,(A). Combining
this with Equation (3.16) shows us that Qq.ne,—1 will converge to the eigenvector
perpendicular to the vector Qg.ne, and corresponding to the dominant eigenvalue
for pm—1(A). Similarly a combination of all above equations reveals that Qo.men—2
converges to an eigenvector perpendicular to the above two and corresponding to
the dominant eigenvalue for p,,—2(A4). More details on the convergence behavior
will be given in Subsection 3.3.3.

Below, we have rewritten Theorem 3.6 in different forms, to illustrate more
clearly what happens, and to make different interpretations of the method possible:

e Formulation 1: The shift through form. We drag the polynomial in
front of the subspace completely through the subspace.

Corollary 3.7. Let us use the notation as defined before. At step m of the
algorithm we have for every n >k >n —m: (denoten =k —n+m):

Qo (€hs - - en) = (B (AE™, Bt (ADET], - i (A)ET™).

This means that on every vector, a form of the shifted power method is applied
and the vectors are re-orthogonalized with regard to each other.

e Formulation 2: The nested shift formulation. We can also reformulate
the theorem such that we apply on each nested subspace an iteration with
shift.

Corollary 3.8. Let us use the notation as defined before. At step m of the

22Further in the text we will show that these vectors have an influence that is not neglectable for
the convergence behavior. This is due to the interaction with the Lanczos convergence behavior.
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algorithm we have for everyn >k >mn —m (denoten =k —n+m)

Qo:m<ek‘a s aen>
= B (AVE™  pya (A ET, D2 (A ET, - P (AE™) ),

which can be rewritten as

QO:m<eka e 7en>
= Dy (A)E™ (A = dyn DET) (A = dy2 D) (ET),
o (A= dy DE™)Y ).

So we can see that on each nested subspace an iteration with shift is performed.

e Formulation 3: The nested ()L-iteration with shift. Theorem 3.6 as
presented above incorporates all the transformations in one orthogonal matrix
Qo:m- However, if we perform the basis transformation after each step in the
reduction algorithm, this corresponds to performing a similarity transforma-
tion, leading to a different form of the theorem. This formulation corresponds
to a shifted @) L-iteration on the matrix A.

We already know from the results in Subsection 3.2.2 that we can interpret
the reduction method as a nested subspace iteration, as follows:

(AT~ D) ey, ven) = (@ e l).

The interpretation of this type of iteration is not straightforward as we are
not subtracting a shift matrix from the matrix A™ but a diagonal matrix.
This interpretation says that at every step m a subspace iteration of the
matrix (A — D)) is performed on the space (€n—(m—1),- -+, €n), Which
gives us part of the orthogonal matrix Q™). If a column of this matrix Q™)
is close enough to an eigenvector of the matrix A™ | this will be visible after
performing the basis transformation Q(m)TA(m)Q(m). (For more information
see [182].)

Using Theorem 3.6, we can reformulate this nested iteration towards an iter-
ation with a shift and another subspace on which one iterates.

We know that QF . 1 AQo.m—1 = A™). One can also easily prove the follow-
ing relations:
Q(I)melpi(A)QO:mfl = pZ(A(m))7
Q- 15i(A)Qoim—1 = pi(A™),
Q(j;:mflﬁjli(A)QO:mfl = ﬁJZ(A(m))

If we perform now the basis transformation corresponding to the orthogonal
matrix Qo.;m—1 on the subspace Qo.m(€k,-..,en), we get the following rela-
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tions:

Q™ (e, ..., e,)
= QGim-1Qo:m (€K, - - €n)
= QDo A E™ Bt (T Py (DE™)
= zﬁn(A(m)Nng_lfém),ﬁn+1;n+1 (A(m))ngm_lflgTi’ o
P (AT)QE, £),

We can formulate the following equivalent corollary with f'](m) = Qamflf;m).

Corollary 3.9. Let us use the notation as defined before. At step m of the
algorithm we have for every n >k >n—m (denoten=k —n+m)

QU en, ... en) = Dy(A™)E™ Py 1 (ATHET
oD ntmin 1 (ATNET™ L Py (A E™),

In this way we know that a partial () L-iteration, by partial we mean using a
subspace of dimension less than n, is performed on the subspace defined by

)

the vectors f'j(m and the last columns of Q(™ span this space.

This means that if a column of Q™) is close to an eigenvector of A™) the
basis transformation will reveal it. But of course the convergence behavior
is heavily dominated by the vectors £f0m) This will be investigated in the
next subsection. For a traditional convergence behavior, related to QR and
Q) L-iterations, these subspaces are always equal to (e1,...,e,), and one can
assume (in most cases), that these vectors do not heavily influence the conver-
gence speed. Here however these vectors of the subspace are constructed in a
specific way and do have an important impact on the convergence behavior.

Of course we can also reformulate this last theorem with regard to the first
two formulations in this list.

Before investigating the convergence speed in more detail and the interaction

between the Ritz-value convergence behavior and the subspace iteration, we will
translate the theorem towards the semiseparable and tridiagonal case.

1. In the tridiagonal case, there is no chasing step involved, as all the performed

Givens transformations are equal to the identity. Hence the lower right already
reduced part of the matrix, contains the Lanczos-Ritz values, and no subspace
iteration is performed.

. In a previous subsection (Subsection 3.2.1) it was stated that on the lower

right part of the semiseparable matrix always a step of nonshifted subspace
iteration was performed. We get exactly this behavior if we take the shift
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equal to zero: Theorem 3.6 is therefore an extension of the results in the
previous section (see also Lemma 3.1 in [155]).

Theorem 3.10. Let us use the notation as defined before. At step m =
1,2,...,n —1 of the reduction to semiseparable form we have for every n >
k> mn—m, that (denoten =k —n+m)

Q0tm<eka v 7en>

- (m m i—nm+m (m m m
= ARTUET AR, AT A g(m)y

Several examples illustrating the convergence behavior will be presented in the
next chapter. Using Corollary 3.9 one can easily explain the convergence behavior as
observed in [172]. In this article, it was observed, that the reduction of a symmetric
matrix into a similar semiseparable plus diagonal one, where the first values of the
diagonal were chosen equal to eigenvalues of the symmetric matrix, revealed these
eigenvalues. More precisely the upper left k x k block of the transformed matrix
is of diagonal form, where k is the number of top left diagonal elements equal to
eigenvalues of the original matrix. This is natural, as after the complete reduction
method on the complete matrix a step of the Q) L-iteration with shift d; is performed.
If d1 equals an eigenvalue, we have a perfect shift, and this will be revealed in the
upper left position. If we continue now with the trailing (n — 1) x (n — 1) block
of this matrix, we know that this matrix has the same eigenvalues as the original
matrix without the eigenvalue d;. As on this matrix a @) L-iteration with shift ds is
performed. With dy and eigenvalue, the procedure will again reveal this eigenvalue.
This process continues as long as the first dy, ..., d; diagonal elements are equal to
the eigenvalues of the original matrix. As soon as one diagonal element does not
correspond anymore to an eigenvalue, the procedure stops.

Let us first investigate how the reduction to upper triangular semiseparable
form can be interpreted with regard to the subspace iteration. In the next section
we will discuss the interaction.

3.2.4 The different reduction algorithms revisited

In this subsection we will briefly investigate the behavior of the other reduction
algorithms as proposed in Chapter 2.

The orthogonal similarity transformations

The general reduction theory as applied for the symmetric matrices can easily be
translated towards the reduction to Hessenberg-like or Hessenberg-like plus diagonal
form. As the complete proofs remain almost exactly the same we do not include
details concerning these interpretations.
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The orthogonal transformations

It is clear that the reduction to upper/lower bidiagonal form does not involve any
kind of subspace iteration. For the reduction to upper triangular semiseparable
form, however, we can prove in a similar way as in Subsection 3.2.1 that on the
already semiseparable part of the matrix A®) some kind of nested subspace iteration
is performed. The proof is a straightforward extension of the results presented in
Subsection 3.2.1. It can be summarized as follows.

At each step of the algorithm introduced in Theorem 2.17, one more row is
added to the set of the rows of the matrix already in upper triangular semiseparable
form by means of orthogonal transformations. In this section, using arguments sim-
ilar to those considered in [179, 182], we show that this algorithm can be interpreted
as a kind of nested subspace iteration method, where the size of the vector subspace
is increased by one and a change of coordinate system is made at each step of the
algorithm. As a consequence, the part of the matrix already in semiseparable form
reveals information on the gaps in the singular value distribution.

Let A = U(O)TAV(O); the matrices U(®) and V(©) are initial transformations,
which in the reduction procedures in the previous chapter were chosen equal to I.
Let Ul(l)7 2(1) and Vl(l) be the orthogonal matrices, described in step 1 of the proof
of Theorem 2.17. Hence the matrix

T T
A® =gy AWy

has the upper triangular semiseparable structure in the first two rows and in the
first column.
T T 0T, . (i) S
Define U = Uy”’ U;” ; in general we define U'Y as the combinations
of all matrices UJ@ performed on the left of the matrix A® at that step. We
use the same notation for V. TLet UM = [ugl),ugl), . .,u%)}. Then, because

A(l)Vl(l) = UM A®) has the first row, except for the first element equal to zero (see
Theorem 2.17) we get:

X X e X
T T T 0 X . X
ADAOT — g A 4@ yOT @ | ) | =UWR,. (3.17)
0 x -+ x
Let eq,...,e, be the standard basis vectors of R™. From (3.17), because of the

structure of Ry, it turns out that:
ADAD (@) = (u!).

This means that the first column of A0 AT and ugl) span the same one-dimen-
sional space. In fact, one subspace iteration step is performed on the vector e;.

The first step of the algorithm is completed when the following orthogonal
transformation is performed:

nT

A® — g g0y o 4@ 4@ — T 40 40Ty,
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The latter transformation is a change of coordinate system. This means that for

the vector ugl) we get U(I)Tugl) = e;. Summarizing, this means that one step of
subspace iteration on the subspace (e1) is performed, resulting in a new subspace
ugl), and then, by means of a coordinate transformation, it is transformed back into
the subspace (e1). Therefore, if z(*) denotes the singular vector corresponding to
the largest singular value of A®), i =1,2,..., the sequence {z(")} converges to ey,
and, consequently, the entry A(i)(L 1) converges to the largest singular value of A.
The second step can be interpreted in a completely analogous way. Let

A®) — T 4@y @) (3.18)

where U®) and V) are orthogonal matrices such that A®) is an upper triangular
semiseparable matrix in the first three rows and the first two columns. Denote

U = [u?), u(22), e ,uﬁ)]. From (3.18), AP AT can be written as follows:
X X e+ XX
0 x - X X
A AT g@ A4 Ty _p@ | 00 x o x| Z @R,
0 0 x - x

Considering the subspace (e1, e2) and using the same notation as above, we have:
T
ABAB o1, e2) = (ur?, ug?).

This means that the second step of the algorithm is a step of subspace iteration
performed on a slightly grown subspace. For every new row that is added to the
semiseparable structure in the matrix A, the dimension of the subspace is in-
creased by one.

This means that from step ¢, ¢ = 1,...,n (so the semiseparable structure is
satisfied for the rows 1 up to 7), all the consecutive steps perform subspace itera-
tions on the subspace of dimension i. From [182], we know that these consecutive
iterations on subspaces tend to create block-diagonal matrices with upper triangu-
lar blocks. Furthermore, the process works for all the nested subspaces at the same
time, and so the semiseparable submatrices will tend to become more and more
block-diagonal with upper triangular blocks, where the blocks contain the largest
singular values. This explains why the upper-left block already gives a good esti-
mate of the largest singular values, as they are connected to a subspace on which
the most subspace iterations were performed.

This insight also opens a lot of new perspectives. In many problems, only few
largest singular values need to be computed. In such cases, the proposed algorithm
gives the required information after only a few steps, without running the algorithm
to the completion. Moreover, because the semiseparable submatrices generated at
each step of the algorithm converge to a block-diagonal matrix with upper triangular
blocks, the original problem can be divided into smaller independent subproblems.
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More information on the so-called rank-revealing problems of this method will be
given in Section 11.2 in Chapter 11.

In the next section we will investigate the close relation between the Lanczos
convergence behavior and the multishift convergence behavior. Moreover also the
convergence speed related to this interaction will be investigated.
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440, 1982.

w D. S. Watkins. Some perspectives on the eigenvalue problem. SIAM Re-
view, 35(3):430-471, 1993.

w D. S. Watkins. QR-like algorithms—an overview of convergence theory and
practice. In J. Renegar, M. Shub, and S. Smale, editors, The Mathemat-
ics of Numerical Analysis, volume 32 of Lectures in Applied Mathematics,
pages 879-893. American Mathematical Society, Providence, Rhode Island,
USA, 1996.

w D. S. Watkins and L. Elsner. Convergence of algorithms of decomposi-
tion type for the eigenvalue problem. Linear Algebra and its Applications,
143:19-47, 1991.

w T. Zhang, G. H. Golub, and K. H. Law. Subspace iterative methods for
eigenvalue problems. Linear Algebra and its Applications, 294(1-3):239-
258, 1999.

The derivations in this section were presented in an analogue manner as the interpretations
of the @) R-iterations in the articles by Watkins.
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3.3 Interaction of the convergence behaviors

In this section we will investigate the close relation between the two previously
described convergence behaviors. We will see how the subspace iteration and the
appearance of the Lanczos-Ritz values interact with each other.

In a first subsection we will prove that for the reduction to semiseparable
form, the subspace iteration will start converging as soon as the Lanczos-Ritz values
approximate the dominant eigenvalues well enough. Secondly we will investigate in
more detail this relation for the reduction to semiseparable plus diagonal form. As
the reduction to semiseparable plus diagonal form inherits a more special type of
subspace iteration the interaction will also be more complex. But in the end it
comes down to the same: as soon as the Ritz values approximate specific parts
of the spectrum well enough, the multishift iteration technique can start working
on these parts. Finally we derive some results on the convergence speed of the
reduction. This convergence speed also captures the interaction with the Lanczos
convergence behavior. Various numerical examples show in the next chapter that
the bound is tight.

3.3.1 The reduction to semiseparable form

Taking a look at the numerical examples in the following Chapter 4, sometimes it
seems that there is no sign of the convergence of the subspace iteration.

This is due to the interaction with the Lanczos behavior of the algorithm,
which will sometimes lead to a slower subspace iteration convergence than expected.
This can only happen when all the vectors (e,_k,€n—k+1,--.,€,) have a small
component in one or more directions of the eigenspace connected to the dominant
eigenvalues. Before we show by examples in the following chapter that this happens
in practice, we first give a condition under which we are sure that the subspace
iteration lets the matrix converge to one having a diagonal block containing the
dominant eigenvalues. As soon as some of the Ritz values approximate all of the
dominant eigenvalues, this convergence behavior appears. To show this we assume
that the initial matrix A has two clusters of eigenvalues, A1 = {1 ;|7 € J} and
Ao = {Xg,]i € I}, with #J = ny and #I = ny. Suppose also that there is a gap
between cluster 2 and cluster 1, min;es [A2 ;| > max;e s |A1;]. Using the following
notations A; = diag(A;) and Ay = diag(As), we can write the matrix A% in the
following way:

A, x| _ | Vit Via Ay 0
x Sy | | Vo Vo 0 A

with S, € R¥*F V3, e RO—k)xm y,, e RO—k)xn2 1, e RFX71 and Viy € RFX72,
From Equation (3.19), we have the following equation for Sk:

T T
Vll Vv21

, (3.19)
Vi Vi

S = Va1 A1 Vi + Vs Ao Vi,
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Let the eigenvalue decomposition of Sj be denoted as

S, T
Vl

et | (3.20)
2

S
Se=[ V¥ stk][Alk ; ]

0 A

where we assume that some of the eigenvalues of S, (in fact the Ritz values) already
approximate the dominant eigenvalues Ay. Let us denote AS* = diag (Ag ’“), with

A5* as a set of eigenvalues A3* = {)\g’;Wz € I}; then we assume that
ASh A Ny Vi
2,i 2 A2, 1€ 1.

Subspace iteration needs weak conditions before convergence can occur,
namely Voo has full rank and is far from being not of full rank. This corresponds to
the demand that the last vectors {€,_k+1,...,en} projected on the invariant sub-
space connected to the dominant eigenvalues A ; have a large component in every
direction of this subspace.

Via a Householder transformation we can transform Equation (3.19) into

~ 0 ) )
A VT _ [ Vit Vg ] [ Ay 0 }
Va1 Voo 0 A

T T
Vi Vo

Vit VJ{]
0 Vi | S
Then we can substitute Sy, by its eigenvalue decomposition (3.20):
i o o
Vi _ | Vi Ve Ay 0
‘ A% 0 Vor Voo [ | 0 Ay

T /T
Via Vi

]
0 ‘A’k; AQS’C
Note that Vs is of full rank if and only if Vas is of full rank. We get
VL pT

AR = [ PVy A, PVapA s
2 [ 2121 22 2] VQTQPT

)

where P is the projection matrix [0, I] of size nf ¥ x n where [ is the identity matrix

of size n5* x n3*, with n5* the dimension of A5*. This means that
ASF — PViu A VEPT = PV AV PT. (3.21)

Note that PVQQ is a square matrix.

Because there is a gap between the eigenvalues Ay ;,j € J and Ay ;,7 € I, there
will be a comparable gap between )\QSE,j € J and A, € I. Hence the matrix at
the left-hand side of Equation (3.21) is far from singular. Therefore this is also true
for the right-hand side, and ‘722 is of full rank. Hence, V55 has full rank.

In this paragraph, a brief explanation is given about why in certain situations
the subspace iteration does not work immediately from the start. Suppose the size
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of the block Ay is 2. We can write the matrix A1) = Q(O)TAQ(O) in decomposed
form:

Vii Vio
Vo1 Vaa

Ay 0
0 A

Al Vn

(3.22)

VL Vs
Viy Vi

(07

Note that « equals S;. Applying already the Householder transformation on the
matrix A gives us the following decomposition:

0 .
rog ||V Vi || A0 Vit Vit || H" a 0
Tl Lve v [0 A v VE]] 0 0
A aT 0
=|la v B |=A4A0, (3.23)
| 0 B8 «
The Ritz values are the eigenvalues of the two by two matrix:

v B
B oa |’

In fact, to complete the previous step a Givens transformation should still be per-
formed on the matrix A®) to make the last two rows and columns dependent,
thereby transforming the matrix into A®®). Note that this last Givens transforma-
tion does not change the eigenvalues of the bottom right submatrix.

We show now that the weak assumptions to let the subspace iteration con-
verge are not satisfied. We prove that [e,_1,e,] does not have two large linearly
independent components in the span of

h; 0 Via
q 0 Vaw |
0 1

We can write [e,—1,€,] as a linear combination of the eigenvectors:
Vii Vio Cy
Vo1 Voo Cy |-

The coordinates Cy of [e,_1,e,] with regard to the dominant eigenvectors are the
following:

[enfla en] -

O"Q,ﬂmz
= o O

aT 0
=V VAT 3 Tens o]

0
(v B 1|80 =1vEa v ).
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Using Equations (3.22) and (3.23), we get that
Vi . Al 0
« B 0 AQ

Vibvi + Vapo = Ao Vy).

T T
Vin Vo
T T
Viz Vi

Vo
Vi |

Hence,

Because of the Householder transformation we know that q = v,,/||v,||, hence

T Vo
V12q: [AQ *Ol[} W

Therefore,

CZZ[Vlgq V2€]
:[[Az—OJ] Va2 ‘/27;}

Vel

This means that if AyV4h lies almost in the same direction as Va5 then Cy is almost
singular. If the two largest eigenvalues Ay 1 &~ A2 2 this is the case. Note however
that when Ay ;1 = — Az 2, the subspace iteration will work immediately because they
are both extreme and immediately located by the Lanczos procedure.

Briefly spoken we have the following interaction between the Lanczos-Ritz
value behavior, and the subspace iteration: the subspace iteration will start con-
verging as soon as the Lanczos-Ritz values have converged close enough to the
dominant eigenvalues.

3.3.2 The reduction to semiseparable plus diagonal form

In the previous two sections, we investigated two convergence behaviors of the
reduction to semiseparable plus diagonal form. In this section we will prove the
following behavior:

The nested multishift iteration will start converging as soon as the
Lanczos-Ritz values approximate the dominant eigenvalues well enough
with regard to the multishift iteration.

Let us use the notation as defined in the previous section. At step m =
1,2,...,n — 1 of the algorithm we have for every n > k > n — m, that (denote
n=k—n+m)

Qo (€hs -+ €n) = Py (AVET™ Drs 11 (A)ET L P (AET).

Moreover, we also have that, due to the Lanczos-Ritz value convergence

Q01m<en7m, R en> = Kerl(Aa Q(O)en).
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Clearly the following relation holds between the two above presented subspaces, for
all k:
Q02m<ek7 ey en> C Q01m<enfm7 oo 7en>~

These relations do exactly explain the behavior as presented above. The mul-
tishift subspace iteration works on the vectors fj@, but they are constructed in such
a way that after the subspace iteration we get a subspace that is part of the Krylov
subspace K, 11(A4,Qe,). As long as this Krylov subspace is not large enough to
contain the eigenvectors corresponding to the dominant eigenvalues of the matrix
polynomials pj_n+m:1(A), the subspace iteration can simply not converge to these
eigenvectors.

As soon as the dominant eigenvectors, with regard to the multishift polyno-
mial, will be present in the Krylov subspace, the Ritz values will approximate the
corresponding eigenvalues and this means that the multishift iteration can start
converging to these eigenvalues/eigenvectors. This behavior will be illustrated in
the numerical experiments in the following chapter.

3.3.3 Convergence speed of the nested multishift iteration

In this subsection we will present some theorems concerning the speed of conver-
gence, using the nested multishift () L-iteration as presented in this chapter. In a
first part we present some theorems from [182, 179], which are useful for traditional
G R-algorithms. In the second part, we apply these theorems to our nested subspace
formulation.

General subspace iteration theory

First we will reconsider some general results concerning the distances between sub-
spaces. A more elaborate study can be found in [182, 94]. Given two subspaces
S and 7 in R™ and denote with Ps and Pr the orthonormal projector onto the
subspace S and 7, respectively. The standard metric between subspaces (see [94])
is defined as

d(8,T)=|Ps—Prla= sup d(s,7)= sup inf ||s —¢t||2,
ses seS teT
[lsll2 =1 l[sll2 =1

if dim(S) = dim(7) and d(S,7) = 1 otherwise.

The next theorem states how the distance between subspaces changes when
performing subspace iteration with shifted polynomials. The following theorem is
slightly changed with regard to the original one to fit into our setting.

Theorem 3.11 (Theorem 5.1 from [182]). Given a semisimple®® matriz A €

R™ ™ with eigenvalues A1, A2, ..., A\n and associated linearly independent eigenvec-
tors
Vi,Vo,...,Vp. Let V. = [vi,Vva,...,v,] and Ky is the condition number of V,

23 A matrix is called semiimple if it has n linearly independent eigenvectors.
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with regard to the spectral?* norm. Let 1 be an integer 1 < 1 < n — 1, and define
the invariant subspaces U = (vy,...,vi_1) and T = (vi,...,vy). Denote with (p;)
a sequence of polynomials and let p; = p; ... pap1. Suppose that

ﬁl(AJ)#O j:l,...,n

for all i, and let
maxi<;j<i—1 |15i()‘j)|
ming<j<q [Pi(Aj)]

Let S be a k-dimensional subspace of R"™ (with k =n — 1+ 1), satisfying

r; =

Snu ={0}.

Let S; = pi(A)S,i =1,2,.... Then there exists a constant C' (depending on S) such
that for all i,
d(SZ, T) S C Ry Tj.

In particular S; — T if r; — 0. More precisely we have that

_dVTIS, VT
VI—dV-IS,V-IT)

We remark that similar theorems exist for defective®® matrices. Also more
information concerning the conditions put on the matrices in Theorem 3.11 can be
found in [182]. We will however not go into these details.

The following lemma relates the subspace convergence towards the vanishing
of certain subblocks in a matrix.

Lemma 3.12 (Lemma 6.1 from [182]). Suppose A € R"*" is given, and let
T be a k-dimensional subspace, which is invariant under A. Assume G to be a
nonsingular matriz and assume S to be the subspace spanned by the last k columns
of G. (The subspace S can be seen as an approzimation of the subspace T.) Assume
B = G 'AG, and consider the matriz B, partitioned in the following way:

Bi1 Bz
B =
[ Bs1 Bz } ’

where By € RF*(=K)  Then we have:
[Ball2 < 2 V2 kg [|A]l2 d(S, T),

where kg denotes the condition number of the matrix G.
We are now ready to use these theorems to derive an upper bound on the norm
of the subblocks, while reducing a matrix to semiseparable plus diagonal form.

24The spectral norm is naturally induced by the ||.||2 norm on vectors.
25 A matrix is defective if it does not have a complete basis of eigenvectors.



3.3. Interaction of the convergence behaviors 105

The convergence speed of the nested multishift iteration

Let us apply the above theorems to our specific case and see how we can derive
convergence results for the reduction to semiseparable plus diagonal form.

Let as assume we are working with a symmetric matrix A (which is naturally
simple), with eigenvalues A1, A2, ..., A,. The associated linear independent eigen-
vectors are denoted by vi,vs,...,v,. As we proved before, in Subsection 3.3.2,
the subspace iteration will only start working as soon as the Lanczos-Ritz values
approximate the dominant eigenvalues well enough, with regard to the multishift
polynomial. In this section, however, we do not need to worry about the Lanczos
convergence behavior. Our theoretical upper bound for the convergence speed will
naturally incorporate this Lanczos influence on the convergence.

Let 7 = (v, Viy1,...,Vp) and U = (v1,Va,...,v;_1). In this section we will
derive an upper bound for the convergence towards the subspace 7.

The outcome of step m in the reduction algorithm is the matrix A+ =
QgimA(O)QOZm, and we are interested in small subblocks of this matrix. (Assume
m > n — [+ 1, otherwise there are not yet subspace iteration steps performed on
the lower right (n — 1+ 1) x (n — 1 + 1) block.) Using Lemma 3.12, we know that
this is related to the orthogonal transformation matrix Qg.,,. Partition the matrix
A(m+1) in the following way:

m+1 m+1
A(m-l—l) _ Agl ) A§2+ ) 1

m+1 m+1
AgrY Ay

where AégLH) is of size (n — 4 1) x (n — [ +1). Denote with S the space spanned
by the last n — I + 1 components of Qo.,,. (Hence S = Qo.m(er, ..., €,).) Then we
have by Lemma 3.12 that

|45 2 < 2 V2 [|A 2 d(S,T)
as ko = 1 because Qo.,, is an orthogonal rpatrix.

To determine the distance between S and 7 one can apply Theorem 3.11. As
we are in step m of the reduction algorithm, we can apply Theorem 3.6 for k = [;
this means that (with n =1 —n+m):

QO:m <ela ce 7en> = ﬁn (A) <fl(m)apn+1:n+1(A)fl(_l:_n1)a e 7ﬁm:n+1(A)fy(Lm)>~
This gives us
S =py(4)S,
with
S=("p AET b A)Em
< 1 apn+1:n+1( ) I+1 7"'apmt7]+1( ) n >

Applying Theorem 3.11 gives us the following upper bound for the distance between

S and 7. For -
_ maxi<j<i—1 \pn()\j”

C ming<j<n [Py (N)]

)
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the following upper bound is obtained

d(s, 7)< Cr,
where
C— d(V-IS,v=1T)
VI—dV-IS,V-IT)
Summarizing this deduction we get that the norm ||A§71n+1) |l2 is bounded as follows:
1457l (3.24)

<92 \/5 ||A(O)H2 d(V_ls, V_lT) (maX1§j§l—1 Iﬁ’fl()‘]”) .
- V1-d(V-1S,V-IT) ming<j<n |pn ()]

If one is interested in the bound for the next iterate m + 1, one has to use in fact
another subspace §. But, due to the specific structure of the vectors f;m) (see

Theorem 3.6), the subspaces S and S span the same space. Hence, the distance
remains the same, and only the polynomials in Equation (3.24) determine the change
in norm of the subblock. This means that once the subspace iteration starts working
on a specific part, one can calculate the constant C', and it will not change anymore.

In practice, the constant C' can be very large as long as the dominant eigenvec-
tors, with regard to the polynomial p,, are not present in the Krylov subspace, and
hence the Lanczos-Ritz values are not close enough to the dominant eigenvalues,
with regard to the polynomial p,. This constant can create a delay in the conver-
gence of the subspace iteration behavior. The influence of the Lanczos convergence
behavior on the subspace iteration is therefore captured in the constant C.

Let us give a traditional example on the convergence speed. We will only
present the results. More information can be found in [182]. The polynomial con-
sidered here, namely, p,(A), is in fact a multiplication between several polynomials:

Pr(A) = py(N)py—1(A) - p2(AN)p1(A).

Assume all p;(A) = p(A\) = XA — d. This means that we always consider the
same shift d. If d = 0, we get the power method. We order the eigenvalues such
that [p(A1)] < |p(A2)| < ... <|p(An)|. Assume [ to be chosen such that

_ maxigicion Ip(A))] _ Ip(Ai—1)] <1
mini< <y [p(A;)] Ip(A0)] ’

then we get that r = p”, and hence we get linear convergence.

In the next chapter we will show numerical experiments: we calculate some of
these bounds in real experiments, and we observe that this is a valuable and useful
upper bound in practice. Moreover, we will see that one can use Equation (3.24)
to predict possible convergence behavior to eigenvalues. Moreover a computational
complexity analysis if deflation is possible is also presented.
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3.3.4 The other reduction algorithms

The other reduction algorithms either to Hessenberg-like or to upper triangular
semiseparable form can be discussed similarly. Equivalent bounds on the conver-
gence speed can be derived. The details are left to the reader.

Notes and references

These results on the interaction between the convergence behaviors and predictions con-
cerning the convergence speed were previously presented in the article [171], also discussed
at the end of the previous section.

3.4 Conclusions

In this chapter we investigated the convergence behavior of the reduction algorithms
in detail. Two types of convergence behavior were analyzed: first the Lanczos
convergence behavior and second the subspace iteration convergence behavior.

For the Lanczos convergence behavior, a general framework was provided,
which enables us to classify similarity transformations. Two easy-to-check condi-
tions should be placed on such a similarity transformation in order to have the
Arnoldi-Ritz values in the already reduced part of the matrix. We showed that the
tridiagonalization and the reduction to semiseparable form satisfy the desired prop-
erties, and therefore also have the predicted convergence behavior. All the other
reductions as previously presented were investigated with regard to this relation.

Moreover we indicated in this chapter that the reduction to semiseparable
form has an additional convergence behavior with respect to the tridiagonalization
procedure. It was proved that during the reduction to semiseparable plus diagonal
form some kind of nested subspace iteration is performed. Therefore we presented
theoretical results explaining the convergence behavior of the reduction to semi-
separable plus diagonal form. As we proved that the reduction to semiseparable
and tridiagonal form can be seen as special cases of the reduction to semiseparable
plus diagonal form, we know that also the presented theorems are valid for these
reduction methods.

A final section of this chapter concentrated on the interaction between both
previously mentioned convergence behaviors. Also a theoretical bound for the con-
vergence speed was given.

In the following chapter we will describe some possible implementations for
the reduction algorithms, based on the Givens-vector representation. Second also
some numerical examples will be presented illustrating our theoretical findings of
this chapter.
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Chapter 4

Implementation of the
algorithms and numerical
experiments

In Chapter 2 we proposed several algorithms to reduce matrices to semiseparable
form. To calculate the computational complexity of these algorithms we always
assumed that the part of the matrix already in semiseparable form could be repre-
sented in an efficient way. This efficient representation will be used in this chapter,
and the corresponding implementation will be given. Moreover also some tools for
working in an efficient way with the Givens-vector representation will be developed.
In Chapter 3 we investigated in detail the interaction between the subspace iteration
and the Lanczos convergence behavior of the proposed reduction algorithms. In this
chapter several numerical examples will illustrate these theoretical investigations.

In the first section we will not yet discuss implementation details nor show
numerical experiments. We will provide some tools for figuring out algorithms and
implementations related to the Givens-vector represented structured rank matrices.
A graphical scheme of how the Givens transformations operate on the vector in the
representation is given. Based on this graphical representation and the so-called
shift through lemma we will be able to efficiently update the representation.

In Section 4.2 we will discuss in a mathematical manner the implementation of
the reduction algorithms deduced in the previous chapter. No real implementations
are given, just the mathematical ideas with formulas. As in the previous chapters
only insight was created due to operations on figures. At the end of this section a
complexity analysis of these algorithms is also presented. Two types of complexities
are considered. The case in which the reduction is performed from the beginning
to the end, not exploiting the deflation possibilities and a second case in which
we exploit the deflation. A theoretical test case is shown to compare this method
for computing the eigenvalues with the traditional method based on tridiagonal
matrices.

In Section 4.3, several numerical experiments are performed to illustrate the
theoretical results of the previous chapters. We start by examining the convergence
behavior of the reduction to semiseparable form. Four different experiments are per-
formed to illustrate the interaction between the subspace iteration and the Lanczos

109
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convergence behavior. Also examples illustrating the convergence behavior due to
the subspace iteration are presented. This might lead to deflation possibilities as
mentioned before.

The last subsection of this chapter shows a numerical experiment in which the
reduction to semiseparable plus diagonal form is investigated. First the interaction
between the Lanczos-Ritz values and the subspace iteration is examined. Secondly
we investigate in detail the upper bound as it was derived in the previous chapter.
The examples clearly illustrate that the presented bound is rather tight.

®\ This chapter discusses issues related to the implementation of the reduc-
tion algorithms and also examples related to the convergence properties as proved
in the previous chapter are shown. If the reader is not interested in these topics, he
can readily proceed with the next part. Details on the computational complexity
and some examples are however interesting.

Section 4.1 discusses the graphical patterns resulting from applying sequences
of Givens transformations. These patterns were discussed extensively in the first
volume of the book. These patterns can be useful when implementing algorithms
related to structured rank matrices.

Details on the implementation are given in Section 4.2.

As already mentioned in the introduction to the part, reading of Subsec-
tion 4.2.5, considering the computational complexity in case of deflation, is rec-
ommended. Also the following experiments are worth reading as they illustrate
the theoretical results of the previous chapter. The Experiments 2, 3 and 4 of
Subsection 4.3.1 illustrate the interaction between the convergence behaviors. The
examples starting from 5 in Subsection 4.3.2 compare the theoretical bound on the
convergence speed with the real situation.

4.1 Working with Givens transformations

In this section we will discuss some tools for working in an efficient way with
Givens transformations. These tools might come in handy when designing algo-
rithms for structured rank matrices as well as for implementing algorithms based
on the Givens-vector representation.

4.1.1 Graphical schemes

All the implementations considered in this book are based on the so-called Givens-
vector representation. This is an efficient representation for representing low rank
parts in matrices. As a low rank part is not necessarily sparse, transformations
involving these low rank parts do change the structure of the involved part. Hence
we need to be able to work with this Givens-vector representation, i.e., we need to
have the ability to update this representation if an operation is performed on the
left or on the right of the matrix.

We will provide here some tools for working with these Givens transformations.
We remark that we will only briefly show how both the Givens transformations and
the representation change in some cases. A more thorough study of the effect on the
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structured rank after applying a Givens transformation for example can be found
in Volume I (Chapter 9). This is considered when computing the @ R-factorization
of general structured rank matrices.

Let us first introduce the graphical schemes for working with Givens patterns.
These patterns were introduced in [53].

To depict graphically these Givens transformations, with regard to their order
and the rows they are acting on, we use the following scheme. Remark that in
this scheme we will only depict Givens transformations applied on the left to the
matrix. This is to illustrate how we can represent Givens transformations graph-
ically. When working with similarity transformations, one should be aware that
these transformations are applied on two sides of a matrix.

EKE
(

4321

XX

The numbered circles on the vertical axis depict the rows of the matrix. The bottom
numbers represent in some sense a time line. Let us explain this scheme in more
detail. First a Givens transformation is performed to the left of the matrix, acting
on row 5 and row 4. Secondly a Givens transformation is performed to the left
acting on row 3 and row 4 and this process continues.

First of all we will expand our graphical representation. We will graphically
depict the Givens-vector representation for the lower triangular part of a 6 x 6
matrix as follows. The elements - are not taken into consideration. We assume the
matrix to have its lower triangular part of semiseparable form.

Q00000
3
31
X

54321

We are interested in the interaction between the Givens transformation and our
original matrix. The elements marked with - are not essential in the coming analysis,
and hence we will not pay attention to them.

To illustrate more precisely what is depicted here, we will reconstruct our
semiseparable matrix from this scheme. In fact this is a graphical representation of
the reconstruction of a semiseparable matrix from its Givens-vector representation
as presented in Section 1.3.2.

We see that on the left in our graphical representation, there are still the
Givens transformations shown, whereas on the right we have just the upper triangu-
lar part of our semiseparable matrix. Applying now the first Givens transformation,
gives us the following graphical representation.
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00000
3
X
X

5432

Hence, we removed one Givens transformation, and we filled up the corresponding
elements in the matrix. In fact we just performed Givens transformation 1 on the
matrix on the right in the graphical representation.

The elements of the upper triangular part changed, but they are not essential
in our analysis, and hence we omitted them in this scheme. The element that is
now in position (2,2) of the right matrix corresponds to the second element in our
vector v of the Givens vector representation. This shows that one should be careful
when directly implementing this approach, but the scheme will be very useful for
deriving algorithms, as we will show in the forthcoming pages.

To conclude, we perform one more Givens transformation. This gives us the
following graphical representation.

XX KX

SEE
! <

543

Q0000 0Q

In the following section we will show how we can update our Givens-vector
representation, when a transformation on the outside and on the inside is performed.

4.1.2 Interaction of Givens transformations

To be able to see how different Givens transformations interact with one another
we need two operations involving Givens transformations. As already mentioned
before, this is a brief summary of results discussed in Volume I.

The first lemma shows us that we can concatenate two Givens transformations
acting on the same rows. The second lemma shows us that under some conditions
we can rearrange the order of some Givens transformations.

Lemma 4.1. Suppose two Givens transformations Gy and Gs are given:

G1:|:Cl _Sl}anngz[CQ _82:|.

S1 C1 52 C2

Then we have that G1Go = G3 is again a Givens transformation. We will call this
the fusion of Givens transformations in the remainder of the text.
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The proof is trivial. In our graphical schemes, we will depict this as follows.

(1] o
(2] LE) K resulting in @ K
21 1

The next lemma is slightly more complicated and changes the ordering of three
Givens transformations.

Lemma 4.2 (Shift through lemma). Suppose three 3x 3 Givens transformations
G1,G2 and Gs are given, such that the Givens transformations G1 and Gs act on
the first two rows of a matriz, and Gy acts on the second and third row.
Then we have that o
G1G2G3 = G1GaGs,

where él and Gg work on the second and third row and GQ, works on the first two
rows.

Proof. The proof is straightforward based on the factorization of a 3 x 3 orthogonal
matrix. Suppose we have an orthogonal matrix U. We will now depict a factoriza-
tion of this matrix U into two sequences of Givens transformations like described
in the lemma.

The first factorization of this orthogonal matrix makes the matrix upper triangular
in the traditional way. The first Givens transformation GIT acts on rows 2 and 3 of
the matrix U, creating thereby a zero in the lower-left position:

X X X
GTu=1| x x x
0 x x

The second Givens transformation acts on the first and second rows, to create a
zero in the second position of the first column:

o X X X
GIGTu=1] 0 x x
0 x x

Finally the last transformation CJ3T creates the last zero to make the matrix of upper
triangular form:

X X X
CTETETU=| 0 x x
0 0 x

Suppose we have chosen all Givens transformations in such a manner that the
upper triangular matrix has positive diagonal elements. Because the resulting upper
triangular matrix is orthogonal it has to be the identity matrix, hence we have the
following factorization of the orthogonal matrix U:

U = G1G1Gs. (4.1)
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Let us consider now a different factorization of the orthogonal matrix U. Perform a
first Givens transformation to annihilate the upper-right element of the matrix U,
where the Givens transformation, acts on the first and second row:

x x 0

GTu=| x x x
1

X X X

Similarly as above one can continue to reduce the orthogonal matrix to lower tri-
angular form, with positive diagonal elements. Hence one obtains a factorization of
the following form:

U = G1G2Gs3. (4.2)

Combining Equations (4.1) and (4.2) leads to the desired result. O

Graphically we will depict the shift through lemma as follows.

(1] (1]

o ! el

© E w E resulting in © E
321 321

and in the other direction this becomes:

(1] (1]

o[ ! el

© E resulting in © I: E
3 21 321

If we cannot place the ~ or ™ arrow at that specific position, then we cannot

apply the shift through lemma. The reader can verify that for example in the
following graphical scheme we cannot use the lemma.

(
EEE

321

oOo0eQ

To apply the shift through lemma, in some sense, we need to have some extra place
to perform the action. We will now see how we can use the graphical representation
and the presented interaction of the Givens transformations to retrieve information
about our Givens-vector represented matrices.

Note 4.3. Concerning the implementation of the shift through lemma we have to
make some remarks. The interchanging of the order of the Givens transformations
can be computed by a straightforward QR-factorization based on three Givens trans-
formations of the involved unitary 3 x 3 matriz. Because the matriz is unitary, there
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is flexibility in computing this factorization into three Givens transformations. Let
us clarify what is meant with this flexibility.

Suppose a first Givens transformation is performed on the 3 x 3 unitary ma-
trix U in order to annihilate the lower-left element of the matrix U. The Givens
transformation GT acts on the two last rows:

X X X
GTu=| x x x
0 x x

As the final outcome of performing the three Givens transformations needs to
be the identity matriz, this Givens transformation also has to make the upper-right
2 x 2 block of rank 1. This is necessary because the following Givens transformation
acting on rows 1 and 2 needs to create zeros in positions (2,1), (1,2) and (1,3)
at once. Hence performing this first Givens transformation gives us in fact the
following matriz:

x X X
GTlu=| x ¥ K
0 X X

It is clear that the first Givens transformation could be chosen in two ways:
to annihilate the lower-right element or to create a rank 1 block in the upper-right
position. Similar remarks hold for the remaining Givens transformations, e.g., the
Givens transformation G can be chosen to annihilate one of the following three
elements marked with ®, thereby acting on the first and second row:

x K X x ® X x K ®
® K X x X X x X K
0 x X 0 x x 0 x x

The outcome of either one of the Givens transformations will be theoretically iden-
tical, hence one can choose the most numerically reliable operation.

The flexibility in computing these Givens transformations should be exploited
in order to make the routine as robust as possible. Details can be found in the
implementation of the shift through lemma.

Finally we remark that even though we restrict ourselves to Givens rotations
in the book the shift through lemma holds for general 2 x 2 unitary matrices. These
matrices do not necessarily need to be Givens rotations. Of course the restriction
to real numbers in this part of the book can also be relaxed.

4.1.3 Updating the representation

This section covers two types of transformations. Suppose we have a Givens-vector
represented matrix and we perform a Givens transformation on the left of this
matrix, what happens with the matrix and with its representation. Secondly we
will see how we can restore a bulge in the representation by combining the correct
techniques from the previous subsections.
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Let us start by investigating graphically what happens with the representation
if a transformation is applied on the left of the Givens-vector represented matrix.
We remark that we only consider the lower triangular part of the matrix.

Suppose we apply a first Givens transformation on a semiseparable matrix.
Suppose we have a matrix graphically depicted as in Subsection 4.1.1 We distinguish
now between two cases: a Givens transformation performed on the last two rows or
one performed elsewhere.

When applying a Givens transformation from the left on the last two rows of
the structured rank matrix, one can easily update its representation by applying
the fusion of Givens transformations as graphically depicted below.

ot X

654321

Q0000 0Q
1
X

The first Givens transformation can easily fuse with the Givens transformation
in position 5. Fusing the transformations in position 5 and position 6 gives us
immediately an updated representation.

To illustrate the other case, we assume that we apply a Givens transformation
acting on row 3 and row 4. Our first action, applying the shift through lemma, is
already depicted.

AR .
EE .

54 321

Q0000 0Q

Rearranging the Givens transformations moving thereby the bottom transformation
in position 5 to position 6 allows us to perform the shift through operation.

©00000Q
3
2
3
X
X

654321
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This leads to the following form
X -
’: |: X .
[: X
[ L C
[ x

654321

Q00000

This can again be rearranged and we get the following scheme.

00000
3

54321

We now see that, except for the transformation acting on rows 4 and 5 in the
first position, we again have a Givens-vector representation of the low rank part.
Applying this Givens transformation onto the matrix gives us a kind of bulge in
this matrix.

00000Q
31
X

54321

This bulge can be essential for example in bulge chasing algorithms as we will
encounter them in the next chapter when steps of the QQ R-algorithm are performed.

The second issue we wanted to address was how to pull a Givens transfor-
mations that was located on the inside to the outside. This is in fact a similar
transformation to the one above only in the reverse direction. This is however a
very interesting problem. Suppose we have a bulge on the inside and we want to
remove it by performing a Givens transformation on the left. The question is how
to choose this Givens transformation. One can compute this Givens transformation
fairly easily by removing the bulge on the inside by a Givens transformation and
then dragging this Givens transformation through the representation completely to
the left. The resulting Givens transformation is the inverse of the Givens transfor-
mation needed to remove the bulge on the inside. The reader can try to depict the
graphical schemes themselves.
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4.1.4 The reduction algorithm revisited

In this subsection we will graphically depict the reduction of a matrix to Hessenberg-
like form, using thereby the Givens-vector representation. These graphical schemes
can help a lot when implementing this algorithm. We choose to use the reduction to
Hessenberg-like form to ease the graphical schemes. The symmetric case is however
a straightforward extension.

Let us illustrate graphically the reduction procedure on a 5 x 5 matrix. We
use the same notation as in Theorem 2.6. We start with the matrix Aél), which is
of the following form (the elements marked with - are neglected in some sense):

X
X X
A(()l):xxx
X X X X
X X X X X

The first Givens transformations or a single Householder transformation are
chosen in such manner that the complete bottom row, except for the last two ele-
ments is zero. Hence we have:

AN =

O X X X X
S X X X
o X X

X
® X
The next Givens transformation Gfll) is chosen such that applying it on the
right of Aél) it annihilates the element in position (5,4), marked with ®. Applying
T
then the Givens transformation Gfll) to the left creates the desired rank 1 block.

Instead of applying this Givens transformation to the left, we store it. Hence we

T
get the following graphical scheme for the matrix Aff) = Afll) = Gfll) Aél)Gé(ll).

® X X X
X X X

©O000e
X X
X

In fact this Givens transformation in position 1 can be considered as a Givens
from the representation of the rank 1 block in this matrix. Based on this Givens
transformation and the elements in row 4 one can reconstruct the rank 1 block in
the matrix and hence also the matrix itself. We remark that this scheme reduces
significantly the number of elements to be stored.?%

26The Givens-vector representation acts in fact only on the lower triangular part. The similarity
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Let us see now how the following Givens transformations interact with the
cheaply stored matrix from the graphical representation. The first Givens trans-
formation ng) is chosen such as to annihilate the element marked with ® in the
previous graphical scheme. Performing this similarity transformation onto the ma-
trix Aéz) results in A?) = GgQ)TAéz)ng). The Givens transformation on the right
annihilates the element ®, and the Givens transformation on the left only acts on
th(e )ﬁrst and second row, hence we get the following graphical scheme for the matrix
AP

X X X

(4.3)

X X X

000 Q
X X

The Givens-vector representation for the last two rows remains valid. To illustrate
the power of this representation we will once apply the transformation onto the
matrix and compare its structure with the one from Theorem 2.6, (but adapted to
the nonsymmetric case). Applying the transformation in position 1 onto the matrix
(right in Scheme 4.3), we get the following matrix

2
AP =

oo X X X
XX x X
X X x

X -

X x

It is clear that the transformation ng) created two zeros at once. Moreover this

structure coincides entirely with the one from the results in Chapter 2, Theorem 2.6.
Continuing with the Scheme 4.3, and performing the Givens transformation

G’g) onto the matrix leads to a graphical representation of the matrix Ag2) of the
following form.

X X X
X X

000 Q
X X

Now we will enter the chasing part in the reduction algorithm. In our graphical
representation this will result in a new Givens-vector representation, representing
the bottom three rows now. Applying the transformation G:(f) results in the matrix

transformation performed did however also affect other elements. These elements are depicted
with -. Even though this is not visible, we assume they changed. A more detailed analysis on this
interpretation can be found in Remark 8.1.
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AgQ), which is of the following form:

0000
1

X X X
X X

Applying now the transformation in position 1 leads to a changed representation

for the matrix Ag)

000
1

(creating fill-in in the bottom row marked with ®).

X X X
X X

The Givens transformation Gf) is now chosen in order to annihilate the element in

position (5,4), marked with ®. Applying this transformation onto the matrix Agf

results in the matrix Af) = Aé?’).

(o~ NN
T
(24
X
X

)

Hence we obtain due to the chasing a kind of Givens-vector representation for
the bottom three lines. This procedure can easily be continued. We will depict
the addition of one more row into the structure. First we annihilate the element
depicted with ® in the previous representation leading to the following scheme for

3
AP

000
3

Annihilating now the element marked with ® creates an extra Givens on the left,
which we cannot apply onto the matrix because it interferes with the Givens trans-
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formations already present in Aé?’). We get the following graphical representation.

0000 0Q
1
X
X
X

Applying the Givens transformation in position 1 leads to a slightly changed repre-

sentation for Aég) .

00 0Q
3
X
X
X

Determining and applying the Givens transformation to annihilate ® leads to the

T
following form for the matrix Ag?’) = Gg?’) AgS)GgS).

(1] X
(2} [: X X
(3] E X
(4] X
(5] X
321
Rewriting this scheme for the matrix Agg) gives us
(1) X
(2] [: X X
(3] E X
(4] X
(5] ® X
21

This creates another element ® that needs to be annihilated, leading to a matrix
AP of the following form:
b g form:

9000 eQ
31
X
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This gives us clearly an updated Givens-vector representation for the bottom four
rows. This procedure can easily be continued to obtain the complete Givens-vector
representation of the transformed matrix. This depicts in some sense the imple-
mentation based on the Givens-vector representation as discussed in a forthcoming
subsection.

Notes and references

This graphical interpretation of working with Givens transformations was introduced by
Delvaux and Van Barel.

1= S. Delvaux and M. Van Barel. A Givens-weight representation for rank
structured matrices. SIAM Journal on Matriz Analysis and Applications,
29(4):1147-1170, 2007.

w S. Delvaux and M. Van Barel. Unitary rank structured matrices. Journal
of Computational and Applied Mathematics, 215(1):268-287, March 2008.

In the article on the Givens-weight representation, the authors introduce the generalization
of the Givens-vector representation. General schemes for annihilating low rank parts
in matrices (of arbitrary forms) are introduced leading to the so-called Givens-weight
representation. For these more general matrices, we have more Givens transformations
than just one sequence. Moreover instead of a single vector we need to store now a
sequence of weights that can be row vectors themselves.

In the article on unitary matrices the authors show how one can use the shift through
lemma (Lemma 4.2) to obtain different patterns in the sequences of Givens transforma-
tions. This is also examined in more detail in the first volume of the book.

These different patterns of sequences of Givens transformations also give possibilities
in changing the flow of an algorithm. All Givens transformations that were used in the
reduction of the matrix to semiseparable form were based on zero creating Givens trans-
formations. This means that performing the Givens transformation on a vector will create
a zero in this vector. In fact this is not the only type of Givens transformation. There
exists also a rank expanding Givens transformation, which can create blocks of rank 1 in
a matrix. Based on these rank expanding Givens transformations one can change the re-
duction to semiseparable form to obtain another kind of reduction algorithm mostly based
on rank expanding Givens transformations. More information on rank expanding Givens
transformations can be found in the first volume (see also Subsection 9.6.3 in Volume I).

4.2 Implementation details

In this section we will provide some implementation details about the algorithms
provided in Chapter 2. As the aim of the book focuses towards eigenvalue com-
putations for semiseparable matrices, we include only details concerning the reduc-
tion algorithms of arbitrary matrices towards semiseparable or related forms. This
means that we will not include details concerning the reduction towards tridiag-
onal, Hessenberg nor bidiagonal form. Also no details are given concerning the
implementation of the algorithms for transforming sparse and structured rank ma-
trices into each other. These details can be found in the following publications
[38, 115, 77, 65, 54]. See also the notes and references following Section 2.6 in
Chapter 2.
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In the first subsection some details concerning the orthogonal similarity reduc-
tion towards semiseparable form are given. The second subsection briefly discusses
the orthogonal similarity reduction into a similar semiseparable plus diagonal one.
The last two subsections discuss, respectively, the orthogonal similarity reduction
into a Hessenberg-like matrix and the orthogonal transformation into an upper tri-
angular semiseparable matrix.

In the last subsection we briefly summarize the computational complexities of
all presented reduction schemes.

4.2.1 Reduction to symmetric semiseparable form

First we describe how to implement the orthogonal similarity reduction of a sym-
metric matrix into semiseparable form, using the Givens-vector representation of a
semiseparable matrix. This representation gives information that can directly be
used in the @ R-algorithm applied to the resulting semiseparable matrix, as will
be shown in Chapter 8. The implementation involves detailed shuffling of indices.
Therefore only the mathematical details behind the implementation are given. The
MATLAB-files can be downloaded from the MASE-homepage?”.

Suppose we are at the beginning of step k = n — j in the reduction algorithm
this means that the rows j+1,5742,...,n (columns j+1,j+2,...,n) are already
in the reduced semiseparable form. We can represent this semiseparable part by a
vector r; € R/, Givens transformations

[Ci 5} i=j+1,j+2,....n—1 (4.4)
S C;
and a vector [vji1,vj42,...,v,])7. At this point, the matrix A®) similar to the

original symmetric matrix A can be divided into four blocks:

Ak Cj4+1T; Cj4+2S5541T5 e Sn—1...8j4+1Y;
T
Cj+1T; Cj+1Vj+1 Cj+28j+1V54+1  *** Sn—1...8j+1Uj+1

T :

Cj+285+1T; Cj+2854+1Vj+1 Cj+2Uj+2 : » (45)
T

Sn—1... Sj+1[‘j Sn—1-.--8j+1V5+1 e Un

with Ay, € R7*J. In the actual implementation only the vector [vj41,vj42,...,v,]T,

the Givens transformations and the matrix

Ak r;

ro Vj+1
are stored, as this provides all the necessary information for reconstructing the
matrix A®*).

The first substeps in step k& of the method described in the proof of Theo-
rem 2.6, eliminate the elements 1,2,...,7 — 1 in row j + 1 by multiplying A® to

2Thttp://wuw.cs.kuleuven.be/~mase/books/


http://www.cs.kuleuven.be/~mase/books/

124 Chapter 4. Implementation of the algorithms and numerical experiments

the right by the Givens transformations ng), ng), ceey G

rJTng)Gék)"'Gyc—)l =[0,...,0,&;] = f"jTH.

It is clear that we can obtain a similar result by applying a Householder
transformation H*) on the vector rT such that the following equation is obtained:

J
T r7(k) _ _ T
rH® =0,...,0,a;] = #7,
with |o;| = |&;|. Performing the embedded similarity Householder transformation
on the matrix (4.5) transforms it into the following matrix:
H®T A, g® .y ST s
k Cj+1T;j Cj+255+1T; T Sn—1...8j+1T;
AT
Cj+1T; Cj+1Vj+1 Cj+28j+1Vj+1  **r Sn—1...8j+1Vj+1
) 3T . ) ) . ) . (4.6)
Cj+25j+1T; Cj+255+1Vj+1 Cj+2Vj+2 : : :
T
Sn—1 ...sj+1r]- Sn—1...8j4+1Vj41 Un

The upper left part H(k)TAkH(k) can be written as

O A, g0 — { A;—l rj-1 }
Fir Y

leading to the following matrix, identical to the one in Equation (4.6)

Ak,1 ry_1 0 0
T ~

rj—l vj Ci+105 Cj425j41Q5
0 Cjt10 Cit1Vitl  Cj428j+1Vj41 - .
0

Cj42S8j4+10;5  Cj4285j41Vj41 Cj42Vj542

From this point the Givens transformation ng) can be calculated, such that the
following equation is satisfied?®:

k . k cj 8
[aj,vj+1]G§- ) = [0, atji1] with Gg- ) = [ 78; cj- :| .

After applying the similarity Givens transformation G§k) on the Matrix (4.7) we
get the following matrix:

Ak,1 Cirj—1 Sirj—1 0 N 0
T B A
CiTi_1 c;0; 5505 0 0
SiTi—1  SjUj Ci+1Q+1 Cj+28j+1Q541  ---  Sn—1..-8j+1Q5+1
0 0 Cj+28j+10+1 Cj+2Vj+2 » (4.8)
0 0 Sn—1..-8j4+1054+1 Un

28The Givens here is defined slightly differently, with regard to the minus sign, as the one in
Equation (4.4) in order to obtain the representation Givens in the form of Equation (4.4).
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with 9; = 9;¢; + s;jcjy105. The Givens transformation G§k)T and the element 0;
can already be stored as part of the representation of the new semiseparable part
that has to be formed at the bottom of the matrix. The process explained here
can now be repeated to make all rows j, j + 1 up to n semiseparable, because the
Matrix (4.8) has essentially the same structure as the Matrix (4.6). One can clearly

see that the Givens transformations ng) calculated here can immediately be stored
to represent the lower right semiseparable block of the matrix.

Note 4.4. The latter step, i.e., the reduction of the lower right part to the semi-
separable structure, can also be applied directly on a semiseparable matrixz. This
corresponds to performing a QR-step (in fact a QL-step) without shift on this semi-
separable matriz (see Chapter 3, Subsection 3.2.1).

4.2.2 Reduction to semiseparable plus diagonal form

Carefully comparing the reduction algorithms to either semiseparable or semisep-
arable plus diagonal form leads to the observation that there is little difference in
both methods. The only difference is that before computing and performing the
Givens transformations of the chasing procedure one has to slightly change the
corresponding diagonal elements. This is also the only important difference in the
implementation of the reduction to semiseparable plus diagonal form. Hence we do
not include a thorough study of this implementation. More details can be found for
example in [172].

4.2.3 Reduction to Hessenberg-like

The implementation of this part is an easy, almost trivial extension of the implemen-
tation given in Subsection 4.2.1. Now attention is focused on the lower triangular
part. All the Givens and Householder transformations are determined by the lower
triangular part of the matrix.

We will describe the structure of an intermediate matrix in the reduction when
we represent this matrix with the Givens-vector representation.

Suppose we are at step k of the reduction, with j = n— k. This means that we
have a semiseparable part of dimension k and a nonsemiseparable part of dimension
j. The intermediate matrix A*)has the following form:

I Ay qj By ]
T
Cj+1I‘j Ci+1Vj5+1
T
Cj+255+1T; Cj+25j4+1Vj41 | Cj42Vj42 Q12 a1,m—2

Cn—1Un—1 Am—2,m—2
T
Sn—1---8j41T; Sn—1Un—1 Un
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with q;,r; as vectors of length j. The matrix By is a (j + 1) x (k — 1) block. The
entries a;; also have no special structure in general. One can see immediately that
the structure of this matrix is completely similar to the one of Equation (4.5), except
that symmetry is lost. Therefore we do not go into the details of this implementation
anymore.

4.2.4 Reduction to upper triangular semiseparable form

In this section only the reduction towards an upper triangular semiseparable form is
described. All the other algorithms (as described in Theorem 2.18) can be deduced
in an analogous way. Again we give some explicit formulas for the matrices. Based
on these formulas the reader should be able to construct the algorithm.

Suppose we are at step k of the algorithm, and we want to reduce an m x n
matrix A into upper triangular semiseparable form. (Note that for this implemen-
tation we start at the top of the matrix, while the reduction in the previous section
started at the end.) This means that our matrix has a part of dimension k x n
already of upper triangular semiseparable form, while a j = n — k dimensional part
is still not reduced. At the beginning of this step our matrix A*) has the following
form:

r T
Un Sn—1Un—1 ... Snfl"'SjJrlI'j

0 Cpn—1Un—1

0 c.e 0 Cj42Vj42 | Cj4255j41V541 Cj+28j+11’? (49)
0 e 0 Cjr1Vj+1 cj+1rjr
L 0 e 0 q; Ak |

The matrix is partitioned in such a way that the upper left block is of dimension
(k—1) x (k—1) and the lower right block is of dimension (m —k+1) x (n—k+1).
The vectors g; and r; are of length (m — k) and (n — k), respectively. The elements
v, i, 8; are defined in the same way as in the previous section. Equation (4.9)
shows that the matrix A®) already has the upper triangular part of the correct
semiseparable form. In this step one wants to add one more row to the semiseparable
structure, such that in the beginning of step (k + 1) we have a (k+ 1) x (k+ 1)
upper triangular semiseparable matrix in the upper left (k+1) x (k+1) block. The
first step consists of applying a Householder transformation or a sequence of Givens
transformations to annihilate all the elements of the vector ro except for the first
one. We choose to annihilate the elements with a Householder transformation H,gk).
(The r denotes that we perform this transformation on the right of the matrix.):

roHﬁk) = [a;,0,...,0] = f'JT

Embedding this transformation in the identity matrix and applying this transfor-
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mation onto the matrix A®) we get:

~ ~T -~
Un Sn—1Un-1 Sp—1"" '3j+1rj
0 Cpn—1Un—1
0 0 cijpiov; Cit08;i11V; Cita8i T
J+2Yj+2 J+2°7+1V5+1 J+295+11 4
AT
0 0 Cj+10j+1 Cjp1T;
k
L 0 0 Qj Aka)

At this stage we are ready to annihilate the element o; by applying a Givens
transformation such that
k
41, 05] GL) = [aj11,0] .

(Again the r denotes that the Givens transformation is performed on the right-
side of the matrix.) Note that the same result can be achieved when applying a

Householder transformation f[r(k) such that

- _
[Uj-‘rl’r?} 7£ ) = [O‘j-‘rho"'wo]a
with |&;41| = |aj+1]. After applying the embedded Givens transformation Gi{?,
our matrix has the following structure:
[ Un Sn—-1Un—1 Sn—1-""Sj+10G+1 0 ]
0 Cn—1Un—1
0 0 cjy2vji2 | Cirasjprajpr 0 (4.10)
0 0 Ci+10541 0
| 0 0 q; Ay, i

The vector q; and the matrix Ak.Hﬁk) also changed after applying the Givens trans-
formation. The new vector and matrix are denoted as q; and A;. The next step
consists of applying another Householder transformation on the left of the Ma-
trix (4.10) such that:
BT, T

Hl( ) q; = [ﬁjJrl?Ov"‘vO] .

(The [ denotes that the transformation will be performed on the left side of the
T .

matrix.) Applying this transformation on the matrix and rewriting H l(k) Ay as
’Uj I'}ll ]

T ..
g® 406 =
! Qj—1 Ap—1
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gives us
[ Un Sn—1 Sn—1"""Sj+1041 0 0 ]
0 Cn—1Un—1 :
0 a2 | Citasitiaj4 0 0 (4.11)
0 Ci+10441 0
Bj+1 VR
L 0 0 0 qQj—1 Ap—1 |
In the next step we will add one row to the semiseparable structure. Apply the
T
Givens transformation Gl(? with
o™t | s
b —Sj

T
on the rows k and k + 1 such that Gl(fcj) [eiv1041, B501]" = [0;41,0]". This will
give us the following matrix:

[ vn Sn—1 Sp—1""" 8410041 0
0 Cn—1Un—1 .
0 0 Cj2Vj542 Cj4+285j4+100541 0
0 0 ’l~1j+1 SjUj Sjl‘jlll
0 Cjvj  GT
L 0 0 0 Q-1 AUTY ]
Applying the Givens transformation Gikj) 41 to the columns k£ and k£ + 1 in order to

annihilate the upper part of column k, we get a matrix that is essentially the same
as the Matrix (4.11). One can continue and chase the complete structure upwards.

4.2.5 Computational complexities of the algorithms

We will briefly recapitulate the complexities of the proposed reduction algorithms.
The complexities as presented here for the reductions to structured rank forms
are based on the implementations presented in this section. Depending on the
detailed implementation, the constants might slightly vary. Firstly we will discuss
the complexity in case there is no deflation. Secondly we will assume that deflation
is applied.
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No deflation
An overview list of the complexities is presented.

e The reduction to tridiagonal form costs 4/3n® + O(n?) involving Householder
transformations and 2n3 + O(n?) involving Givens transformations.?’

e The reduction to semiseparable form costs the same as the reduction to tridi-
agonal form, plus an extra 9n? + O(n) operations.

e The reduction to semiseparable plus diagonal form costs the same as the
reduction to tridiagonal form, plus an extra 10n? + O(n) operations.

e The reduction to Hessenberg form costs 10/3n3 operations, when using House-
holder transformations.

e The reduction to Hessenberg-like costs an extra 3n3 + O(n?) operations.

e The reduction to bidiagonal form costs 4mn? — 4/3n3 operations plus lower
order terms involving Householder transformations.

e The reduction to upper triangular semiseparable form costs an extra 9n? op-
erations.

In case of deflation

In this section we will briefly compare the complexity of computing the eigenval-
ues of a symmetric matrix, via the reduction methods based on semiseparable and
semiseparable plus diagonal matrices and the traditional method based on tridiag-
onal matrices. Some algorithms for computing the spectrum of semiseparable (plus
diagonal) matrices are covered further in the text. Let us start first with comparing
the complexities of the reduction methods.

To reduce a symmetric matrix to tridiagonal form, we only need to perform
Householder transformations. The cost of performing a symmetric Householder
transformation on a matrix of size n equals 4n? + 8n + 7 operations, leading to a
global reduction cost of 4/3n3 + O(n?). This cost is shared by the reduction to
semiseparable form, and one cannot get rid of this n?® term.

The cost of the chasing steps performed in the reduction to semiseparable and
semiseparable plus diagonal form equals (for a block of size n):

with o = 18,8 = 9 for the reduction to semiseparable form, and o = 20,8 = 13,
for the reduction to semiseparable plus diagonal form. We chose a = 0 = 3 in case
the matrix is reduced to tridiagonal form.

During the reduction to one of the structured rank forms, deflation of blocks
may occur. Deflating these blocks has its influence on the complexity of the chasing,

29The operation count might vary depending on the choice made by the authors. Sometimes
operations of the form axz + b are counted as one floating point operation, whereas others count
this as two operations.
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but it also heavily influences the complexity of the algorithms for computing the
eigenvalues, as they work on smaller blocks. Let us first investigate the reduction
algorithms.

Suppose we reduce a matrix A to semiseparable (plus diagonal) form. During
the reduction we obtain convergence to k blocks, which we can deflate. Suppose
the k blocks have the following sizes, in order of deflation: ny,no,ns,...,ng. Each
of the blocks is deflated after I1,11 + ls,l1 + I3 + I3, ... steps.

This means that the global cost of reducing a matrix to one of the three forms
is the following one. In order to deflate the first block, we need to perform

A

> (ali— 1)+ B+ 4(n—i)* +8(n—i) +7)

i=1

operations. To deflate the second block, an extra

l2
d (ali—14+h —n)+B+4n—i—h)>+8n—i—1h)+7)
i=1

operations are needed. Globally, in order to deflate block ¢ with 1 < ¢ < k we need

lj

qg—1
SIS <a(i1+2(lpnp))+ﬁ

j=1 \i=1
q—1 2 q—1

+ 4<niZl1> +8 (niZh) +7
p=1 p=1

operations in total. The terms in the first line are related to the chasing, and the
terms in the second line are related to the Householder tridiagonalization.

We know now the number of operations needed in order to deflate blocks
inside the reduction algorithms. In general, the reduction to tridiagonal form does
not, reveal blocks. In order to compare the eigenvalue solvers globally based on
the tridiagonal reduction, and the reduction to semiseparable (plus diagonal) form,
we need to have estimates on the complexity of the computation of eigenvalues of
semiseparable (plus diagonal) and tridiagonal matrices.

We list here some of the complexities of algorithms for computing the eigen-
values of a matrix of size n.

e Standard @ R-algorithms for tridiagonal matrices cost approximately 30n for
one step of the @ R-method, and it takes globally two steps to converge to an
eigenvalue.

e Standard @ R-algorithms for semiseparable (plus diagonal) matrices (see [164,
157] and also Chapter 7) cost approximately 40n for one step, but they con-
verge slightly faster, at approximately 1.7 steps.

e Divide and conquer for tridiagonal matrices (see [44, 27]) takes O(n?) opera-
tions.
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e A divide-and-conquer method for semiseparable (plus diagonal matrices) (see
[117, 40] and also Chapter 10), takes also approximately O(n?) operations.

Assume now that after a block has been separated in the reduction method
that we immediately compute its eigenvalues via one of the above methods. Once
we have computed these eigenvalues, we continue the reduction until another block
separates, of which we then compute the eigenvalues.

Experiment 4.5. In Figure 4.1, we compare the speed of convergence of the above
approaches for the computation of the eigenvalues based on the semiseparable plus
diagonal and on the tridiagonal approach. On the vertical axis the number of eigen-
values computed is depicted, and on the horizontal axis, the number of flops that
were needed to compute this amount of eigenvalues is presented. The algorithms used
for computing the eigenvalues of both approaches are the standard QR-algorithms.
We considered also the complexity with regard to the divide-and-conquer methods,
but they were rather similar and hence not included.
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Figure 4.1. Comparison in speed.
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In the first figure, we compared the speed, if no blocks are separated in the
semiseparable plus diagonal case. In this case one can clearly see that the semi-
separable case is slightly slower than the tridiagonal case. The second figure was
for a matriz of size 100, separating two blocks of sizes 4 each after an extra 20
steps in the reduction procedure. The third figure is for a problem size 2000 and
Iy = 500,12 = 300 and I3 = 500. The separated blocks are of sizes 100,50 and 100,
respectively. In the second and third figure, the final complexity is almost equal, but
in the two cases, the semiseparable approach already revealed eigenvalues, a long
time before the tridiagonal approach did. In case one is interested in only these
largest eigenvalues, the semiseparable approach performs much better. In the last
example only one large block is separated in the reduction of a matriz of size 1000.
After 500 steps in the reduction procedure, a matrix of size 200 is separated. We
see that in this case the semiseparable case outperforms the tridiagonal case and,
moreover, it finds much faster these 200 dominant eigenvalues.

4.3 Numerical experiments

In this section we will illustrate, by means of numerical examples, some of the
previously deduced theoretical results. The presented examples are based on the
results in the following publications [159, 154, 171].

As the behavior of the reduction to Hessenberg-like and upper triangular semi-
separable is closely related to the reduction to semiseparable form, we only include
numerical results related to the latter reduction. Secondly we also include numerical
experiments for the reduction to semiseparable plus diagonal form.

The first section deals with the reduction to semiseparable form and includes
experiments illustrating the interaction between the Lanczos-Ritz values and the
subspace iteration. Also an experiment is included illustrating deflation possibilities
using this reduction method and an experiment showing that the diagonal elements
of the resulting eigenvalues already approximate the real eigenvalues.

The second section focuses on the reduction to semiseparable plus diagonal
form. It is shown how one can tune the convergence behavior using the multishift
convergence theory. The interaction between the Lanczos-Ritz values and the sub-
space iteration is also illustrated. Finally numerical experiments are included to
verify the theoretical bound on the convergence speed of the norm of the subblocks
as presented in the previous chapter.

4.3.1 The reduction to semiseparable form

The following three sections are based on the algorithm, which transforms any
symmetric matrix into a similar semiseparable one. In Experiment 4.6 we want to
illustrate the Lanczos convergence behavior of the orthogonal similarity reduction
of a symmetric matrix to semiseparable form. Experiments 4.7 up to 4.9 illustrate
the Lanczos behavior and the subspace iteration convergence. In Experiment 4.7
an example is created such that the subspace iteration has a large delay and is
not visible. After a clear delay in Experiment 4.8 the subspace iteration starts to
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convergence. In Experiment 4.9 the example is created in such a way that there is
no delay in the convergence behavior of the subspace iteration. Experiment 4.10
illustrates the interaction between the Lanczos behavior and the subspace iteration.
Experiment 4.11 shows that the reduction to semiseparable form orders somehow
the diagonal elements such that they approximate the eigenvalues of the original
matrix.

In each experiment, we obtain a symmetric matrix A by transforming the
diagonal matrix diag(A) containing the prescribed eigenvalues A = {1, Ao, ..., A\n}
by an orthogonal similarity transformation A = QT diag(A)Q. The orthogonal
matrix used is taken as the @Q-factor in the QR factorization of a random matrix
built by the MATLAB command rand(n) where n is the dimension of the matrix.

Experiment 4.6. We choose the eigenvalues as \; = i fori =1,2,...,200. (These
are equidistant eigenvalues.) In Figure 4.2 the eigenvalues are located on the y-axis.
In each step of the algorithm (xz-axis), a cross is placed if a Ritz value approximates
a real eigenvalue up to eight correct digits. This behavior is the same as the one
described in [112, Section 4.2, Figure 4.1], for equally spaced eigenvalues. More
information on the convergence of Ritz values towards eigenvalues can be found in

[112].

200

150

100

Eigenvalues

50

0 50 100 150 200
Step in the reduction procedure

Figure 4.2. Fqually spaced eigenvalues {1 : 200}.

Experiment 4.7. We choose two clusters of equidistant eigenvalues, namely®®

30With a : b, where a < b are both integers, the sequence of numbers {a,a+1,a+2,...,b—1,b}
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{1:100} and {1000 : 1099}, each cluster has the same number of eigenvalues. The
following convergence behavior of the Ritz values is computed (see Figure 4.3 left).
Note however that the gap between the two intervals does not appear in the following
figure (on the right). For each i = 1 : 199 the norm of the block S(i+1:m,1 : 1)
of the resulting semiseparable matriz is plotted. One would expect a small value for
i = 100, because of the subspace iteration but as explained in Subsection 3.2.1, this
is not the case (see Figure 4.3 right) because the Lanczos-Ritz values need to have
converged first.

1200 : : : 10
1000 ’ ::j

800

600

Eigenvalues

400

Norm of the subblock

200

0 50 100 150 200 0 50 100 150 200
Step in the reduction procedure Subblocks

Figure 4.3. Fqually spaced eigenvalues in two clusters {1 : 100} and
{1000 : 1099}.

Experiment 4.8. In the previous experiment there was no sign of the influence of
subspace iteration. In this experiment however we will clearly see the effect of the
subspace iteration. For this ezample again two clusters of eigenvalues were chosen
{1 : 100} and {1000 : 1009}. One expects a clear view of the convergence of the
subspace iteration in this case. Because the Lanczos-Ritz values approrimate the
extreme eigenvalues, it will take about 20 steps before the 10 dominant eigenvalues
are approximated. After these steps one can expect to see the convergence of the
subspace iteration. The first figure (left of Figure 4.4) shows for each step j =
1,2,...,n — 1 in the algorithm the norms of the blocks S(i : n,1 : i — 1) for i =
n — j : n, the lines correspond to one particular submatriz, i.e., the norm of this
submatriz is shown after every step in the algorithm. The second figure (right of
Figure 4.4) is constructed in an analogous way as in Experiment 4.7. In Figure 4.5 it
can be seen in which step the Ritz values approximate the most extreme eigenvalues
well enough. This is also the point from which the convergence behavior starts in
Figure 4.4.

It is clearly seen in Figure 4.4 that the subspace iteration starts with a small
delay (as soon as the Lanczos-Ritz values approximate the dominant eigenvalues
well enough the convergence behavior starts).

is meant.
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Figure 4.4. Equally spaced eigenvalues in two clusters {1 : 100} and
{1000 : 1009}.
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Figure 4.5. Lanczos behavior of equally spaced eigenvalues in two clusters
{1:100} and {1000 : 1009} .

Experiment 4.9. The previous experiment showed that the subspace iteration
started working after a delay. In this experiment the largest eigenvalues in absolute
value have opposite signs, such that they will be located fast by the Lanczos algorithm
and therefore the subspace iteration convergence will show up without a delay. The
eigenvalues are located in three clusters {—1004 : —1000, —100 : 100, 1000 : 1004}.
The Lanczos-Ritz values will converge fast to the dominant eigenvalues, and there-
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fore the subspace iteration convergence will start fast. Figure 4.6 shows the fast
convergence after a few steps of the iteration (only the first 35 steps are shown) and
also the Lanczos convergence behavior.
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Figure 4.6. Fqually spaced eigenvalues in three clusters {—1004
—1000, —100 : 100, 1000 : 1004}.

Experiment 4.10. In the following experiment we want to illustrate the interplay
between the Lanczos convergence behavior and the nested subspace iteration of the
new method. We want to focus attention on the deflation possibilities of the new
algorithm.

Let us construct a symmetric matriz having the eigenvalues as shown in Fig-
ure 4.7.  There are three clusters of eigenvalues where the relative gap between
the first and second cluster is equal to 0.5 and the same as the relative gap between
the second and third cluster. The first cluster has 20 eigenvalues geometrically dis-
tributed between 1 and 1072, the second cluster 20 eigenvalues between 5- 1073 and
5-107° and the third 60 eigenvalues between 2.5-107° and 2.5 - 107 7.

Let us first look at Figure 4.8 showing the behavior of the Ritz values for this
example. Note that the same behavior is also obtained when using the classical
tridiagonalization approach. However, the tridiagonal matrix obtained using this
approach does not give a clear indication of the possible clusters or of deflation pos-
sibilities, i.e., no subdiagonal element becomes very small in magnitude. One might
however choose a different initial transformation Qo (see Chapter 3, Section 3.1) to
increase the Lanczos convergence behavior towards the last cluster, but one will not
be able to recognize two clusters in the tridiagonal matrixz. The magnitude of the
subdiagonal elements is plotted in Figure 4.9. During the execution of the algorithm
to obtain a similar semiseparable matriz, there will be a clear point where a diagonal
block corresponding to the first cluster can be deflated and another point where a
diagonal block corresponding to the second cluster can be deflated. Looking at Fig-
ure 4.8, we see that the eigenvalues of the first cluster are approzimated well by the
Lanczos-Ritz values from step 25 on. This means that at that moment the subspace
iteration where the subspace has dimenston 20 will converge towards the subspace
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Figure 4.9. Magnitude of subdiagonal elements of similar tridiagonal matriz.

corresponding to the first cluster. The convergence factor will be 0.5. This can
clearly be seen in Figure 4.10. This figure shows for each step j =1,2,...,n—1 in
the algorithm the norms of the subdiagonal blocks S(i :n,1:i—1) fori=n—j:n.
FEach line in the plot indicates the change of the norm at each step of the algo-
rithm. The line indicated by “o” corresponds to the norm of the subdiagonal block
S(81:100,1: 80). For the eigenvalues of the second cluster a similar convergence
behavior occurs around step 45. The line indicated by “*” corresponds to the norm
of the subdiagonal block S(61 : 100,1 : 60). The parallel lines in the figure having
a smaller slope correspond to the subspace convergence behavior inside each of the
clusters. Hence, at step 68 a first diagonal 20 x 20 block can be deflated while at step
80 the mext diagonal 20 x 20 block can be deflated. This example shows clearly the
influence of the convergence of the Lanczos-Ritz values on the convergence behavior
of the nested subspace iteration.

Experiment 4.11 (Stewart’s devil’s stairs for symmetric matrices).

In the following example (from [141]), we will only take a look at the diagonal
elements of the semiseparable matriz and the tridiagonal matrix, after the reduction
step. We compare these diagonal elements with the real eigenvalues, which are
Stewart’s devil’s stairs. In Figure 4.11 one can see 10 stairs, with gaps of order 50
between the stairs. All the blocks are of size 10.

It can be seen that the devil’s stairs are approrimated much better by the diag-
onal elements of the semiseparable than by the diagonal elements of the tridiagonal
matriz.
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Figure 4.10. Norms of subdiagonal matrices during the semiseparable reduction.
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Figure 4.11. Stewart’s Devil’s stairs.

4.3.2 The reduction to semiseparable plus diagonal form

In this section, numerical experiments are given, illustrating the theoretical results
presented in the previous chapter. Several types of experiments will be performed.
We will investigate the delay of convergence caused by the Lanczos-Ritz values
behavior. We will experimentally check the convergence speed of the subspace
iteration and we will present some experiments in which the diagonal is chosen
in such a way to reveal a specific part of the spectrum. All the experiments are
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performed in MATLAB. We use MATLAB-style notation. With zeros(i, j), we denote
a zero matrix with ¢ rows and ¢ columns, with ones(¢, j), we denote a matrix with all
entries equal to 1 of dimension i x j, with rand(¢, j) we denote a matrix of dimension
i X j, with entries random chosen from a uniform distribution between 0 and 1.

Experiment 4.12 (Tuning the multishift convergence behavior). In these
first experiments we construct several matrices, with specific eigenvalues, and we
choose the diagonal for the reduction in such a way that it will reveal parts of the
spectrum. In the following examples the eigenvalues A = {\1,..., .} of the matriz
are given and the matriz itself is constructed as A = QT diag(A)Q, where Q is
the orthogonal matrix coming from the QR-factorization of a random matrix. For
every example we give the eigenvalues, the diagonal and the number of Householder
and Givens transformations performed before the reduction algorithm separated a
block containing the desired eigenvalues. A block is separated if the norm of the
off-diagonal block is relatively less than 10710, Also the mazimum absolute error
between the real and the computed eigenvalues is given.

1. A = {rand(1,10),100} and d = zeros(1,11).
Number of Householder transformations: 6
Number of Givens transformations: 21
Separated eigenvalue: 100
Mazximum absolute error: 4.2633 - 10~

2. A = {rand(1,100),100} and d = zeros(1,101)
Number of Householder transformations: 6
Number of Givens transformations: 21
Separated eigenvalue: 100
Mazximum absolute error: 1.4211 .10~

3. A = {rand(1, 100),100,101,102} and d = zeros(1, 103)
Number of Householder transformations: 10
Number of Givens transformations: 55
Separated eigenvalues: 100,101,102
Mazximum absolute error: 5.6843 - 10714

4. A ={1,100 + rand(1,10)} and d = 100 - ones(1, 11)
Number of Householder transformations: 6
Number of Givens transformations: 21
Separated eigenvalue: 1
Mazimum absolute error: 1.4211-10714

5. A ={1,100 + rand(1,100)} and d = 100 - ones(1, 101)
Number of Householder transformations: 6
Number of Givens transformations: 21
Separated eigenvalues: 1
Mazximum absolute error: 1.4211- 10~
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6. A =1{1,2,3,100 + rand(1,100)} and d = 100 - ones(1, 103)
Number of Householder transformations: 11
Number of Givens transformations: 66
Separated eigenvalue: 1,2,3
Mazimum absolute error: 6.7502 - 10~

7. A = {ones(1, 50) 4 rand(1, 50), 100, 10000 - ones(1, 50) 4+ rand(1, 50)} and
d = [10000, 1, 10000, 1, . . ., 10000, 1, 10000]
Number of Householder transformations: 12
Number of Givens transformations: 78
Separated eigenvalue: 100
Mazximum absolute error: 1.8190 - 10712

8. A =1{1,2,3,100 + rand(1, 100), 10000, 10001, 10002} and
d = [zeros(1, 6), ones(1, 96) - 100]
First there is convergence to the cluster with the largest eigenvalues:
Number of Householder transformations: 10
Number of Givens transformations: 55
Separated eigenvalues: 1001, 1002, 1003
Mazimum absolute error: 3.6380 - 1012
Secondly there is convergence to the cluster with the smallest eigenvalues
Extra number of Householder transformations: 15
Eztra number of Givens transformations: 170
Separated eigenvalues: 1,2,3
Mazximum absolute error: 1.5099 - 10~

The examples illustrate clearly that the convergence behavior can be tuned, by
choosing different diagonal values, for reducing the matriz to semiseparable plus
diagonal form.

In the Experiments 4.13 to 4.16, the interaction between the Lanczos and the
multishift convergence behavior is shown. For each experiment two figures are given.
The left figure shows the Lanczos-Ritz values behavior and the right figure shows
the subspace iteration convergence. This behavior is similar to the one observed in
the previous subsection.

The left figure depicts on the z-axis the iteration step of the reduction algo-
rithm and on the y-axis the eigenvalues of the original matrix. If at step k of the
reduction algorithm a Ritz value of the lower right block approximates well-enough
(closer than 107°) an eigenvalue of the original matrix, a cross is placed on the
intersection of this step (z-axis) and this eigenvalue (y-axis).

The right figure, shows for all off-diagonal blocks the norm (y-axis), with
regard to the iteration step (z-axis).

According to the theory, one should observe decreasing norms, as soon as the
Ritz values approximate well enough the dominant eigenvalues with regard to the
multishift polynomial.

Experiment 4.13 (The interaction). In this ezperiment (see Figure 4.12), we
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Figure 4.13. Experiment 4.14.

have A = {1,2,3,104rand(1,22)}, and the diagonal used for the reduction is d = 10-
ones(1,25). In the left figure, we see that after sixz steps in the reduction algorithm,
three eigenvalues are approximated up to five digits by the Lanczos convergence
behavior. In the right figure, we see that after step 6 the norm of one subblock
starts to decrease. This means that the subspace iteration starts separating a block
with these three eigenvalues.

Experiment 4.14 (The interaction). In this experiment (Figure 4.13), a matriz
with three clusters in its eigenvalues, was generated: A = {1,2,10+rand(1,21), 100,
101}, and the diagonal used for the reduction d = 10-ones(1,25). As the eigenvalues
are separated into three clusters and two clusters are both dominant with respect
to the multishift polynomial, we would expect two clusters to be separated by the
reduction to semiseparable plus diagonal form. This is exactly what we observe in
Figure 4.13. The Lanczos Ritz values approzimate both clusters (see the left figure),
and as soon as these clusters are approximated well enough, the subspace iteration
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Figure 4.15. Experiment .16

starts converging. The subspace iteration converges to two clusters, and hence two
subblocks show a decreasing norm.

Experiment 4.15 (The interaction). Continuing with the previous example,
but changing the diagonal d, should only influence the subspace convergence. This
can clearly be seen in Figure 4.14. In the left figure we chose d = [100,101,10 -
ones(1,23)] and in the right figure d = [100, 101, 100,101, 100, 101, 10 - ones(1, 19)].
For the left figure, we see that the convergence towards the small eigenvalues starts,
but then the norm starts to increase again, and finally we get only convergence
towards the eigenvalues 100,101. For the second polynomial, however, we do get
convergence to the smaller eigenvalues.

Experiment 4.16 (The interaction). In the last ezample (see Figure 4.15)
convergence is forced into the middle of the spectrum of the matriz. The consid-
ered matriz has eigenvalues A = {ones(1,50) +rand(1, 50), 100, 10000 - ones(1, 50) +
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rand(1,50)} and d equal to [10000, 1,10000, 1,...]. This forces convergence towards
the middle of the spectrum. As soon as there is convergence of the Ritz values to-
wards the eigenvalue 100, the subspace iteration starts working. We can see that the
convergence rate is not as smooth as in the other cases. This is due to the changing
roots in the polynomials p;(\).

In the Experiments 4.17 to 4.21 we will investigate the upper bound for the
convergence speed as presented in Subsection 3.3.3.3! In the following experiments
the figures show the norm of the submatrix, which should decrease, and the upper
bound for this subblock. The upper bound is dependent on the following factor:

maxi<;j<i—1 |ﬁn<)‘j)|
ming<j<yn [Pn(A;)]

To obtain the norm of a subblock, we need to reorder at every step of the method
the eigenvalues such that |p, (A1)] < |py(A2)] < .... In our computation of the upper
bound, we assume, however, that we know to which eigenvalues convergence will
occur. Hence, we can divide the eigenvalues into two clusters, a cluster Ay,..., A\j_1
and a cluster A\j,..., \,. We know that when there is convergence we have that

R N < min 15 NI
1;?21{1 |p77(>\J)| > lggln |p77()‘J)|

Hence our computed upper bound will be the correct one if there is convergence to
the eigenvalues A, ..., \j,.

For every example we also give the constant C, which is a measure for the
influence of the Lanczos convergence behavior on the subspace iteration. (See Sub-
section 3.3.3.)

Experiment 4.17 (The convergence speed). The first example related to the
convergence speed, is similar as in the previous two sections. A matriz is constructed
with eigenvalues A = {1,2,3,10+rand(1,22)}, the diagonal d = 10-ones(1,25). We
expect convergence to a 3 x 3 block containing the three eigenvalues {1,2,3}. The
norm of the off-diagonal block is plotted and decreases linearly as can be seen in the
left figure of Figure 4.16. The size of the constant C, for calculating the convergence
rate equals 1.0772-10%. In the right figure, we plotted almost the same example, but
the sizes of the larger eigenvalues are chosen smaller now. The eigenvalues were
A =1{1,2,3,54+rand(1,22)}, and d = 5 - ones(1,25). This clearly has an effect on
the slope of the line representing the convergence speed. The size of the constant
C equals 1.8409 - 103. In both figures we see that our upper bound predicts well the
convergence behavior.

31The implementation used in the previous sections is based on the Givens-vector representation
(see [165]) and is therefore more stable than the implementation used in this section for generating
the figures and calculating the constant C. That is why we get a horizontal line in these figures,
once the norm of a subblock reaches the machine precision. This means that using this implemen-
tation the norm of the subblocks cannot, relatively speaking, go below the machine precision in
contrast to the figures in the previous section.
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Figure 4.16. Ezperiment 4.17.

Experiment 4.18 (The convergence speed). Also in the case of a diago-
nal with varying elements, our upper bound provides an accurate estimate of the
decay of the corresponding subblock. We consider the example with eigenvalues
A ={1,2,10+4 rand(1,21),100,101}. If we choose as diagonal d = 10 - ones(1, 25),
we get a similar behavior as above (see the left of Figure 4.17) and convergence
to the cluster containing the eigenvalues 100,101. The constant C' = 3.4803 - 103.
To obtain however the cluster 1,2 we need to change our diagonal to, e.g., d =
[100, 101,100,101, 100, 10 - ones(1,21)]. Also in this case our upper bound provides

an accurate estimate of the decay (see the right of Figure 4.17). The constant
C = 2.0396 - 103,

10" 10"
3 3
2 0 S .0
o 10 a 10
> 3
2] %]
Q Q
5 £
B S
g 107" £ 107
S S
z z

——Norm of the subblock R ——Norm of the subblock
10 - - fUp‘per boun‘d ‘ ‘ N 10 - - -Upper bound
0 5 10 15 20 25 0 5 10 15 20 25
Step in the reduction algorithm Step in the reduction algorithm

Figure 4.17. Ezperiment 4.18.

Experiment 4.19 (The convergence speed). In the following experiment we
illustrate that if convergence is also slowed down, our upper convergence bound
predicts a rather accurate estimate of the convergence rate. We consider here
the same matriz three times, with varying values for the diagonal, used to re-
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duce it to semiseparable plus diagonal form. The matriz has eigenvalues A =
{14 rand(1,20),100+rand(1,2)}. The diagonals considered for the reduction algo-
rithm are as follows:

d; = [zeros(1,22)],
dy = [100, zeros(1, 21)],
ds = [100,100, 100, zeros(1, 21)].

In the first case we expect normal convergence, in the second case a delay, and in
the third, an even larger delay. This behavior is shown in Figure 4.18, where the
reduction with di,ds and ds is shown in this order.
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Figure 4.18. Ezperiment 4.19.

Experiment 4.20 (The convergence speed). In the last two experiments
we illustrate false convergence and how our upper bound can deal with, or pre-
dict, it. Suppose we have a matriz with eigenvalues A = {1 4 rand(1,2),5 +
rand(1, 36),10 4+ rand(1,2)}, suppose the diagonal is chosen in the following way:
d = [10,10,10,10,10,10,5 - ones(1,38)]. We observe in the convergence behavior
(left of Figure 4.19), that first there is convergence, but then suddenly the subblock
starts to diverge again. This divergence was predicted by the convergence bound.
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Figure 4.20. Ezperiment 4.21.

This means that the polynomial, predicting the convergence, was mot yet strong
enough to force convergence to the two small eigenvalues. If we however would
have chosen our diagonal as d = [10,5,10,5,...], we would have been able to force
convergence towards the two small eigenvalues (see right of Figure 4.19).

Experiment 4.21 (The convergence speed). Let us conclude with almost
the same experiment, but let us increase the number of eigenvalues in the middle
of the spectrum. The eigenvalues are now A = {1 4+ rand(1,2),5 + rand(1,66),10 +
rand(1,2)}, and our diagonal values are d = [10, 10, 10, 10,10, 10, 10, 5- ones(1, 10),
zeros(1,58)]. As in the previous example, we observe first (see left of Figure 4.20)
false convergence towards the small eigenvalues. We see that our upper bound goes
up very fast. In reality however we see that the norm of that subblock starts decreas-
ing again in size, so there is convergence towards a block. This block does however
not contain the small eigenvalues anymore but the largest two. This is depicted in
the second figure (right of Figure 4.20), where we plotted the upper bound related to
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convergence of the largest eigenvalues. It is clear that the upper limit predicts that
the separated block will contain the largest eigenvalues, instead of the smallest ones.

These last examples illustrate that the theoretical upper bound computed for
this multishift subspace iteration is rather tight. Moreover this upper bound can
also be used as a theoretical device to predict the eigenvalue convergence.

4.4 Conclusions

In this chapter some final issues related to the reduction algorithms and theoretical
results of the previous chapters are addressed. The mathematical details behind
the implementation of the basic algorithms were given exploiting thereby already
the existing structured rank part. A complexity analysis based on these implemen-
tations was presented.

Furthermore, different experiments were performed showing some of the fea-
tures of the reduction algorithms. First the interaction between the two convergence
behaviors as explained in the previous chapter was illustrated as well as deflation
possibilities. Secondly also numerical experiments were included concerning the re-
duction to semiseparable plus diagonal form, showing thereby the tunability of the
reduction and also comparing the theoretical convergence bound on several exam-
ples.

This chapter is the last one of this part. We are able now to efficiently reduce
matrices to structured rank form. Moreover we are also aware of the tunability of
the presented approach, in order to obtain deflation possibilities and so forth.

In the upcoming part @ R-algorithms will be constructed. Combining the
results of Parts I and II, one can compute the eigenvalue or singular value decom-
position of arbitrary matrices using intermediate structured rank matrices.
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() R-algorithms
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Traditional @ R-algorithms for computing the eigenvalues of (dense) matrices
consist of two main parts. In a first part the matrices in question are reduced to a
specific form, which will be advantageous in the second part. This reduction was
considered in the first part of this book, namely the reductions to semiseparable,
tridiagonal, Hessenberg, Hessenberg-like form etc. The main aim of these reductions
is to reduce the computational complexity of the following @ R-algorithm. These
@ R-algorithms are the subject of this part of the book. We have now the specific
structured rank forms and we would like to develop here (implicit) @ R-algorithms
for these classes of matrices.

Chapter 5 (the first chapter of this part) is a brief summary of theoretical
results concerning some essential tools needed to develop implicit @ R-algorithms.
First we show how to compute a @ R-factorization and the @ R-algorithm for arbi-
trary matrices. We will see that this is a costly algorithm. We adapt these results
such that they become applicable for sparse matrices, Hessenberg matrices in our
case. It is shown that both the @ R-factorization and the @ R-algorithm lose an
order in their computational complexity. Moreover we also prove that the structure
of a Hessenberg matrix is preserved under a step of the @ R-method. Due to this
preservation of the structure we can continue working with Hessenberg matrices
throughout the complete @ R-algorithm. Finally we show that we can change our
@ R-algorithm slightly such that we do not need to compute explicitly the factors @
and R from the Q R-factorization. This approach is called the implicit QQ R-method,
moreover a theorem, named ‘the implicit @-theorem’ is needed to prove correctness
of the presented approach.

In the following two chapters of this part, attention is paid to the analogue of
the results above but then for the structured rank case. First some theoretical results
for structured rank matrices are derived, followed by the real chasing techniques in
Chapter 7.

Chapter 6 develops all the essential tools to come to an implicit Q R-algorithm
for the structured rank matrices as considered in this book. More precisely we
will develop this method for semiseparable, Hessenberg-like and upper triangular
semiseparable matrices. In a first section we will investigate the structure of the
@ R-factorization of a Hessenberg-like plus diagonal matrix. The ‘plus diagonal’
term is essential for the development of the @ R-algorithm with shift. Based on
this specific @ R-factorization we will prove that the structure of a Hessenberg-
like matrix is maintained under a step of the @ R-algorithm. The second section of
this chapter focuses on an implicit Q-theorem, suitable for Hessenberg-like matrices.
The proof is more complicated than the corresponding simple Hessenberg case. The
final section focuses briefly onto the class of Hessenberg-like plus diagonal matrices,
because in Part I of the book also a reduction to this class of matrices was proposed.
It is shown that the structure of such a matrix is preserved in case the diagonal has
nonzero elements.

Chapter 8 discusses the implementation details of the @) R-algorithms already
discussed in this part. A distinction between two types of implementations will be
made. First a graphical form of the implementation will be discussed thereby using
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the Givens-vector representation and performing the chasing techniques by using
the shift through operation and the fusion. Secondly we show a more mathematical
formulation of the algorithms. In the previous chapters little attention was paid to
the computation of the eigenvectors. In this chapter several methods for comput-
ing the eigenvectors will be explored. Finally numerical experiments based on the
previously discussed implementations will be given.

The final chapter of this part discusses some extensions of topics previously
presented. A multishift version of the Q R-method for structured rank matrices is
given. This allows us to compute complex conjugate eigenvalues of real unsym-
metric matrices using only computations in the real field. Different variants of
the @ R-methods for structured rank matrices will also be given. It will be shown
that there are different ways to compute the @ R-factorization of a structured rank
matrix. Different kinds of @ R-factorizations will then lead to different kinds of Q) R-
algorithms. Based on these @) R-algorithms a new type of iteration, a () H-iteration
for computing the eigenvalues, will be presented. It will be shown that this iter-
ation is cheaper to compute than the ()R-iteration and moreover it will have an
extra convergence behavior. This is an important algorithm as it supersedes the
@ R-method for structured rank matrices. Hints on how to implement a () R-method
in an implicit way for quasiseparable matrices are given. The remainder of the sec-
tion discusses several references related to @ R-algorithms, such as for example the
relation between semiseparable plus diagonal matrices and Krylov subspaces. Also
results on the computation of roots of polynomials based on companion and related
matrices will be given.

N This part of the book focuses on the development of (implicit) QR-
algorithms for different types of structured rank matrices.

Chapter 5 recapitulates the needs and theoretical results for the development
of an (implicit) QR-method. People familiar with this can omit the chapter.

In Chapter 6 the theoretical necessities for the development of an implicit Q) R-
method are provided. Two main issues are discussed: the preservation of the rank
structure under the Q R-algorithm and the development of an implicit ) R-algorithm
for Hessenberg-like matrices. Based on the Q) R-factorization presented in Subsec-
tion 6.1.1, Theorem 6.8 contains the main result of the first section. Definition 6.14
formulates what is meant in our context with ‘unreduced’ Hessenberg-like matrices
and Definition 6.21 provides us with the ‘unreduced number’. These two defini-
tions are used in formulating an implicit QQ-theorem for Hessenberg-like matrices
(Theorem 6.28).

The effective chasing techniques for restoring the structure in the matrices,
a tool needed for implicit (QR-algorithms, are deduced in Chapter 7. Based on
an unreduced semiseparable matrix, the chasing technique is explored in Subsec-
tion 7.1.3. The important structure restoring transformations for Hessenberg-like
matrices are provided in Section 7.3. How to perform an implicit chasing technique
on an upper triangular semiseparable matrix, in order to compute its singular val-
ues, is explained in Subsections 7.4.2 and 7.4.3.

Section 8.1 in Chapter 8 is important as it discusses a graphical viewpoint for
interpreting the chasing techniques used in the QQ R-algorithms. This chasing tech-
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nique will be used in the multishift algorithm discussed in Chapter 9, Section 9.4.

Chapter 9 contains miscellaneous topics of which the alternative fast QQH-
algorithm in Section 9.5 and the eigenvalue methods for computing eigenvalues of
polynomials in Section 9.6, are certainly worth investigating.
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Chapter 5

Introduction: traditional
sparse () R-algorithms

This chapter is merely a repetition of the theory of ) R-algorithms for sparse matri-
ces. All the ingredients needed for designing such algorithms will be investigated.

In a first section we will reconsider what is meant by a @ R-factorization and
a @ R-algorithm. It turns out that applying the (QR-algorithm directly onto dense
matrices is very expensive.

We know, however, from part I, that we can reduce matrices via orthogo-
nal similarity transformations to sparse form, such as Hessenberg or tridiagonal
form. Therefore we investigate in Section 5.2 how to efficiently compute the Q)R-
factorization of a Hessenberg matrix. Moreover it will also be shown that the
structure of a Hessenberg matrix is preserved after performing a step of the QR-
method. This means that we can apply the Q R-algorithm on Hessenberg matrices,
with a reduced computational complexity.

Rewriting the formulas determining the @ R-algorithm we see that we can
also apply a similarity transformation onto the matrix, without computing the up-
per triangular factor R. In Section 5.3 we will see that based on the first Givens
transformation of the Q) R-factorization that we will be able to perform a complete
step of the QR-method without having to compute the @ R-factorization. This
technique is called implicit. To be able to prove the correctness of the presented
approach an implicit ()-theorem is needed.

The last section of this chapter pays attention to the @) R-algorithm for com-
puting the singular values. The algorithm is an adaptation of the Q) R-method for
tridiagonal matrices. The global algorithm also consists of two steps. Firstly a
matrix is reduced to upper bidiagonal form, to reduce the complexity of the second
step. In the second step an adaptation of the traditional @ R-algorithm is applied to
the upper bidiagonal matrices to let them converge to a diagonal matrix containing
the singular values on its diagonal.

& This chapter repeats well-known results related to QR-algorithms (for
sparse matrices). The sections and subsections in this chapter are ordered somehow
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similarly as the ones in the forthcoming two chapters. This is done to clearly see the
similarities and differences between the approaches. This chapter is unessential for
the reader familiar with the notions, QR-algorithm, implicit Q) R-algorithm, QR-
factorization, chasing technique, implicit Q-theorem, unreducedness, maintaining
of the Hessenberg structure under a step of the QQ R-method and the implicit QR-
algorithm for bidiagonal matrices to compute the singular values.

For those interested in a brief repetition of these results let us present a concise
summary of the most important results. The computation of the Q) R-factorization
is described in Subsection 5.1.1. The @QR-algorithm itself is presented in Subsec-
tion 5.1.2. Both these subections illustrate the heavy computational complexity
of the QR-algorithm in case no structure of the matrices is involved. Adapta-
tions towards sparse matrices are discussed in Section 5.2. Successively the Q)R-
factorization and the preservation of the structure are discussed. How to obtain
an implicit QR-algorithm is discussed in Section 5.3. The idea behind an implicit
Q R-algorithm, the chasing technique and the implicit Q-theorem, proving the cor-
rectness of the followed approach are discussed in this order. Especially the defi-
nition of unreducedness, discussed in Subsection 5.3.2 and the implicit ()-theorem
(Theorem 5.5) are important. To conclude, also the ideas behind the Q R-algorithm
for computing the singular values are included (Section 5.4).

5.1 On the Q) R-algorithm

In this section we will briefly explain the @) R-factorization and the () R-algorithm
(with shift).

5.1.1 The (QR-factorization

Let us start by shortly repeating what is meant with a Q) R-factorization.
Suppose we have a matrix A and a factorization of the form:

A=(QR,

with @ a matrix having orthonormal columns and R an upper triangular matrix. If
@ is a square matrix, and hence orthogonal, this is called the full @ R-factorization
(in this case R is rectangular). Otherwise, if ) has the same number of columns as
A this is called the thin (or reduced) @ R-factorization (in this case R is square).

In fact this means that the first k£ columns of A span the same space as the
first k columns of ). This leads to the following equation, which we already met
before in Part I:

Aley,eo,...,er) = (41,92, --,qk), (5.1)
where Q = [q1,q2, . -.,qx]. Remark that in this case A performs a step of subspace
iteration onto the space (e, es,...,e;), we will come back to this in the next

subsection.

Computing the Q R-factorization of a matrix can be done in theory, by apply-
ing for example the Gram-Schmidt orthogonalization procedure to the columns of
the matrix A.
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One can formulate and prove the following two theorems, related to the QR-
decomposition of a matrix A.

Theorem 5.1. For every matriz A there exists a full (and hence also a reduced)
QR-factorization.

Concerning the unicity of the decomposition we have the following result.

Theorem 5.2. Fach matriz A of full column rank has an essentially' unique
reduced Q) R-factorization.

Proofs of both of the above theorems can be found in, e.g., [145, 58, 140, 94].
The @ R-factorization, as already mentioned, above can be computed by the clas-
sical Gram-Schmidt procedure. However, the modified Gram-Schmidt procedure
gives better numerical results. Most techniques, used in practice, involve House-
holder/Givens transformations for making the matrix A upper triangular.

Computing the @QR-factorization of a standard dense matrix (not symmet-
ric) involves 4/3n3 + O(n?) operations when using Householder transformations
and 2/3n® + O(n?) operations in case the matrix is made upper triangular by
Givens transformations. We will graphically depict here the computation of the
QR-factorization? of a dense matrix by means of Householder transformations.

The technique is illustrated on a 5 x 5 example. Remark that we do not
perform similarity transformations anymore, we will only act on the left-hand side
of the matrix A. Let Ay = A. Determine a first Householder transformation H{
which will annihilate the elements ® placed in the first column:

QRO X
X X X X X
X X X X X
X X X X X
X X X X X
O O O O X
X X X X X
X X X X X
X X X X X
X X X X X

)

T
Ay H1—>AO Aj.

We see that clearly the first column is already in upper triangular form. Apply-
ing a second Householder transformation, chosen in order to annihilate the elements

IWith essentially we mean, that up to the signs, the columns are identical. A more formal
definition will be given in Section 6.2, Definition 6.20.

2Even though we speak about ‘the’ QR-factorization, the factorization is not always unique.
Further in the text examples different @ R-factorizations will be given, which will not be suitable
for applying the QR-algorithm on sparse or structured rank matrices. These @ R-factorizations
will not preserve the structure, as we will show later on.
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in the second column just below the diagonal gives us the following situation:

oo oo X
¥ OB XX
X X X X X
X X X X X
X X X X X
O O O O X
O O O X X
X X X X X
X X X X X
X X X X X

)
T
4, H2 A,

Applying two more Householder transformations completes the job. We depict
here the application of these transformations:

X X X X X X X X X X
0 X X X X 0 X X X X
0 0 x x X 0 0 x x Xx
_—
0 0 ® x X 0 0 0 x X
0 0 ® x X 0 0 0 x X
(3
T
A, B3 A2 4
One last element needs to be annihilated:
X X X X X X X X X X
0 X X X X 0 X X X X
0 0 x x x 0 0 x x x
—_—
0 0 0 x x 0 0 0 x X
0 0 0 ® x 0O 0 0 0 x

)
T
A, Hids 4

It is clear that this method involves a heavy computational effort as O(n?)
elements need to be annihilated from the lower triangular part.

Computing however the Q) R-factorization of, e.g., a Hessenberg matrix is much
cheaper. Instead of annihilating O(n?) elements, only O(n) elements need to be re-
moved. In the next section we will see how we can exploit this property for reducing
the overall complexity when computing the eigenvalues via the Q) R-algorithm. Also
when computing the @ R-factorization of structured rank matrices one can decrease
the computational effort by exploiting the low rank properties of the involved ma-
trices. An elaborate study on computing @ R-factorizations of general structured
rank matrices can be found in the first volume and in [56].
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5.1.2 The @ R-algorithm

The @ R-algorithm is a straightforward tool for computing the eigenvalues and eigen-
vectors of a given matrix. The idea is to compute a sequence of similar matrices
converging to a diagonal matrix. We start with a matrix A = A(® and compute
the following sequence:

A0 A 4@

3

where the matrices A are computed as follows®:

AD — T = QWRY
A = ROQW 4 1,

where p; is a cleverly chosen shift,* to speed up convergence A step to go from
A to AGHD s called a step of the QR-method or a QR step. So, first the QR-
factorization of the matrix A minus a shift is computed, then these factors are
used for computing the next iterate.

In fact one can interpret this Q) R-algorithm also as a kind of subspace iteration
as we did in the first part. Namely a subspace iteration with a basis transforma-
tion after each step, such that one works with changing matrices instead of with
changing subspaces. This is clear when considering Equation (5.1). This results
in convergence of the eigenvalues closest to p;. These eigenvalues will appear at
the bottom right of the matrices A®). More information on how to interpret this
subspace iteration and on convergence speed of shifted subspace iterations can be
found in the first part and in [182, 179, 177, 178, 191].

After an eigenvalue has converged, one can deflate this value and continue by
choosing another p; to force convergence to another eigenvalue and so forth. The
orthogonal matrices Q¥ need to be stored in order to compute the eigenvectors, or
one can also compute the eigenvectors via inverse iteration, but this might result in
loss of orthogonality.

It is clear that the Q R-algorithm as presented here needs to compute in every
step the QR-factorization of the matrix A®. In case the matrix A is dense the
cost of one step of the @ R-method is huge, namely O(n?) in every step. Hence the
total complexity of computing the eigenvalues via this method is O(n?*) (assuming
a fixed number of iterations to find each eigenvalue).

In the following section we will reconsider what we have discussed here, but we
will try to reduce the complexity of the method presented here by exploiting the fact
that one can more easily (cheaper) compute the @ R-factorization of a Hessenberg
matrix.

3We assume in this book that all matrices taken into consideration are real. In general, when
working with complex matrices and complex eigenvalues, one also needs to change the transpose
to the hermitian conjugate.

4 Also the shift can be chosen complex in some cases. This can happen when all eigenvalues are
not real.
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Notes and references

The @ R-factorization is said to be a basic linear algebra tool, having its impact in different
topics of linear algebra. The factorization is therefore already covered in many basic linear
algebra textbooks such as Trefethen and Bau [145], Demmel [58], Golub and Van Loan
[94] and Stewart.

w G. W. Stewart. Matriz Algorithms, Volume I: Basic Decompositions.
STAM, Philadelphia, Pennsylvania, USA, 1998.

These books discuss the interpretation via Gram-Schmidt and derive the modified
Gram-Schmidt procedure. Finally also other triangularization methods, via Householder
and/or Givens transformations are discussed.

The @ R-algorithm is closely related to the QQ R-factorization and is covered in detail
the following textbooks: Stewart [142], Parlett [129] and Wilkinson.

ww J. H. Wilkinson. The Algebraic Figenvalue Problem. Numerical Mathe-
matics and Scientific Computation. Oxford University Press, New York,
USA, 1999.

The books by Stewart, Parlett, Wilkinson and Watkins are entirely dedicated to
eigenvalue problems. Of course information can also be found in the books mentioned
above on the QR-factorization, such as [58, 94, 145, 180].

These textbooks also contain all the information that will be mentioned in the forth-
coming two sections. They deal with () R-algorithms including the reduction to sparse form
and all theoretical results needed for developing implicit ) R-algorithms for sparse matri-
ces.

5.2 A (@ R-algorithm for sparse matrices

In the previous section we briefly discussed the setting of the @ R-algorithm. The
algorithm as it was discussed there was expensive. O(n?*) operations were necessary
to compute all the eigenvalues of a matrix.

In the first part of this book we discussed an orthogonal similarity transfor-
mation for reducing a matrix to sparse format, preserving thereby the eigenvalues.
We showed how to reduce a matrix to Hessenberg form or to tridiagonal form in
case the original matrix was symmetric.

Let us investigate the possibility of using these sparse matrices for computing
the eigenvalues instead of the dense matrices considered in the previous section. We
will consider only Hessenberg matrices in this section. The approach for symmetric
matrices, using tridiagonal matrices instead of Hessenberg matrices is similar.

5.2.1 The ()R-factorization

We assume in this section that we are working with a Hessenberg matrix H, for
which we would like to compute the eigenvalues. A Hessenberg matrix has already
many more zeros than the original similar matrix A, hence the number of operations
involved for computing the @ R-factorization will be significantly reduced.
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Suppose H to be an n x n Hessenberg matrix, then there exist n — 1 Givens
transformations such that

Gr \GT ,...GTH =R,

with R an upper triangular matrix. The Givens transformations G7 are constructed
such that applying them onto the matrix H annihilates the element in column i,
row ¢ + 1. Hence every Givens transformation is chosen to annihilate a subdiagonal
element starting with the bottom one. There are n—1 subdiagonal elements. Hence,
we need to perform n — 1 Givens transformations from top to bottom. Computing
this Q R-factorization involves only 3n? + O(n) operations, in contrast to the O(n?)
operations from the previous chapter.

In order to be able to use this factorization in every step of the @ R-algorithm,
we would like to obtain again a Hessenberg matrix after a step of the QQ R-algorithm.
Let us prove that the structure of a Hessenberg matrix is maintained during the
QR-algorithm.

5.2.2 Maintaining the Hessenberg structure

In this subsection we will prove that applying one step of the () R-algorithm on the
Hessenberg matrix H with shift z°, namely:

results in a matrix H, which will also be of Hessenberg form.

The matrix Q7 is constructed in such a way, that applying it onto the matrix
H — plI makes the matrix upper triangular, moreover this matrix consists of a
sequence of n — 1 Givens transformations from bottom to the top.b

Hence the second equation, in which we apply the matrix @ to the right of
the matrix R, fills this matrix up with an extra subdiagonal. Let us briefly depict
what happens. Assume we have the intermediate matrix R and apply the matrix
Q = G1Gy---G,_1 to its right. We demonstrate this for a 5 x 5 example. First
we apply the Givens transformation G to the right of the matrix R, the Givens
transformation acts on the first two columns of this matrix, this results in a matrix
th

5The shift can also be complex in this case, and hence one has to switch to complex computa-
tions.

61t is essential that this type of QR-factorization is used, otherwise maintaining the structure
is not necessarily true as will be shown in the forthcoming example.
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X X X X X X X X X X
X X X X X X X X X

X X X X X X

X X X X

X X

0
r %9 g,

The second Givens transformation G5 acts on the second and third column and
creates the following intermediate matrix Ra:

X X X X X X X X X X
X X X X X X X X X X
X X X X X X X

X X X X

X X

)

r, ®1C2 g,

One can easily continue with this procedure and the resulting matrix will again
be a Hessenberg matrix. In the following example we show that the choice of the
@ R-factorization is essential for the preservation of the structure. In case one does
not use the ()R-factorization as presented here, based on the sequence of Givens
transformations from bottom to top, one cannot guarantee the preservation of the
structure in general.

Example 5.3 For Hessenberg matrices, the type of Q) R-factorization is important
to prove that the Hessenberg structure is maintained under one step of the QR-
algorithm, as the example will show. Suppose we have a Hessenberg matrix of the
following form:

X X X X X
® X X X X

H=]0 0 0 x x (5.2)
0 0 0 x x
0 0 0 ® x

We perform a sequence of Givens transformations on the Hessenberg matrix such
that it becomes upper triangular G} GT H = R, for which G; and G are Givens
transformations and R is an upper triangular matrix. In fact only the two elements
marked with ® in matrix (5.2) need to be annihilated. Therefore G¥ performs a
Givens transformation on rows 3 and 5 to annihilate the element in position (5,4)
and G annihilates the element in position (2, 1) by performing a Givens transfor-
mation on the first and second row. We can calculate now the matrix RG1G5. This
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corresponds to performing one step of QR without shift to the Hessenberg matrix
H. The matrix RG1Gs is of the following form:

RGGy =

o O O X X
o O o X X
X X X X X
S X X X X
X X X X X

One can clearly see that the resulting matrix is not Hessenberg anymore. Therefore
some assumptions have to be placed on the type of @ R-factorization such that the
resulting matrix after a step of the @) R-algorithm is again Hessenberg. The QR-
factorization presented in [94] and in the previous subsection, consists of annihilating
all the subdiagonal elements by a Givens transformation on the subdiagonal element
and the diagonal element above it. When we use this type of Q) R-factorization to
compute the Q R-steps, we will always have again a Hessenberg matrix. |

The preservation of the structure implies that instead of applying the QR-
algorithm directly on a dense matrix it is better to first reduce it to Hessenberg
form. The reduction itself does cost O(n3) operations, but the following Q R-steps
are of the order O(n?). This leads to an overall complexity of O(n?) instead of
O(n*) when applying the QR-algorithm to dense matrices.

The @QR-algorithm as it is designed here, with the formation of the matrices
@ and R and performing the multiplication R(Q) is called an explicit Q) R-algorithm.
In the following section we will propose a variant of this method namely an implicit
@ R-algorithm. In an implicit @ R-algorithm the matrices () and R are not formed
explicitly.

5.3 An implicit ) R-method for sparse matrices

In the previous section we briefly mentioned that the method proposed above was
an explicit @ R-method, involving the explicit computation of the matrices ¢ and
R. Let us see here what the ingredients are to compute a step of the Q R-algorithm
implicitly, without explicitly computing the @ R-factorization.

5.3.1 An implicit ) R-algorithm

Rewriting the equations that determine a step of the Q) R-algorithm as developed in
the previous section, we obtain that the matrix AG+1) is similar to the matrix A®
in the following fashion:

AGHD — T 4000

with
AD — T = QWRW,
The idea of an implicit @ R-algorithm is to compute the matrix AG*+1) | using
only the first formula by exploiting some information from the second equation.



164 Chapter 5. Introduction: traditional sparse ) R-algorithms

The implicit @Q R-algorithm as it will be developed in the remainder of this section
is only suitable for sparse matrices. Remember that with sparse matrices we mean
Hessenberg or tridiagonal matrices.

Let us first develop the bulge chasing technique that will give us the implicit
@ R-algorithm.

5.3.2 Bulge chasing

We will now develop a structure restoring algorithm. More precisely, assume that
our Hessenberg structure has been disturbed in the first two columns by a similarity
Givens transformation acting on the first two rows and columns. This means that
the Hessenberg matrix has a nonzero element in the first column on the third posi-
tion. Starting from that matrix we will bring the matrix back to Hessenberg form.
It will be shown that the initial matrix needs to obey certain conditions, called the
unreducedness of the Hessenberg matrix. In the following section we will see that if
we choose this disturbing Givens transformation in a good way, that the resulting
Hessenberg matrix is identical (up to the sign) to the one resulting from a step of
the QR-algorithm.

Let us construct the bulge chasing technique. Assume we start working on a
5 x 5 Hessenberg matrix on which we perform an initial similarity Givens transfor-
mation G1, acting on the first two rows and columns. We assume moreover that all
considered subdiagonal elements are different from zero. This gives us the following
figure, with Hy = H (the elements not shown in the figures below are assumed to
be zero):

X X X X X X X X X X
X X X X X X X X X X
X X X X X X X X X

X X X X X X

X X X X

¢

T
H, GG

The Hessenberg structure in the matrix H; is clearly disturbed in the first column.
In the next step we perform a similarity Givens transformation in order to remove
the element in position (3,1). We determine Givens transformation Ga, such that
applying it onto the second and third row of the matrix H; annihilates this dis-
turbing element. Performing this similarity transformation creates the following
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situation, the element that will be annihilated is again marked with ®:

X
X

® X X

X X X

X X X X
X X X X X
X X X X X
X X X X
X X X X
X X X X X
X X X X X

)

T
1GQL1G2>H2.

H
Unfortunately, removing the first bulge creates another one in position (4,2). Re-
moving this bulge by a good chosen Givens transformation Gg gives us the following
result:

X X X X X X X X X X
X X X X X X X X X X
X X X X X X X X
® X X X X X X
X X X X X

(3
T
Hs> GSLQG% Hs.

A last transformation is necessary to remove the final bulge in the last row:

X X X X X X X X X X
X X X X X X X X X X
X X X X X X X X

X X X X X X

® X X X X

)

T
g, GatlsCy g

We see that this technique gives us an easy way to transform a disturbed
Hessenberg matrix via similarity transformations back to Hessenberg form. This
technique is often called bulge chasing because a bulge, not satisfying the Hessenberg
structure, is moved downwards in order to remove it.

We assumed however when starting this reduction procedure that our initial
Hessenberg matrix had no subdiagonal elements equal to zero. One can clearly check
in the above reduction procedure that a single zero subdiagonal element causes the
algorithm to break down in an early stage in the middle of the matrix.

Therefore we assume that we are working with an unreduced Hessenberg ma-
trix. A matrix H is said to be unreduced or irreducible if all the subdiagonal
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elements are different from zero. Remark that when computing eigenvalues there
is no loss of generality when assuming this. A matrix which is not unreduced can
be split into several unreduced Hessenberg matrices, such that the eigenvalues of
the global matrix are the union of the eigenvalues of the unreduced Hessenberg
matrices. Splitting up such a reducible Hessenberg matrix is sometimes referred to
as deflation. Assume for example that we have the following Hessenberg matrix H
with one subdiagonal element zero:

| Hi1 Hipe
i |

such that the matrix H is of size n X n, and the matrices Hy; and Has of sizes
n1 X n1 and ng X ng, respectively, with n = ny; + ny. The matrix H is clearly
reducible as the subdiagonal element in position (n1 4+ 1,n1) is zero. This matrix
can be decomposed into two unreduced Hessenberg matrices H; and Hso. Moreover
the eigenvalues of Hy1 together with the ones of Hoo give the eigenvalues of H.

Note 5.4. We remark that the definition of unreducedness for a symmetric tridi-
agonal matriz is similar to the one for Hessenberg matrices, namely all subdiagonal
elements should be different from zero.

Another feature of an unreduced Hessenberg matrix H is that it has an es-
sentially unique @ R-factorization. Moreover also H — ul, with p a shift has an
essentially unique @R-factorization. This is straightforward because of the zero
structure below the subdiagonal. Only the last column can be dependent of the
first n — 1 columns. Essentially unique means that the sign of the columns of the
orthogonal matrices @ can differ as well as the signs of the elements in R.” Because
the previous n — 1 columns are linearly independent, the first n — 1 columns of
the matrix @ in the @ R-factorization of H = QR, are linearly independent. @ is
an orthogonal matrix, and the first n — 1 columns are essentially unique. As the
dimension is n and we already have n — 1 orthogonal columns, the last column
is uniquely defined as being orthogonal to the first n — 1 columns. This means
that the @ R-factorization is essentially unique. Summarizing, this means that the
Q R-factorization of an unreduced Hessenberg matrix H has the following form:

R|w
7=q |4,

for which R is a nonsingular upper triangular matrix of dimension (n—1) x (n— 1),
w is a column vector of length (n — 1), and « is an element in R. We have that
« = 0 if and only if H is singular. This means that the last column of H depends
on the previous n — 1.

In the next subsection we will prove that a cleverly chosen G, which is per-
formed first on the unreduced Hessenberg matrix H, followed by the bulge chasing
technique, can be interpreted as performing a step of QR on the matrix H.

7A formal definition of essentially uniqueness will be given in Chapter 6, Subsection 6.2.1.
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5.3.3 The implicit )-theorem

Assume we choose the initial transformation GG simply as the Givens transformation
annihilating the first subdiagonal element of the matrix H — pul. Choosing the
Givens transformation in this way guarantees that performing the chasing technique
is equivalent to performing a step of the QR method on the matrix H with shift u.
Let us prove this in this section. To do so we need the implicit Q-theorem.

The implicit Q-theorem for Hessenberg matrices is completely similar to the
one for symmetric tridiagonal matrices. We formulate only the Hessenberg case
here.

Theorem 5.5 (Implicit @Q-theorem, from [94, p. 347]). Suppose @ =
[q1,---,qn] and V = [v1,...,v,] are orthogonal matrices with the property that both
QTAQ = H and VT AV = G are Hessenberg matrices where A € R™ ™. Let k
denote the small positive integer for which hri1 = 0 with the convention that
k = n if H is unreduced. If vi = q1, then v; = xq; and |hii—1| = |gi,i—1]| for
i1 =2,...,k. Moreover, if k < n, then gry11 = 0.

The implicit @Q-theorem for symmetric tridiagonal matrices as well as the
proofs for both the theorems can be found in [94].

Assume the matrix A = QTAQ, the result of applying a step of the explicit
@ R-method with shift x4 onto the matrix A. We remark that the matrix A — ul =
QR. By construction we know that the orthogonal matrix ¢ consists of n — 1
Givens transformations Q = G1G5 ... G,—1. Choosing as an initial transformation
for the bulge chasing technique the matrix G, i.e., that we apply our bulge chasing
technique on the matrix GT AG1, this results in a matrix A = QT AQ. Due to the
construction of the chasing technique one can see that Qe; = (:Qel, hence we know
that both matrices are essentially unique, under the assumption that both A and
A are unreduced.®

5.4 On computing the singular values

In this book we will also discuss an alternative method for computing the singular
values. Instead of using bidiagonal matrices as intermediate matrices we will use
now upper triangular semiseparable matrices.

The idea is to use all the tools available for computing eigenvalues for sym-
metric matrices and to translate these tools to the singular value case. In fact we
will adapt the algorithm for computing the eigenvalues of the symmetric matrix
AT A in order to compute the singular values of the matrix A. Let us describe the
main ideas in this method. This section is mainly based on [94, pp. 448-460].

Let A € R™*". Without loss of generality, assume that m > n. In a first phase
the matrix A is transformed into a bidiagonal one by orthogonal transformations

8This can be assumed without loss of generality as otherwise the problem decouples.
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Up and Vp to the left and to the right, respectively, i.e.,

(dy AL 0 .- 0
0 do - .
T B .
UgAVp = 0 , with B = 0
. T N fnfl
L0 - 0 dn |

This transformation was already discussed extensively in the first part of this book.

Without loss of generality we can assume that all the elements f; and d; in
the matrix B are different from zero (see [94, p. 454]), otherwise we can apply
deflation, split the matrix into two parts or easily chase away the zero. These
demands correspond to the fact that the matrix BT B is unreduced.

Knowing B we will apply now the @) R-method to it. This method will generate
a sequence of bidiagonal matrices converging to a block diagonal one.

Here a short description of one iteration of the @ R-method for computing the
singular values is considered. More details can be found in [94, pp. 452-456].

Let V3 be a Givens rotation such that the following equality is satisfied:

sr [ di—p ] _ [ x

7 ]-15]
where g is a suitably chosen shift. We remark that this Givens transformation is
essentially equal to the Givens transformation chosen in order to annihilate the first
subdiagonal element of the matrix BT B — ul.

Let V; be the matrix in which V; is embedded, i.e., V; = diag(ffl,fn,g), with

I, k > 1, the identity matrix of order k. The matrix B is multiplied to the right by
V1, introducing the bulge denoted by ® in the matrix BV,

x x 0
® X X 0
0 0 x Xx 0

The remaining part of the iteration consists of hopping the bulge around until
it is eventually removed. We will illustrate this hopping technique on a 5 x 5
example. A Givens transformation U{ is applied to the left of the matrix BV; in
order to remove the element marked with ® in the previous equation. The Givens
transformation acts on the first two rows:

urBv, =

oo oo X
oo o X X
co X X Q®
o X X oo
X X © oo
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Applying this transformation causes the bulge to hop around from the subdiagonal
to the second superdiagonal. A Givens transformation V5 is performed to the right
acting on column 2 and 3 to remove the marked element:

x x 0 0 0
0 x x 0 0
UIBViVa=] 0 ® x x 0
0 0 0 x x
0 0 0 0 x

In the next step we remove the element ® by a Givens transformation UJ acting
on rows 2 and 3. This gives us the following equality:

x x 0 0 0
0 X x ® 0
UJUrBViVo=1 0 0 x x 0
0 0 0 x x
0 0 0 0 x

This procedure can be repeated to chase away the bulge. In general one needs
to apply 2n— 3 Givens rotations, Uy,...,U,_1, V5, ..., V,_1 moving the bulge along
the bidiagonal and eventually removing it,

X x 0 .-
UTBV = (UL - -UN)B(WVa---Vy_y) = 0 x x 0 -
n—1 1 1v2 n—1 0 0 % % 0

Hence, the bidiagonal structure is preserved after one iteration of the () R-method.
It can be seen that Ve; = Vie;,where e; is the first vector of the canonical basis.

We will now relate the chasing algorithm presented above to the @QR-factor-
ization of the related tridiagonal matrix BT B, because in one of the forthcoming
chapters, we will describe a similar algorithm for upper triangular semiseparable
matrices S, and we will base this algorithm on a Q) R-step applied to the semisepa-
rable matrix S = SI'S,,, just like here.

Suppose we have the bidiagonal matrix B and we want to compute its sin-
gular values. A naive way to do this consists of calculating the eigenvalues of the
symmetric tridiagonal matrix T = BT B. In fact this is not a good idea, because it
will square the condition number. Let us apply now one step of the @ R-algorithm
to this tridiagonal matrix T

BTB—-ul = QR
T = RQ+ ul.
Let us compare this with the transformations applied to the matrix B as described

above. B is transformed into another upper bidiagonal matrix B = UTBV. This
means that we have the following two equations:

{ T = QU(BTB)Q
BTB = VT(BTB)V.

T3 =
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We know that Qe; = Ve;. Using the implicit @-theorem for tridiagonal matrices,
we get the desired result, namely the matrices T and BT B are essentially the same.
This means that if 7' converged to an eigenvalue, then B converged to a singular
value.? Moreover, using the technique as described in the beginning of this section
we can calculate the singular values, without explicitly forming the product B” B,
which would have squared the condition number of the matrix.

Summarizing, the Q R-method for computing the singular values of a matrix
A € R"™*"™ can be divided into two phases.

1. Reduction of A into a bidiagonal matrix B by means of orthogonal transfor-
mations.

2. The @QR-method to compute the singular values is applied to B.

In the new method based on structured rank matrices, the role of the bidiag-
onal matrices is played by upper triangular semiseparable matrices, which are the
inverses of bidiagonal matrices, as proved in Theorem 1.10.

Notes and references

Computing the singular values via this () R-method is a well-known tool. It is covered in
basic textbooks such as the Golub and Van Loan [94], Trefethen and Bau [145] and many
others.

The use of the traditional () R-algorithm towards the computation of the singular
values was presented by Golub and Kahan [93] and was discussed in Subsection 2.4.1 in
Chapter 2.

5.5 Conclusions

In this chapter some known concepts related to @ R-algorithms for sparse matrices
were refreshed. It was mentioned what is meant with a @QR-factorization and a
QR-algorithm. It was shown how both algorithms can be suitably adapted to
low cost algorithms in case one is working with sparse matrices. A bulge chasing
technique was developed for Hessenberg matrices, leading to an alternative Q)R-
algorithm (implicit) for computing the eigenvalues. Finally we also showed the
relation between the @) R-algorithm for tridiagonal matrices and the @ R-algorithm
for computing the singular values.

Now we know which tools are necessary for developing ) R-algorithms we
will adapt all this material towards the structured rank case. In the next chapter
first some theoretical results will be derived, followed by the chasing techniques in
Chapter 7.

9 Again there is no loss in assuming both matrices to be unreduced, otherwise deflation could
be applied.



Chapter 6

Theoretical results for
structured rank
() R-algorithms

In Chapter 7 of this book we will design different types of implicit ) R-algorithms
for matrices of semiseparable form. More precisely the chasing techniques will
be developed in that chapter. Before we are able to construct these algorithms
some theoretical results are needed. In this chapter we will provide answers to
the following problems for Hessenberg-like matrices. How can we calculate the
@ R-factorization of a Hessenberg-like plus diagonal matrix? What is the structure
of an unreduced Hessenberg-like matrix and how can we transform a matrix to
the unreduced form? Is the Hessenberg-like structure maintained after a step of
QR with shift? Does some kind of analogue of the implicit Q-theorem exist for
Hessenberg-like matrices?

The theorems, definitions and results in this chapter are applied to Hessenberg-
like matrices, because this is the most general structure. In the following chapter, we
will adapt, if it is necessary, the theorems to the other cases, namely the symmetric
case and the upper triangular semiseparable case, for computing the singular values.
As these structures, semiseparable and upper triangular semiseparable, have more
structure with regard to the Hessenberg-like case, we will often be able to simplify
some definitions or to obtain stronger results.

This chapter consists of three sections. In the first two sections results related
to Hessenberg-like matrices will be shown. The preservation of the Hessenberg-like
structure after a step of the @QR-algorithm is the subject of the first section and
the second section focuses on the development of an implicit Q-theorem. The last
section briefly discusses the Hessenberg-like plus diagonal case.

In the first section of this chapter we focus towards the @ R-factorization and
the structure after performing a QR-step. In a first subsection we will investigate
“a type” of QQR-factorization of Hessenberg-like plus diagonal matrices. We say a
type of because we will show in the next section, that the @) R-factorization is not
necessarily unique. The factorization we propose is based on the paper [156] and
was also presented in Volume I, Chapter 9 of this book [169]. In the factoriza-
tion presented here, the orthogonal matrix @ is constructed as a product of 2n — 2

171
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Givens transformations, with n the dimension of the matrix. Suppose we have a
Hessenberg-like plus diagonal matrix Z + D. It will be shown that a first sequence
of n — 1 Givens transformations ()1 will transform the matrix Z into an upper
triangular matrix Q7 Z. These Givens transformations will transform the matrix
D into a Hessenberg matrix. Our resulting matrix Q¥ (Z + D) will therefore be
Hessenberg. The second sequence of Givens transformations will reduce the Hes-
senberg matrix to upper triangular form. In the second and third subsection we will
investigate the structure of a Hessenberg-like matrix after having applied a step of
the @ R-algorithm with shift. First we show that the choice of the ) R-factorization
is essential to obtain again a Hessenberg-like matrix after a Q) R-step. This fact is
illustrated by an example. Using the @) R-factorization for Hessenberg-like matrices
as explained in Subsection 6.1.1, we will prove the following theorems: The struc-
ture of a Hessenberg-like matrix is maintained after a step of QR without shift;
the strictly lower triangular rank structure of a matrix is maintained after a QR-
step with shift; the Hessenberg-like structure is maintained after a QQR-step with
shift. Note that for these theorems no assumptions concerning the singularity of
the matrices are made.

In the second section we will develop an implicit @-theorem for Hessenberg-like
matrices. In order to do so, we define what is meant with an unreduced Hessenberg-
like matrix. It will be shown later on that this unreducedness demand plays a very
important role in the implicit @-theorem and in the construction of the implicit
@ R-algorithm. Moreover, using the definition of an unreduced Hessenberg-like ma-
trix, it is rather easy to prove the essential uniqueness of the Q) R-factorization for
Hessenberg-like matrices. By essentially unique we mean that two Q R-factorizations
only differ for the sign of the elements. In the first subsection we will define unre-
duced Hessenberg-like matrices, and in the third Subsection 6.2.3 we will prove an
implicit Q-theorem for Hessenberg-like matrices. This implicit Q-theorem strongly
depends on the unreducedness of the Hessenberg-like matrix. Therefore we will
provide in Subsection 6.2.2 an easy way of transforming a Hessenberg-like matrix
to unreduced form. The algorithm provided performs in fact a special QR-step
without shift on the Hessenberg-like matrix. This results in an algorithm, reveal-
ing immediately the singularities of the corresponding Hessenberg-like matrix. In
the third subsection (Subsection 6.2.3) we will provide an implicit @-theorem for
Hessenberg-like matrices. The theorem is quite similar to the theorem for Hessen-
berg matrices. It will prove to be very powerful in the next chapter when we start
with the construction of the different @ R-algorithms.

In the final section of this chapter we will briefly discuss the case of Hessenberg-
like plus diagonal matrices. The development of an implicit @ R-algorithm for
Hessenberg-like plus diagonal matrices is similar to the Hessenberg-like case. Un-
fortunately the diagonal makes the matter more complicated, involving a lot of
theoretical details. Hence we will not cover the @ R-algorithm for Hessenberg-like
plus diagonal matrices in detail. We will only prove here, that in case the diag-
onal has all diagonal elements different from zero, that the rank structure of the
matrix is maintained after a step of the QQ R-algorithm. Moreover also the diagonal
is maintained. In the upcoming two chapters the issues related to an implicit Q)R-



6.1. Preserving the structure under a QQ R-step 173

algorithm for semiseparable plus diagonal matrices will be discussed only briefly. A
graphical interpretation of the connected chasing algorithm is given in Section 8.2,
Subsection 8.1.3. The notes and references will point to articles, containing more
detailed information for computing the eigenvalues of Hessenberg-like plus diago-
nal matrices. Also a divide-and-conquer method for computing the eigenvalues of
semiseparable plus diagonal matrices will be discussed in a forthcoming chapter (see
Chapter 10).

®\  This chapter is concerned with providing the theoretical tools for the
development of an (implicit) Q R-algorithm for structured rank matrices.

Initially we start with the preservation of the Hessenberg-like structure under a
step of the @ R-algorithm. Important in this context is the type of Q) R-factorization
used (Subsection 6.1.1). Some special cases in which the structure is preserved are
presented in Subsection 6.1.2, but the main theorem is Theorem 6.8 proving the
preservation of the structure of a Hessenberg-like matrix under a step of the Q)R-
algorithm. It is worth reading the proof of the theorem as it uses elementary matrix
properties. Example 6.12 is important as it shows that the type of () R-factorization
is essential for preserving the structure.

An implicit QQ-theorem is based on the definition of unreducedness (Defini-
tion 6.14). The reduction to unreduced form is necessary before being able to start
with an implicit QQ R-algorithm. Subsection 6.2.2 depicts graphically this reduction
procedure. The implicit Q-theorem is proved in Subsection 6.2.3, and involves a lot
of theoretical details. The theorem itself (Theorem 6.28) is however very powerful
and looks a lot like the one of the sparse case. Necessary for the understanding
of the theorem are the notions “essentially the same” (Definition 6.20) and “the
unreduced number” (Definition 6.21). The power of this implicit Q-theorem also
extends towards the reductions to structured rank form as mentioned in Note 6.30,
consider also the Examples 6.31 and 6.32.

The proof that the structure of a Hessenberg-like plus diagonal matrix is
maintained under inversion is not trivial. A simplified proof if the diagonal elements
are different from zero is provided in Theorem 6.33. The general case is considered
in Theorem 6.35.

6.1 Preserving the structure under a () R-step

The main goal of this section is to prove that the structure of a Hessenberg-like (plus
diagonal) matrix is preserved under a step of the @ R-algorithm. This is essential
for the development of an effective implicit @ R-algorithm. This section is divided
into three subsections. The first subsection briefly repeats how to compute the Q R-
factorization of a Hessenberg-like plus diagonal matrix. In the second subsection
we discuss, respectively, the preservation of the Hessenberg-like structure, when
performing a step of the @@ R-method. Results on the preservation of the structure
if one is working with a Hessenberg-like plus diagonal matrix are presented in the
last section of this chapter (Section 6.3).
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6.1.1 The (QR-factorization

Before Q R-algorithms can be introduced it is important to retrieve more information
about the @) R-factorization of Hessenberg-like plus diagonal matrices. We consider
the class of Hessenberg-like plus diagonal matrices instead of the Hessenberg-like
class, because we will deduce implicit Q) R-algorithms with a shift.

The @ R-factorization we will propose here is based on the @ R-factorization
of semiseparable plus diagonal matrices as described in [156] and in the first volume
of this book [169]. First we will explain the algorithm for computing the QR-
factorization of Hessenberg-like matrices. Then we will specify in more detail the
@ R-factorization of Hessenberg-like plus diagonal matrices. The computation of
the @ R-factorization of a Hessenberg-like matrix Z is straightforward. Due to the
structure of the matrix involved, applying n—1 Givens rotations G7,i = 1,...,n—1,
from bottom to top (G7 acts on the last two rows of the matrix, annihilating all the
elements in the last row of Z below the main diagonal, GI acts on the rows n—2 and
n — 1 of GT'Z, annihilating all the elements in row n — 1 below the main diagonal,
GI_, acts on the first two rows of G1_, - - - GT Z, annihilating the element in position

(2,1)) reduces the Hessenberg-like matrix Z to an upper triangular matrix R:
GT .. GYGTzZ=R.

Note 6.1. These Givens transformations are the transpose of the Givens trans-
formations stored in the Givens-vector representation of the Hessenberg-like ma-
trix. This gives an essential advantage when implementing the QR-algorithm for
Hessenberg-like matrices as they are known a priori when working with the Givens-
vector representation.

Let us now calculate the ) R-factorization of a Hessenberg-like plus diagonal
matrix: Z + D. The @ factor of this reduction consists of 2n — 2 Givens trans-
formations. The first n — 1 Givens transformations are performed on the rows of
the Hessenberg-like matrix from bottom to top. These Givens transformations are
exactly the same as the ones described in the previous paragraph. These Givens
transformations transform the Hessenberg-like matrix into an upper triangular ma-
trix. When taking into consideration the diagonal, one can see that these n — 1
Givens transformations transform the diagonal part into a new Hessenberg matrix
H:

Gl ,..GEGT(Z+D)=R+H=H.
Recombining the upper triangular matrix R and the Hessenberg matrix H gives
another Hessenberg matrix H. This matrix will then be made upper triangular by
another n — 1 Givens transformations G¥,i = n,...,2n — 2, from top to bottom:
Gl _5...GYGT(Z + D)
-GI _,..aT <R+H>
=R.



6.1. Preserving the structure under a QQ R-step 175

Note 6.2. If one of the Givens transformations is not uniquely determined (this
means that the Givens transformation had to be calculated based on the vector
[0,0]7) then we choose the Givens transformation equal to the identity matriz.

Note 6.3. The number of Givens transformations 2n — 2 can be reduced to 2n — 3,
because the last Givens transformation of the first sequence and the first Givens
transformation of the second sequence can be combined into one single Givens trans-
formation.

Note 6.4. In the previous part in Chapter 4 some techniques were presented for
working efficiently with Givens transformations. Also the shift through lemma was
presented. Combining these techniques, one can construct different patterns of
Givens transformations for computing the QR-factorization (more details can be
found in Volume I [169] and [57]). These different patterns of annihilation can
also be used for constructing different types of QR-algorithms. More information is
given in the notes and references section.

When applying this technique to a semiseparable plus diagonal matrix, more
general theorems concerning the structure, e.g., the structure of R for general rank
structures, can be derived. These theorems can be found in [56, 156, 169]. This
@ R-factorization can also be used to compute eigenvectors via inverse iteration.

6.1.2 A (QR-step maintains the rank structure

In this section we will prove that a QQR-step applied to a Hessenberg-like matrix
is again a Hessenberg-like matrix. Mathematically speaking this means that for a
Hessenberg-like matrix Z, with p a shift and

Z —ul = QR,

the Q) R-decomposition of Z — pul (with the Q R-decomposition as described in Sub-
section 6.1.110), the matrix Z satisfying

Z =RQ+ ul

is again a Hessenberg-like matrix. Because we want to place this in a general
framework, we derive a theorem proving this without putting any constraints on
the Hessenberg-like matrix. However, we do need to place demands on the type of
@ R-factorization used. This is illustrated by the following example for Hessenberg
matrices.

The type of @ R-factorization we will use to compute the decomposition for
Hessenberg-like matrices is the one as presented in Subsection 6.1.1 of this chapter.
The @ factor of the QR-decomposition consists of two sequences of n — 1 Givens

10Further in the text we will show, by an example, that it is essential that this specific type of
QR-factorization is needed. Otherwise one cannot guarantee in general that the structure will be
preserved. This remark is also true in the case of the preservation of the structure of Hessenberg
matrices as was shown in the previous chapter.
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transformations, let us define Q1 = G1...G,_1 and Q2 = G, ...Go,_o. This
means that the ) R-decomposition of a Hessenberg-like matrix minus a shift matrix
has the following form:

Q3Q1(Z —ul) =R,
leading to
(Z —pl) = Q1Q2R = QR.
Completing the step of the (Q R-algorithm leads to the following equations

Z = RQ1Qa + pul
= Q101 ZQ1Q,.

Note 6.5. If the matriz R is invertible, which is not always the case, then we also
have the following equation:
Z=RZR™.

Using this equation one can easily prove that the Hessenberg-like structure is main-
tained. This is true, because multiplying a Hessenberg-like matriz on the right or
on the left with an upper triangular matriz, does not destroy its semiseparable rank
structure in the lower triangular part (see, e.g., [23] in which this fact is exploited).
Moreover if the matrix Z is invertible and the shift equals zero, one can directly
switch, via inversion, to the Hessenberg case, which provides us with another easy
proof for maintaining the Hessenberg-like structure. If the shift is not equal to zero,
the QR-factorization is computed for the matriz Z — pl, inverting this matrix gives
again a Hessenberg-like plus diagonal matrixz and not a Hessenberg matriz. Hence
in the general case, p # 0, one cannot use the argument of inversion.

In the remaining part of this section we will first prove that the Hessenberg-
like structure is maintained when a step of QR without shift is performed. Then
we will prove theorems for a step of QR with shift applied on matrices having the
strictly lower triangular part of semiseparable form, Hessenberg-like matrices.

Theorem 6.6. Suppose we have a Hessenberg-like matriz Z and a step of the
QR-algorithm (with the QR-decomposition as in Subsection 6.1.1) without shift is
performed on the matriz Z :

{ Z = QR

7 = RQ.

Then the matriz Z will be a Hessenberg-like matrix.

Proof. Because no shift is involved, only the first n—1 Givens transformations need
to be performed on the Hessenberg-like matrix Z to retrieve the upper triangular
matrix R.
R=Q7z
T T
=G, ,...G1 Z.
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The Givens transformation G} performs an operation on rows (n—k) and (n—k+1).
Therefore one can clearly see that the transformations RG;...G,_1 will create
a matrix Z whose lower triangular part is semiseparable. As an illustration we
perform the transformations on a matrix of dimension 4, the elements marked with
X denote the part of the matrix satisfying the semiseparable structure.

[ x x x x ] [ x x x x ]

0 x x x 0 x x X

R = 0 0 x x RGy 0 0 ® x
00 0 x| 0 0 X @ |

[ x x x x] (X x x x ]

0 K x x X XK x x
RGGr | g mom x| B9%G | g g x «
0 R X K| ER

Using this theorem, and the knowledge about the Givens transformations in-
volved in the Q R-factorization we can easily formulate a theorem which states that
the structure of a matrix with the strictly lower triangular part of semiseparable
form is maintained under one step of the Q) R-algorithm with shift. (Note that for
matrices A with a strictly lower triangular semiseparable part the shift is not es-
sential, because the matrix A plus a diagonal still has the strictly lower triangular
part of semiseparable form.)

Theorem 6.7. Suppose we have a matriz A whose strictly lower triangular part
is semiseparable and a step of QR with shift (with the QR-decomposition as in
Subsection 6.1.1) is performed on this matrix:

Afu{ = @R
A RQ + pl.

The matriz A will have the strictly lower triangular part of semiseparable form.

Proof. The transformation @ consists of two sequences of Givens transformations
Q1 and Q2: Q = Q1Q>. The first sequence of transformations Q7 will make use
of the structured rank of the matrix A to reduce A to a Hessenberg matrix. This
transformation QT will also transform the shift matrix pI into a Hessenberg matrix.
We have

QTA—uQlI=H, + Hy, = H,

for which H,, H; and H are all Hessenberg matrices. The second sequence of Givens
transformations Q2 will be applied from top to bottom, to transform H into an
upper triangular matrix R:

QIQT(A—pl)=QSH =R.
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The matrix A satisfies now the following equation:
A= RQ1Qs + pl.

Because of the structure of the orthogonal matrices (1 and Q)2 which consist of a
sequence of Givens transformations in a specific order we have that R(Q); is a matrix
with lower triangular rank of semiseparable form. Performing the transformation
Q2 to the right of RQ1, RQ1Q2 will transform the lower triangular semiseparable
part to a strictly lower triangular semiseparable part. Therefore our matrix A will
have the desired rank structure. O

The theorem above already explains that for a Hessenberg-like plus diagonal
matrix the structure of the strictly lower triangular part is preserved. Unfortunately
we know from Volume I, that not every matrix having the strictly lower triangular
part of semiseparable form, can be written as a Hessenberg-like plus diagonal ma-
trix. Hence we do not yet know that after performing a step of the QQ R-algorithm
on a Hessenberg-like plus diagonal matrix we obtain again a Hessenberg-like plus
diagonal matrix. This is proved in the next theorem.

Theorem 6.8. Suppose we have a Hessenberg-like matrix Z, and we apply one
step of the shifted QR-algorithm (with the QR-decomposition as in Subsection 6.1.1)

on this matrix:
Z—pl = QR
Z = RQ+pul.

Then the matriz Z will be a Hessenberg-like matrix.

Proof. Without loss of generality, we may assume that the element in the lower
left corner is different from zero, otherwise there are zero blocks below the diagonal
(a theorem similar to Proposition 1.15 can be derived to state this fact), and we
can split the matrix into different blocks. Suppose we perform now a () R-step on
the Hessenberg-like matrix Z, then we have also the following two equalities:

Qfz =R, (6.1)
QY (R — pQTI) = Ry (6.2)

with Ry and Ry upper triangular, and p as a shift. Assume p to be different from
zero, otherwise we can refer to Theorem 6.6. Using the Equations (6.1) and (6.2)
we have that

Q1 (—ul) = Hy
where H; is a Hessenberg matrix. The matrix H; has all the subdiagonal elements
different from zero if all Givens transformations involved are different from the
identity matrix. Because the element in the lower left corner of the matrix Z is
different from zero, we know that the sequence of Givens transformations will not
contain Givens transformations equal to the identity matrix. Hence our matrix H;
has all subdiagonal elements different from zero.
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This means that the Hessenberg matrix H; and therefore also R; + H; is unre-
duced and has an essentially unique ) R-decomposition (see Subsection 5.3.2 from
Chapter 5):

QY (R, + H)) =R,

where R has two possible structures: all the diagonal elements are different from
zero or, all the diagonal elements are different from zero, except for the last one (see
Subsection 5.3.2 from Chapter 5). We have to distinguish between the two cases.

e Case 1. Suppose all the diagonal elements are different from zero, this means
that the matrix R is invertible, this gives us:

Z =RQ+ ul
= RZR™'.

We can see that the multiplication with the upper triangular matrices will not
change the rank of the submatrices below the diagonal. Therefore Z is again
a Hessenberg-like matrix.'!

e Case 2. Suppose now that our matrix R has the lower right element equal
to zero. We partition the matrices Q and R in the following way:

w515 ]
Q=[Q|al,

with R an (n — 1) x (n — 1) matrix, w a column vector of length n — 1, Q a
matrix of dimension n x (n — 1) and q a vector of length n. This gives us the
following equalities:

Denote with P an nx (n—1) projection matrix of the following form [[,, 1 0",
then we get (because R is invertible):

(Z —pul)P = QR

(Z —pIl)PR™*=Q
R-1
@-un| "]

HThis is easily verified when writing down explicitly the product of the matrix Z with upper
triangular matrices.
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Using these equalities we get:

Z = RQ + ul,
"R|w
:-TT:lQ+MIn
R w ]:2*1
= Leen 5 a] e

7 - pwln_1 | 2z
= I
L]
_[2]=
sRar
where Z is Hessenberg-like, and therefore also Z is a Hessenberg-like matrix,
which we had to prove.

O

Note 6.9. It is clear from the previous proof that the matriz Z (from Case 2)
immediately reveals the eigenvalue . This u is called the perfect shift.

Note 6.10. In the previous theorem we spoke about maintaining the structure of
Hessenberg-like matrices after a step of QR. The proof can however be adapted
very easily for generator representable Hessenberg-like matrices. After a step of
QR performed on a generator representable Hessenberg-like matriz we get again
a generator representable Hessenberg-like matriz, or we will have convergence to
one eigenvalue in the lower right corner, while the remaining part in the upper left
corner will again be a generator representable Hessenberg-like matrix.

Note 6.11. Once more we state that it is important that the sequence of Givens
transformations are performed in this special order. Otherwise it is possible to
construct a QR-factorization which will generally not give again a Hessenberg-like

matriz as the following example shows.

Example 6.12 Suppose we have the following Hessenberg-like matrix:

7 =

_ o = O
O = O
_= =0 O

1
1
0
1

Annihilating the complete last row with a Givens transformation applied on the
second and fourth row, and then annihilating the first element of the second row,
one gets a () R-factorization of the matrix Z. Applying the transformations again
on the right side of the matrix, will not give as result a Hessenberg-like matrix,
because there will be a block of rank 2 in the lower triangular part. |
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Essential for the development of an implicit ) R-algorithm, was the preserva-
tion of the structure, proved here, and the chasing technique. We proved in the
previous chapter that the chasing technique for Hessenberg matrices was correct,
based on an implicit Q-theorem for Hessenberg matrices. As the chasing technique
for Hessenberg-like matrices is more complicated than in the sparse case, we solve
this problem in the next chapter. In the current chapter we will prove the im-
plicit @Q-theorem for Hessenberg-like matrices and we will also define unreduced
Hessenberg-like matrices and so forth.

Notes and references

In this section we briefly showed how to compute the @ R-factorization of a Hessenberg-
like matrix and moreover we showed that the structure of such a Hessenberg-like matrix
is preserved under a step of the QR-method. The preservation of the structure of this
method is already discussed before in several articles.

The following article by Van Camp, Mastronardi and Van Barel investigates the
Q R-decomposition of semiseparable plus diagonal matrices (as used in this book) to solve
systems of equations. Also the first volume of this book [169] covers the QR-factorization
in detail, including higher order structured rank matrices. Moreover Volume I contains an
extensive list of references related to the subject.

w E. Van Camp, N. Mastronardi, and M. Van Barel. Two fast algorithms for
solving diagonal-plus-semiseparable linear systems. Journal of Computa-
tional and Applied Mathematics, 164—-165:731-747, 2004.

The Q R-factorization was also studied in a more general form in the book by Dewilde
and van der Veen. More precisely, the authors present a new type of representation for
sequentially semiseparable matrices or low Hankel rank matrices (quasiseparable matrices
also belong to this class). Also a @ R-factorization and inversion formulas for this class of
matrices are presented.

w P. Dewilde and A.-J. van der Veen. Time-Varying Systems and Computa-
tions. Kluwer Academic Publishers, Boston, Massachusetts, USA, 1998.

The authors Delvaux and Van Barel proposed a general scheme for computing the
Q R-factorization of structured rank matrices. The matrices considered in this article have
low rank blocks (with or without shift), starting from the lower left corner. Also a solver
based on this representation is given. The method also exploits the rank properties of
the upper triangular factor R for solving the system of equations. The proposed method
assumes that the Givens-weight representation of the matrices involved is precomputed.
The Givens-weight representation is a generalization of the Givens-vector representation.

w S, Delvaux and M. Van Barel. A @QR-based solver for rank structured
matrices. SIAM Journal on Matriz Analysis and Applications, 30(2):464—
490, 2008.

The authors Vandebril, Van Barel and Mastronardi prove in the following article
that the QR-factorization of a structured rank matrix inherits also rank properties of the
original matrix. The proof of the theorem is based on a the nullity theorem.

= R. Vandebril and M. Van Barel. A note on the nullity theorem. Journal
of Computational and Applied Mathematics, 189:179-190, 2006.
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Maintaining the structure under a step of the Q) R-algorithm was extensively studied
in the following articles by Delvaux and Van Barel. Matrices satisfying a so-called polyno-
mial structure as well as a rank structure are considered here. The singular case is slightly
more complicated and hence included in a second article.

= S. Delvaux and M. Van Barel. Rank structures preserved by the QR-
algorithm: the singular case. Journal of Computational and Applied Math-
ematics, 189:157-178, 2006.

1= S. Delvaux and M. Van Barel. Structures preserved by the QR-algorithm.
Journal of Computational and Applied Mathematics, 187(1):29-40, March
2006.

Also the authors Bini, Gemignani and Pan investigate the preservation of the struc-
ture of structured rank matrices under a step of the Q R-algorithm. Moreover, they derive
an algorithm for performing a step of QR on a generalized semiseparable matrix. The
lower part of this generalized matrix is in fact lower triangular semiseparable. The au-
thors present an alternative representation, consisting of three vectors, to represent this
part.

= D. A. Bini, L. Gemignani, and V. Y. Pan. Fast and stable QR eigenvalue
algorithms for generalized companion matrices and secular equations. Nu-
merische Mathematik, 100(3):373-408, 2005.

In the article by Bevilacqua and Del Corso [18] also a proof is included, stating
that the structure of a nonsingular generator representable semiseparable matrix is main-
tained under a step of the @@ R-method. This article was discussed before in the notes and
references of Section 2.2 in Chapter 2.

6.2 An implicit ()-theorem

In this section we will derive an implicit @Q-theorem for Hessenberg-like matrices.
Closely related to an implicit Q-theorem we have to study the unreducedness of the
Hessenberg-like matrices and hence also the reduction to this unreduced form.

These details are discussed in this section. Firstly the definition of unreduced
Hessenberg-like matrices, followed by the reduction to unreduced Hessenberg-like
form is given and finally we present the implicit )-theorem.

Note 6.13. We remark that in this chapter the definitions and theorems are always
developed for the case of Hessenberg-like matrices. This is logical because this is the
most general class. Results applicable for these matrices have a natural extension to
for example semiseparable matrices, which are the symmetric version of Hessenberg-
like matrices. The symmetric case, due to its extra structure, quite often leads to
stronger results or to more easy definitions. When developing in the next section
the chasing technique for semiseparable matrices, we reconsider some of the results
presented here and adapt them to the symmetric case.

6.2.1 Unreduced Hessenberg-like matrices

Unreduced Hessenberg matrices are very important for the development of an im-
plicit @ R-algorithm for Hessenberg matrices. It is essential for the application of
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an implicit @ R-algorithm that the corresponding Hessenberg matrix is unreduced,
otherwise the algorithm could break down. More information concerning unreduced
Hessenberg matrices can be found in textbooks [94, 129] and in Chapter 5.

Let us define now an unreduced Hessenberg-like matrix, in the following way:

Definition 6.14. A Hessenberg-like matriz Z is said to be unreduced if

1. all the blocks Z(i+1:m,1:14) (fori=1,...,n—1) have rank equal to 1; this
corresponds to the fact that there are no zero blocks below the diagonal;

2. all the blocks Z(i :n,1:i+ 1) (fori=1,...,n— 1) have rank strictly higher
than 1, this means that on the superdiagonal, no elements are includable in
the semiseparable structure.

Note 6.15. If a Hessenberg-like matrix Z is unreduced, it is also nonsingular. This
can be seen by calculating the QQ R-factorization of Z as described in Subsection 6.1.1
of this chapter. Because none of the elements above the diagonal is includable in
the semiseparable structure below the diagonal, all the diagonal elements of the
upper triangular matriz R in the QR-factorization of Z will be different from zero,
implying the nonsingularity of the Hessenberg-like matriz Z.

When these demands are placed on the Hessenberg-like matrix, and they can
be checked rather easily, we have the following theorem connected to the QR-
factorization:

Theorem 6.16. Suppose Z is an unreduced Hessenberg-like matrix. Then the
matric Z — pl, with p as a shift has an essentially unique Q R-factorization.

Proof. If u = 0, the theorem is true because Z is nonsingular. Suppose u # 0.
Because the Hessenberg-like matrix Z is unreduced, the first n — 1 Givens trans-
formations G; of Subsection 6.1.1 of this chapter are nontrivial. Applying them to
the left of the matrix Z — I results therefore in an unreduced Hessenberg matrix.
As this Hessenberg matrix has the first n — 1 columns independent of each other
also the matrix Z — ul has the first n — 1 columns independent. Hence, the QR-
factorization of Z — ul is essentially unique. O

Note 6.17. An unreduced Hessenberg-like matriz Z is always nonsingular and has,
therefore, always an essentially unique QR-factorization. If one however admits
that the block Z(n — 1 : n,1 : n) is of rank 1, the matriz Z also will have an
essentially unique QR-factorization.

Note 6.18. The unreduced Hessenberg-like matrix Z is always nonsingular, but the
matriz Z — pul can be singular.

This demand of unreducedness will play an important role in the proof of the
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implicit @Q-theorem for semiseparable matrices. As in the sparse case, before starting
an implicit @) R-step on a matrix, one reduces the matrix to unreduced form. Also
in the next section we will always assume we are working with unreduced matrices.
Let us see how we can easily transform via orthogonal similarity transformations a
matrix to unreduced form.

6.2.2 The reduction to unreduced Hessenberg-like form

The implicit @ R-algorithm for Hessenberg matrices is based on the unreducedness of
the corresponding Hessenberg matrix. For Hessenberg matrices it is straightforward
how to split the matrix into two or more Hessenberg matrices that are unreduced.
(See Subsection 7.5.1 in [94].)

In this subsection we will reduce a Hessenberg-like matrix to unreduced form
as presented in Definition 6.14. The first demand that there are no zero blocks
in the lower left corner of the matrix can be satisfied by dividing the matrix into
different blocks similar to the Hessenberg case. This corresponds to deflation of the
matrix.

With the second demand, the fact that the semiseparable structure does not
extend above the diagonal is not solved in such an easy way. It can be seen that
matrices having this special structure are singular. In the solution we propose,
we will chase in fact the dependent rows completely to the lower right where they
will form zero rows that can be removed. This chasing technique is achieved by
performing a special @ R-step without shift on the matrix. We will demonstrate
this technique on a 5 x 5 matrix. The X denote the dependent elements. One
can clearly see that the semiseparable structure of the matrix extends above the
diagonal:

N

|
XXXXKX
XXXRX X
XX XX X
KX x x X
K x X X X

We start the annihilation with the traditional orthogonal matrix Q1 = G1G2G3Gy.
This results in the following matrix R = G} G GTGT Z:

=}

Il
OO o O X
S X X X X
X X X X X

In normal circumstances one would apply the transformation (1 now on the right
of the above matrix to complete one step of QR without shift. Instead of applying
now this transformation we continue and annihilate the elements marked with ®
with the transformations G5 and Gg. G5 is performed on rows 3 and 4, while Gg is
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performed on rows 4 and 5:

X X X X X [ x x x x x]
0 X x X X 0 X x X X
00 0 x x| GER |0 0 0 x x
0 0 0@ x| 10 0 0 0 x
0 0 0 0 x | 0 0 0 0 ® |
[ x x x x x]
0 x x x X
GIGFR| 0 0 0 x x
— 10 0 0 0 x
| 0 0 0 0 0 |

We have now finished performing the transformations on the left side of the matrix.
Denote R = GEGER. To complete the QR-step applied to the matrix Z, we have
to perform the transformations on the right side of the matrix:

[ x x x x x] [ x x x x x]
0 X X X X 0 X X X X
R = 0 0 0 x x RGq 0 0 0 X x
00 0 0 x — 0 0 0 X X
0 0 0 0 0 0 0 0 0 0
[ x x x x x] [ x x x x x]
0 X x X X 0 X x x x
RG1G2 0 0 X X x RG1G2G3 0 X X K x
0 0 X X X 0 ¥ X X KX
|0 0 0 0 0 | | 0 0 0 0 0 |
[ K x x x x| [ K x x x x ]
X K x x x X K x x x
RQ, N ¥ B K x RQ:.Gs N ¥ K K x
- N ¥ K KN K - N ¥ ¥ K K
|0 0 0 0 0 | | 0 0 0 0 0 |
X x x x|x
X K x x| x
RQ1G5G6 X X K x|x
- N XN K X|x
0 0 O 0|0

It is clear that the last matrix can be deflated such that we get an unreduced matrix
and one eigenvalue that has already converged.

The same technique can be applied for matrices with larger blocks crossing
the diagonal or more blocks crossing the diagonal.

Note 6.19. Suppose we have a symmetric semiseparable matrix coming from the
reduction algorithm as presented in Part I. Then we know that this matriz can
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be written as a block diagonal matriz, for which all the blocks are generator rep-
resentable semiseparable matrices. Moreover, for all these blocks condition (2) in
Definition 6.14 is satisfied in a natural way. This can be seen by combining the
knowledge that the reduction algorithm performs steps of QR without shift, the fact
that if condition (2) is not satisfied the matriz has to be singular and the note
following Theorem 6.8. For these matrices the scheme as presented here does not
need to be performed. The same is true for Hessenberg-like and upper triangular
semiseparable matrices coming from one of these reduction algorithms.

6.2.3 An implicit ()-theorem for Hessenberg-like matrices

We will now prove an implicit @-theorem for Hessenberg-like matrices. Combined
with the theoretical results provided in the previous sections, we will be able to
derive implicit @ R-algorithms for semiseparable and Hessenberg-like matrices in
the next chapter. The theorem is proved in a similar way as the implicit @-theorem
for Hessenberg matrices as formulated in [94, Subsection 7.4.5]. First two definitions
and some propositions are needed.

Definition 6.20. Two matrices Z1 and Zs are called essentially the same if there
exists a matrix W = diag([£1, £1,...,£1]) such that the following equation holds:

Z1=WZ,WT.

Before proving the implicit @-theorem, we define the so-called unreduced num-
ber of a Hessenberg-like matrix.

Definition 6.21. Suppose Z to be a Hessenberg-like matriz. The unreduced
number k of Z is the smallest integer such that one of the following two conditions
is satisfied:

1. The submatriz S(k+1:n;1: k) =0.

2. The element S(k+ 1,k + 2) with k < n — 1 is includable in the lower semi-
separable structure.

If the matriz is unreduced, k = n.

To prove an analogue of the implicit Q-theorem for Hessenberg matrices for
the Hessenberg-like case, some propositions are needed.

Proposition 6.22. Suppose we have a Hessenberg-like matriz Z which is not unre-
duced, and does not have any zero blocks below the diagonal, i.e., whose bottom left
element is nonzero. Then this matrix can be transformed via similarity transforma-
tions to a Hessenberg-like matriz, for which the upper left (n —1) x (n—1) matriz is
of unreduced form and the last | rows equal to zero, where | equals the nullity of the
matriz. Moreover if k is the unreduced number of the matriz Z then the orthogonal
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transformation can be chosen in such a way that the upper left k x k block of this
orthogonal transformation equals the identity matrix.

Proof. We will explicitly construct the transformation matrix. We illustrate this
technique on a matrix of dimension 5 x 5 of the following form

N

I
XXNXXKX
XXX X X
XXX X X
XXX X X
X X X X X

We annihilate first the elements of the fifth and fourth row, with Givens transfor-
mations G; and G5. This results in the matrix

Graltz =

co XK KX
oo X X X
oo X X X
oo X X X
® X X X X

The Givens transformation G3 is constructed to annihilate the element ®:

GIataTz =

coXKKX
oo XX X
oo X X X
oo X X X
S X X X X

Completing the similarity transformation by applying the transformations G, G>
and G5 on the right of GI GI GT Z gives us the following matrix:

7 =GIGIGT2G1G2G5 =

cCco XXX
co X KX X
o X X X X
o X X X X
o X X X X

The matrix does not yet satisfy the desired structure, as we want the upper left 4 x4
block to be of Hessenberg-like form. To do so, we remake the matrix semiseparable,
by similar techniques as in Part I. Let us perform the transformation G, on the
right of the matrix Z to annihilate the marked element. Completing this similarity
transformation gives us:
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X x x x X X x x x X

X XK x x x X XK x x x

Z = N XN K x x ZGy N XN K x x
0 0 ® x x — 0 0 0 x x

0 0 0 0 O L0 0 0 0 0 |

[ X x x x| x]

X X x x|x

GTzG, |® ® K x|x
7 | K X K|x

_0000|0_

The resulting matrix has the upper left 4 x 4 block of unreduced Hessenberg-like
form, while the last row is zero. The transformations involved did not change the
upper left 2 x 2 block as desired. O

Note 6.23. The resulting matrices from Proposition 6.22 are sometimes called
zero-tailed matrices (see [18]).

Note 6.24. Proposition 6.22 can be generalized to Hessenberg-like matrices with
zero blocks below the diagonal. These matrices can be transformed to a Hessenberg-
like matriz with zero rows on the bottom and all the Hessenberg-like blocks on the
diagonal of unreduced form.

Proposition 6.25. Suppose Z is an unreduced Hessenberg-like matriz. Then Z
can be written as the sum of a rank 1 matriz and a strictly upper triangular matriz,
where the superdiagonal elements of this matriz are different from zero. We have
that

Z =uvl +R,
and u, and vy are different from zero.
Proof. Straightforward, because of the fact that the Hessenberg-like matrix is
unreduced and hence is of generator representable form. Moreover, the superdiag-

onal elements are not includable in the rank structure of the lower triangular part.
O

Proposition 6.26. Suppose we have the following equality:
WZ =XW, (6.3)

where W is an orthogonal matrix with the first column equal to e; and Z and X
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are two Hessenberg-like matrices of the following form:

Zy X X X1 x X
7 = 0 Zy X X = 0 Xy X s
0 0 0 0 0 O

both having | zero rows at the bottom and the matrices Z1, Za, X1 and Xs of
unreduced form. If we denote the dimension of the upper left block of Z with nyz, and
the dimension of the upper left block of X with nx,. Then we have that nx, = nz,
and W has the lower left (n —nx,) X nx, block equal to zero.

Proof. Without loss of generality we assume nz, > nx,. When considering the
first nz, columns of Equation (6.3) we have

W{l:n,1:ngz)Z1 =V, (6.4)

where V' is of dimension n x nz,, with the last [ rows of V' equal to zero. Because
Z, is invertible we know that W(1:n,1:nz,) = VZ " has the last [ rows equal to
zero. We will prove by induction that all the columns wy, (W = [w1,wa, ..., Wy])
with 1 <k < mnx, have the components with index higher than nx, equal to zero.

e Step 1. k£ = 1. Because We; = e, we know already that this is true for
k = 1. Let us write the matrices Z; and X; as (using Proposition 6.25):

7 = uWvOT 4 g,
X; = u®@v@" 4 R®),

with vgl) = U§2) = 1. Multiplying Equation (6.3) to the right with e; gives us

e u®
0 0
wl . | =
0 0

Note that u® is of length nz, and u® is of length nyx,.

e Step k. Suppose 2 < k < nx,. We prove that wj has the components

nx, +1,...,n equal to zero. We know by induction that this is true for the
columns w; with ¢ < k& . Multiply both sides of Equation (6.3) with ey, this
gives us:
_ SNORER
1k
u® :
0 (1)
W Lo | TRk || = Xwy
: 0
0 ;
- - O -
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This can be rewritten as:

u(2)v,(€1) +W | Tk-1k | = Xwy.

Because of the induction procedure, we know that the left-hand side of the
former equation has the components below element nx, equal to zero. The
vector wy only has the first n — [ components different from zero. Because
the matrices X; and Xo are nonsingular we know that wy has only the first
nx, components different from zero, because Xwy, can only have the first nx,
components different from zero. This proves the induction step.

This means that the matrix W has in the lower left position a (n —nx, ) x nx, block
of zeros. A combination of Equation (6.3) and the zero structure of W leads to the
fact that W Z needs to have a zero block in the lower left position of dimension
(n—nx,) X nx,. Therefore the matrix Z; has to be of dimension nx, which proves
the proposition. 0

Note 6.27. The proposition above can be formulated in a similar way for more
zero blocks below the diagonal.

Using this property, we can prove the following implicit @-theorem for Hes-
senberg-like matrices.

Theorem 6.28 (implicit Q-theorem for Hessenberg-like matrices).
Suppose the following equations hold:

Qi AQ1=Z (6.5)
Q2 AQ2 =X (6.6)

with Q1e1 = Qze1, where Z and X are two Hessenberg-like matrices, with unreduced
numbers k1 and ks, respectively, and Q1 and Q2 are orthogonal matrices. Let us
denote k = min(kq, ko). Then we have that the first k columns of Q1 and Q2 are the
same, up to the sign, and the upper left k x k submatrices of Z and of X are essen-
tially the same. More precisely, there exists a matriz V = diag([1,£1, £1,...,+1]),
of size k x k, such that we have the following two equations:

Q1(1:k1:kK)V=0Q=21:k1:k),
Z(1:k1: k) V=VX(1:k1:k).
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Proof. Using Proposition 6.22 and the note following the proposition we can assume
that the matrices Z and X in (6.5) and (6.6) are of the following form (for simplicity,
we assume the number of blocks to be equal to two):

Zy x  X X, x X
Z=10 Z x| X=| 0 Xo x|,
0 0 O 0 0 O

with Z1, Zs, X; and X5 unreduced Hessenberg-like matrices. This does not affect
our statements from the theorem, as the performed transformations from Proposi-
tion 6.22 do not affect the upper left k& x k block of the matrices Z and/or X.
Denoting W = Q¥ Q5 and using the Equations (6.5) and (6.6) the following equality
holds:

ZW =WX. (6.7)

Moreover, we know by Proposition 6.26 that the matrix W has the lower left block
of dimension (n —mn1) X ny equal to zero, where n; is the dimension of the block Z.
If we can prove now that for the first ny columns of W = [wy, wa,..., w,] the fol-
lowing equality holds: wy = +ey, then we have that (as n; > k and by Proposition
6.22) the theorem holds.

According to Proposition 6.25 we can write the upper rows of the matrix Z in the
following form:

Z(1:ny;1:n) =u® [v(l)T,\?(l)T} +RW),

where u®, v(t) have length n;. The vector v(!) is of length n —n; and is chosen in
such a way that the matrix R()) € R™*" has the last row equal to zero. Moreover
the matrix R has the left n; x n; block strictly upper triangular. Also the left
part of X can be written as

u®

X(1:n;l:ing) = { ey

} @7 4 @

with u® and v® of length ni, a® is of length n — ny and R a strictly upper
triangular matrix of dimension n x n;. Both of the strictly upper triangular parts
RM and R® have nonzero elements on the superdiagonals. The couples u(®, v(1)
and u®,v(® are the generators of the semiseparable matrices Z; and X, respec-
tively. They are normalized in such a way that v%l) = 1152) = 1. Denoting with P
the projection operator P = [I,,,, 0] we can calculate the upper left nq x n; block
of the matrices in Equation (6.7):

PzwPT = pwXxPT

@)
(uu) [V<1>T79<1>T} + R(l)) wprT = pw ([ 2(2) } v 4 R(2)> . (6.8)

The fact that Qi1e; = Q2e; leads to the fact that wi; = e;. Hence, also the first
row of W equals el. Multiplying (6.8) to the right by e;, gives

u®
u) = pw { A } . (6.9)
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Because of the structure of P and W, multiplying (6.9) to the left by el gives us
that ugl) = u§2). Using Equation (6.9), we will prove now by induction that for
i <np:w; = txe; and

{V(l)T,\?(l)T} wPT = [V(l)T,\?(l)T} [W1, Wa,...,Wp,| = v(2)T7 (6.10)

which will prove the theorem.

e Step 1. [ = 1. This is a trivial step, because v§1) = 1)%2) =1and w; = e;.

e Step I. 1 <[ < n;. By induction we show that w; = te; VI <i<I[-1
and (6.10) holds for the first (I — 1) columns. This means that:

[V(I)T, V(I)T} [Wi1,Wa,...,W;_1] = [vf), véz), . ,Ul(z)l] .
Taking (6.9) into account, (6.8) becomes
u® ([v(l)Tﬁr(l)T} wpT - v(2)T> - (PWR(2) - R<1>WPT) . (6.11)
Multiplying (6.11) to the right by e;, we have
u® ([v<1>T, \7<1>T} wpT — v<2>T) e = (PWR<2> - R<1>WPT) e (6.12)

Because of the special structure of P,/W, R") and R® the element in the
n1-th position in the vector on the right-hand side of (6.12) is equal to zero.

We know that u%ﬁ) is different from zero, because of the unreducedness as-
sumption. Therefore the following equation holds:

u$}1> ({v(l)Tﬁf(l)T} wpT - V(Q)T) e =0.

This means that T T
{v(l) v } Wy — vl(2) =0.

Therefore Equation (6.10) is already satisfied up to element :
[v(l)T, f/(l)T} [W1,Wa,...,w| = {1}52), véQ), .. 7”1(2)] . (6.13)

Using Equation (6.13) together with Equation (6.12) leads to the fact that
the complete right-hand side of Equation (6.12) has to be zero. This gives the
following equation:
RYWPTe; = PWR®e
leading to
-1
ROWe =3 rlPw; (6.14)

j=1
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with the rfl) as the elements of column [ of matrix R?). Hence, the right-
hand side can only have the first [ —1 components different from zero. Because
the superdiagonal elements of the left square block of R(Y) are nonzero and
because the first ny columns of W have the last (n — nq1) elements equal to
zero, only the first [ elements of w; can be different from zero. This together
with the fact that W is orthogonal means that w; = +e;, which proves the

induction step. 0

Note 6.29. In the definition of the unreduced number we assumed that also the
element Z(1,2) was not includable in the semiseparable structure. The reader can
verify that one can admit this element to be includable in the semiseparable structure,
and the theorem and the proof still remain true for this newly defined unreduced
number.

Note 6.30. This theorem can also be applied to the reduction algorithms which
transform matrices to Hessenberg-like, symmetric semiseparable and upper triangu-
lar semiseparable form, thereby stating the uniqueness of these reduction algorithms
in case the outcome is in unreduced form. If the outcome is not in unreduced form,
one knows to which extent the matrices are essentially unique.

Finally we give some examples connected with this theorem. (See also [18].)
The first condition in Definition 6.21 is quite logical, and we will not give any
examples connected with this condition.

Example 6.31 Suppose we have the matrices:

111 100
A=|1 0 0 Q1 = N
1 1
1 0 0 0 5 7
and Q2=I. Then we have that X = A and
1 V2 0
Z=|1v2 0 0
0o 0 0

One can see that the unreduced number equals 1 because the element X (2,2) is
includable in the lower semiseparable structure of the matrix X. Thus we know
by the theorem that equality is only guaranteed for the upper left element of the
matrices X and Z. |

Example 6.32 Suppose we have the matrices:

A:

_ o
o OO
O O =
= o O
O = O

1
Q=10
0
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and Q2=I. Then we have that X = A and

7 =

O~ =
o O =
o O O

One can see that the unreduced number equals 0 because the element X (1,2) is
includable in the lower semiseparable structure of the matrix X. But using the
definition of the unreduced number connected to the note following Theorem 6.28,
we know that the unreduced number equals 1 and the equality holds for the upper
left element of Z and X. |

Notes and references

The main focus of this section was the development of an implicit QQ-theorem for Hessen-
berg-like matrices, without linking these matrices to their inverse, the Hessenberg matrices.
The theorem presented in this section is very general, stating to which extent the matrices
are essentially unique. In most of the other articles assumptions were made concerning
nonsingularity of the matrices working with. The nonsingularity implied that one could
work via the inverse of the matrix R, or that one could switch to the sparse matrix case
via inversion.
The results of this section are based on the results in the articles

= R. Vandebril, M. Van Barel, and N. Mastronardi. An implicit Q theorem
for Hessenberg-like matrices. Mediterranean Journal of Mathematics, 2:59—
275, 2005.

= R. Vandebril, M. Van Barel, and N. Mastronardi. An implicit QR-
algorithm for symmetric semiseparable matrices. Numerical Linear Algebra
with Applications, 12(7):625-658, 2005.

The implicit @Q-theorem as proved in this section is the one formulated in the article
with the identical title. The second article focuses on the development of the implicit
Q R-algorithm for semiseparable matrices. In this article several definitions such as the
unreduced number and a manner to reduce symmetric matrices to unreduced form are
presented. Also the chasing technique, which is the subject of the forthcoming chapter, is
discussed in this article.

In the article by Bevilacqua and Del Corso [18] (discussed before in Section 2.2 in
Chapter 2), a weaker formulation of the implicit Q-theorem as proposed in this chapter
was also presented. Their formulation of the theorem is valid for generator representable
semiseparable matrices and is based on inverting these matrices and using the implicit
Q-theorem as formulated for tridiagonal matrices. Using this theorem the authors provide
results on the uniqueness concerning the reduction to semiseparable form as presented in
the first part of this book.

6.3 On Hessenberg-like plus diagonal matrices

In the first part of this book attention was also paid to the special orthogonal
similarity transformation of a matrix to semiseparable plus diagonal form. (This is
the symmetric version of the reduction to Hessenberg-like plus diagonal form.)
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In this chapter however we did not yet pay attention to the structure of semi-
separable plus diagonal matrices. The deduction of an implicit () R-algorithm for
semiseparable plus diagonal matrices is rather similar to the one for semiseparable
matrices, just like the reduction of a matrix to semiseparable and semiseparable plus
diagonal form were closely related. Unfortunately the admittance of the diagonal
creates a lot of details that obscure the algorithm. Also the definition of unreduced-
ness and the reduction to unreduced form, just like the development of an implicit
Q-theorem, become complicated. Hence we will not derive all steps for developing
an implicit Q) R-algorithm for semiseparable plus diagonal matrices. We will how-
ever present an algorithm based on a divide-and-conquer approach for computing
the eigenvalues of semiseparable plus diagonal matrices (see Chapter 10).

In this section we will present a result, interesting in our opinion, related
to the structure of a semiseparable plus diagonal matrix (or Hessenberg-like plus
diagonal), when performing steps of the QR-algorithm. Not all details are shown
or included as they obscure the global picture. References will be provided at the
end of this section.

Theorem 6.7 stated that the strictly lower triangular structure of a Hessenberg-
like matrix plus diagonal was maintained under the @ R-algorithm with shift.

In the following proof, we show that also the diagonal term of the resulting
Hessenberg-like plus diagonal matrix is the same as the original Hessenberg-like
plus diagonal matrix. So in fact not only the rank structure but even the diagonal
is maintained. The general proof of this statement can be found in [52, 50], investi-
gating all kinds of structures. Here we will only prove a simple formulation of this
statement, i.e., the case in which the diagonal does not have zeros.

Theorem 6.33. Suppose Z is a Hessenberg-like matriz and D is a diagonal matriz,
such that all diagonal elements are different from zero. Applying a step of QR (with
the QR-decomposition as in Subsection 6.1.1) without shift on the matriz Z + D
results in a Hessenberg-like plus diagonal matriz, which can always be written as a
Hessenberg-like plus diagonal matriz with the same diagonal D: Z + D.

Note 6.34. We remark that this theorem is also valid for QR-steps with a shift ,
the only demand is that the shift is different from any of the diagonal elements of
the matriz D. In this case the matriz Z = Z — ul is again a Hessenberg-like plus
diagonal matriz, with another (shifted) diagonal.

Proof. We will assume that we perform a @QR-step without shift on the Hessen-
berg-like plus diagonal matrix Z 4+ D. We have

{ QTZ = R
Q7 (Ri1+Q{D) = R,

with R; and R as two upper triangular matrices. Let us denote with H the Hes-
senberg matrix Ry + QT D. We will distinguish between different cases:

e Suppose R is invertible. This is the same as stating that Z+ D is nonsingular.
We know that the matrix after one QR-step without shift has the following
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form:

R(Z+ D)R™'=RZR '+ RDR™!
=Z+R,
where Z is clearly a Hessenberg-like matrix, and Ran upper triangular matrix
with as diagonal elements, the diagonal elements of D. This can clearly be
rewritten as: ~
Z + D,
which proves one case of the theorem.

Suppose the Hessenberg-like matrix Z has the element in the lower left corner
different from zero. This means (like in the regular case) that the first sequence
of Givens transformations does not have Givens transformations equal to the
identity matrix. As all elements in the diagonal of the Hessenberg-like plus
diagonal matrix are different from zero, we know that our resulting Hessenberg
matrix H will be unreduced. This means that
T R|w
QQH - |: 0 a :| 9
with R invertible. If « is different from zero, the matrix R is invertible, and
we are in case 1 of the proof. So we assume « to be zero. Similar to the proof
of Theorem 6.8 we can write:

o[£
[ R|w ] R!
:_TT_[[Z“”[ 0 ]M
__Z+lj Z
S0 Jo

where Z is a Hessenberg-like matrix of dimension (n — 1) x (n — 1), if the
dimension of Z is n and D is a diagonal matrix with as elements the first
n — 1 elements of the matrix D. Denoting the last element of D with d,,, we

can rewrite this as:
ZA—&—ZA) Z Z
= D
{ 0 |o} { |—dn}+

=Z+D

N

for which Z is a Hessenberg-like and D the diagonal, which proves the theorem
if H is unreduced.

Suppose our Hessenberg-like matrix Z has the element in the lower left corner
equal to zero. We know now that we can decompose our matrix Z as a block
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diagonal matrix, having all the blocks of Hessenberg-like plus diagonal form.
For each of these blocks separately one can apply the reasoning in the previous
bullet. Hence we get a block diagonal matrix with all blocks of Hessenberg-like
plus diagonal form. Combining them gives globally a Hessenberg-like matrix

with the same diagonal.
O

We remark that the construction above is not valid for Hessenberg-like plus
diagonal matrices, for which some of the diagonal elements equal zero. But in theory
one can generically prove that for any kind of Hessenberg-like plus diagonal matrix
the structure and the diagonal are maintained after a step of the (Q R-algorithm.

Theorem 6.35. Suppose Z is a Hessenberg-like matriz and D is a diagonal matriz.
Applying a step of QR (with the QR-decomposition as in Subsection 6.1.1) without
shift on the matrix Z+ D results in a Hessenberg-like plus diagonal matrix, which can
always be written as a Hessenberg-like plus diagonal matriz with the same diagonal
D: Z+D.

Proof. One can prove the theorem by slightly perturbing the diagonal, and then
taking the limit for the perturbation going to zero. We will not go into the details,
but a general proof of this theorem and the preservation of more general structures
can be found in [52, 50]. O

When defining unreduced Hessenberg-like matrices (in order to develop chas-
ing technique as we will do in the next chapter), one has again to be very careful,
because the extra diagonal creates several theoretical difficulties. As mentioned
before, we do not go into the details of developing an implicit @ R-algorithm for
semiseparable plus diagonal matrices. The details for doing so can be found in
some articles mentioned in the notes and references. We will however show in
Chapter 10 how one can effectively compute the eigenvalues and eigenvectors of a
Hessenberg-like plus diagonal matrix based on a divide-and-conquer method.

Notes and references

Even though we will not discuss @ R-algorithms for Hessenberg-like plus diagonal or semi-
separable plus diagonal matrices, we will present some references in which details on how
to do so are given.

A technical report by Van Camp, Van Barel, Mastronardi and Vandebril describes
all details on how to change the implicit QQ R-algorithm for semiseparable matrices in order
to obtain an algorithm suitable for semiseparable plus diagonal matrices.

ww E. Van Camp, M. Van Barel, R. Vandebril, and N. Mastronardi. An im-
plicit @ R-algorithm for symmetric diagonal-plus-semiseparable matrices.
Technical Report TW419, Department of Computer Science, Katholieke
Universiteit Leuven, Celestijnenlaan 200A, 3000 Leuven (Heverlee), Bel-
gium, March 2005.
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In the following article by Delvaux and Van Barel the authors present a method
for performing the explicit QQR-algorithm on structured rank matrices. The idea is based
on the preservation of the underlying structured rank. The algorithm is based on the
Givens-weight or unitary weight representation.

= S. Delvaux and M. Van Barel. The explicit QR-algorithm for rank struc-
tured matrices. Technical Report TW459, Department of Computer Sci-
ence, Katholieke Universiteit Leuven, Celestijnenlaan 200A, 3000 Leuven
(Heverlee), Belgium, May 2006.

In the following article Eidelman, Gohberg and Olshevsky develop an explicit QR-
algorithm for hermitian quasiseparable matrices of any order. Explicit formulas are given
to represent the change of structure and the quasiseparable representation of the interme-
diate matrices in the algorithm.

= Y. Eidelman, I. C. Gohberg, and V. Olshevsky. The QR iteration method
for Hermitian quasiseparable matrices of an arbitrary order. Linear Algebra
and its Applications, 404:305-324, July 2005.

6.4 Conclusions

In this chapter we investigated theoretical results in order to design implicit Q)R-
algorithms. All ingredients, except for the chasing itself, were be provided here.
The chasing is the subject of the next chapter.

We showed that a special kind of QR-factorization is needed in order to
have the structure maintained under a @ R-step. Using this @ R-factorization,
which consists of 2n — 1 Givens transformations, we proved that the structure
of a Hessenberg-like matrix is maintained. As in the sparse case we defined an
unreduced Hessenberg-like matrix and a method to transform any Hessenberg-like
matrix to unreduced form. Based on the unreduced number, an implicit -theorem
for Hessenberg-like matrices was derived. In the final section we proved that the
structure of a Hessenberg-like plus diagonal matrix was maintained under a step of
the @ R-method, in case the diagonal had all elements different from zero.



Chapter 7

Implicit () R-methods for
semiseparable matrices

In the previous chapters some of the well-known results for ) R-algorithms related
to sparse matrices, such as tridiagonal and Hessenberg matrices, were recapitulated.
Also interesting theorems connected to @) R-algorithms for Hessenberg-like matrices
were provided. Starting with a Hessenberg-like matrix we know how to transform
it to unreduced form. The structure of a Hessenberg-like matrix after an explicit
step of the @ R-algorithm is known and an implicit @-theorem for Hessenberg-like
matrices was proved. To construct an implicit algorithm, similarly as for the sparse
matrix case, only the implicit step of the QQ R-method is missing. In this chapter we
will provide this step for Hessenberg-like matrices and for symmetric semiseparable
matrices. Moreover, we will translate this implicit () R-step such that we can use it
to calculate the singular values of an upper triangular semiseparable matrix. The
results provided in this chapter can be combined in a straightforward way with the
reduction algorithms presented in Part I. Using this combination we can compute
the eigenvalues of symmetric and unsymmetric matrices via intermediate semisepa-
rable and Hessenberg-like matrices and we can also compute the singular values of
arbitrary matrices via intermediate upper triangular semiseparable matrices.

In the first section an implicit ¢ R-algorithm for semiseparable matrices will
be designed. Brief discussions about the unreducedness and the type of shift are
included. One should make use of the symmetry of the matrix when transforming
it to unreduced form. We will consider the Wilkinson shift. The actual implicit
@ R-algorithm consists of two main parts. In a first part a step of QR without
shift will be performed on the semiseparable matrix. The resulting matrix is again
semiseparable. In a second part a similarity Givens transformation will be applied
on the first two columns and first two rows of the new semiseparable matrix. This
will disturb the semiseparable structure. From now on we switch to the implicit
approach to restore the semiseparable structure. We will prove that the combination
of these two steps corresponds to performing one step of the explicit QQ R-algorithm.

In the third section we focus on the development of an implicit ) R-algorithm
for Hessenberg-like matrices. The approach followed is similar to the symmetric

199
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case. First a step of QR-step without shift is performed. Afterwards a similarity
Givens transformation is applied. The resulting disturbed Hessenberg-like matrix
will then be reduced back to Hessenberg-like form. Using the implicit Q-theorem
one can easily prove that it corresponds to performing an explicit step of QR. In
this section we do not yet cover the double shift approach as in Chapter 9 the more
general multishift strategy will be discussed.

The last section focuses on the computation of singular values of upper trian-
gular semiseparable matrices S,,. The implicit approach will be deduced by looking
at the implicit Q R-algorithm applied to the symmetric matrix S = SIS,. We will
explain what the structure of an unreduced upper triangular semiseparable matrix
is and how we can transform it to this form. It will be shown that one step of
the @QR-method applied to the upper triangular semiseparable matrix .S, corre-
sponds to four main steps: transforming the upper triangular semiseparable matrix
to lower triangular form; creating a disturbance in the lower triangular semisepa-
rable matrix; transforming the matrix back to lower triangular semiseparable form;
finally transforming the resulting semiseparable matrix back to upper triangular
semiseparable form.

® In this chapter the chasing techniques for restoring the rank structure are
developed.

Initially we start with symmetric semiseparable matrices. Extra information
on unreduced symmetric semiseparable matrices is provided in Subsection 7.1.1.
This is however not essential for understanding the remainder of the book. The
essential ideas on this algorithm are contained in Subsection 7.1.3. It explains how
to perform the two sequences of Givens transformations, the computation of the
shift and the different transformations needed for restoring the structure in the
matrix. Even though the proof of Theorem 7.6 is though it gives insight into the
inner structured rank relations. A brief summary of the algorithm and a proof of
correctness are presented in Subsection 7.1.4 for the interested reader.

Similar ideas as for the symmetric case can be applied to the Hessenberg-like
case. The most important propositions on structure restoration are presented in
Subsection 7.3.3.

The translation of the Q R-algorithm for singular values has to start in some
sense from scratch. Unreduced upper triangular semiseparable matrices are defined
in Definition 7.15. The general concept of performing a (QR-step is explained in
Subsection 7.4.2 followed by the chasing techniques in Subsection 7.4.3. A summary
of the method and the proof of correctness are presented for the interested reader
in Subsection 7.4.4.

7.1 An implicit () R-algorithm for symmetric
semiseparable matrices
In this section we will derive an implicit Q R-algorithm for symmetric semiseparable

matrices. We will make extensive use of the theorems and tools provided in the
previous chapter for Hessenberg-like matrices. Because the class of matrices we are
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working with is symmetric, we will sometimes adapt the tools slightly, taking into
account the symmetry.

Suppose we have a symmetric semiseparable matrix S, and a shift pu then we
want to calculate the semiseparable matrix S for which:

S—ul = QR
{ S = RQ+ul. (1)
(The QR-factorization is defined as in Chapter 6 Subsection 6.1.1.) Performing the
transformations of (7.1) explicitly leads to an explicit @ R-algorithm for semisepara-
ble matrices. This means first calculating the Q) R-factorization and then performing
the product RQ. Explicit @ R-algorithms can be found in the literature, see, e.g.,
[23]. We can however also write the semiseparable matrix S as

S=Q7sQ.

In this section we will see that we calculate the matrix S based on these formu-
las without explicitly forming the orthogonal matrix (). Because @) consists of a
sequence of 2n — 2 Givens transformations, we will apply these Givens transforma-
tions one after the other on both sides of the matrix. In fact we will calculate a
semiseparable matrix S satisfying

=Q7sQ,

such that Qe = Qel The matrix Q will be constructed implicitly, without consid-
ering the complete @ R-factorization of the matrix S. Using the implicit @Q-theorem
(see Theorem 6.28) we will then prove that the semiseparable matrices S and S
are essentially the same. Hence the computed matrix S is the result of applying a
QR-step on the matrix S, with shift u. We will now consider the different steps to
obtain an implicit @ R-algorithm for symmetric semiseparable matrices.

7.1.1 Unreduced symmetric semiseparable matrices

In Subsection 6.2.1 of the previous chapter we have developed a method to trans-
form a Hessenberg-like matrix to unreduced form. This technique is also naturally
applicable to symmetric matrices.

However, because the matrix we are working with is symmetric, it is some-
times easier to reduce such a matrix to unreduced form. In the remainder of this
section we will assume that the matrices in question do not have a zero block
S( :mn,1:4—1) (with ¢ = 2 : n) below the diagonal. In case there is a zero
block, we can divide the matrix in different blocks, all of symmetric semiseparable
form. Moreover, we know (see Proposition 1.15), that this matrix is therefore of
generator representable semiseparable form. The fact that this matrix is of gener-
ator representable semiseparable form will make the reduction to unreduced form
computationally less expensive.
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Suppose for example we have the following symmetric semiseparable matrix:

X x x x X
X X XK x x
X X XK x x
X X X K x
X X X K K

And assume more precisely that we have the following situation, in which a
lot of zeros are present:

K x 0 x x
X XK 0 x x
0O 0 0 0 O
X X 0 K x
X X 0 X K

It is clear that simply applying a suitable permutation reduces this matrix to a
similar unreduced semiseparable matrix. Or for example the following situation
can also be transformed to unreduced form quite easily.

0

X
X

KXo oo
XXooo
KX X X X
XX X X X

Due to the symmetry and the semiseparable structure, we know that the 2 x 2
block which is the intersection between rows 2 and 3 and the columns 4 and 5 is of
rank 1. Therefore a well chosen Givens transformation acting on rows 2 and 3 can
immediately create zeros in the entire row 3. This brings us back to the previous
case in which a simple permutation solved the problem.

Suppose now that the 2 x 2 block, which is the intersection between rows 2
and 3 and columns 2 and 3 is different from zero and still has rank 1, then it is
obvious that the complete rows 2 and 3 are dependent of each other. Hence a single
Givens transformation can zero out the complete row 3. This leads hence to the
first case we considered. It seems that in fact in all cases we can perform a much
cheaper reduction towards unreduced form. Globally we can make the following
statement concerning the rank structure of a symmetric semiseparable matrix.

Proposition 7.1. Suppose we have a symmetric generator representable semisep-
arable matriz S for which the element in position (2,3) is includable in the semi-
separable structure. Then row 2 and row 3 are linearly dependent.

Proof. The proof consists in checking all possible cases. To prove this statement
we distinguish between two simple cases.

e Assume the 2 x 2 block S(2 : 3,2 : 3) different from zero. This symmetric
2 x 2 block is contained in the rank 1 part to the left of it and also to the right
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of it. This means that globally the completely row needs to share this block
its rank 1 property and hence the complete row is of rank 1. (All columns
in these two rows need to be multiples of a nonzero column out of this 2 x 2
block.) To illustrate it more clearly we depict the following matrix:

X X
6 &
G &
H H

The . elements depict the diagonal in the matrix. Assume the block depicted
with the elements [ is the rank 1 block crossing the diagonal (which is not
entirely zero). Due to the demands we know that this block is includable in
the structure to the left of it consisting of the elements X and to the right
of it consisting of the elements H. Due to the nonzeroness and the rank one
assumptions posed, we know that the complete row needs to be of rank 1.

Assume the 2 x 2 block S(2 : 3,2;3) equals zero. The statement from the
previous item is not valid anymore. Assume for example we have the following

TOWS:
1 0 0 1 1
1 0 0 2 2|°
It is clear that both submatrices
1 0 0 q 0 1 1
1 oo™ o2 2

are of rank 1, whereas the combination of both rows is not of rank 1. But,
in this case we have to take the symmetry of the matrices into consideration!
We have the following situation:

XX XXX
XX oo X
XX oo X
XX X X X
X X X X X

From Theorem 1.14, we know that every zero (in a generator representable
semiseparable matrix) needs to be contained in a zero row or a zero column
(included in the semiseparable structure of course). This means that we have
a situation in which at least the marked elements are already zero. We remark
that we already exploited the symmetry to construct extra zero elements to
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construct the following two possibilities'?:

X x x x X X 0 0 x x
XK 0 0 0 O 0 0 0 x x
KK 0 0 0 O or 0 0 0 x x
XK 0 0 X x X X X K x
XK 0 0 X X X X X X X

We remark once more, that there are possibly more zeros than the ones shown.
It is trivial to say that these two matrices have rows 2 and 3 dependent of each
other (for the figure on the right one has to take the semiseparable structure
of the upper triangular part into consideration).

Hence we can conclude, that if an element above the diagonal is includable in the
structure, that this creates two dependent rows and columns. Moreover this also
implies that the matrix is singular. O

The previous proposition shows that it is very easy to remove these trou-
blesome elements from our symmetric semiseparable matrix. Having a symmetric
semiseparable matrix of the following structure:

X
X
S=|K
X
X

XX XX X
XX XK X
KX X X X
K x X X X

one can apply a simple similarity Givens transformation G in order to zero out an
entire row and column. This creates the following situation:

X x 0 x x
X K 0 x x
G'SG=|10 0 0 0 0
X X 0 X x
X X 0 X X

The procedure can be completed by performing one more permutation P, moving
the zero row and column to the right and bottom. This creates a so-called zero-tailed
matrix of the following form:

PTGTSGP =

OSXXX KX
o XXX X
O XX X X
o X X X X
coocoo

12The reader can try to construct other possible cases in which the zeros are distributed along
one row and one column. But one can see that combining one row and one column to capture the
four zeros in the middle block is not possible. One row combined with one column leaves one zero
uncaptured. Hence an extra row or column is always necessary to include this zero in a row or
column.
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This last zero row can immediately be removed. It corresponds to the eigenvalue 0.
We can conclude that in the symmetric case one can more easily transform a
matrix to unreduced form, with regard to the Hessenberg-like case.

7.1.2  The shift 4

The choice of the shift is very important to achieve fast convergence to one of the
eigenvalues. The shifts we consider here are discussed in [94]. Suppose we have
the following symmetric semiseparable matrix represented with the Givens-vector
representation:

€101
25101 C2U2
352511 C352V2 C3V3
Cp—1Sp—2""* 5101 ce. Cp—1Un—1
| Sn—18n—-2 """ 51V1 e Sp—1Un—1 Un |

One can choose v, as a shift, the so-called Rayleigh shift, or one can consider as a
shift the eigenvalue of

Cn—1Un—1 Sp—1Un—1

Spn—1Un—1 Un,
that is closest to v,: the Wilkinson shift [184]. Using this shift in the tridiagonal
case will give cubic convergence. The numerical results provided in Chapter 8 will

experimentally prove the same rate of convergence for the symmetric semiseparable
case.

3

7.1.3 An implicit ()R-step

The first n—1 Givens transformations are in fact completely determined by the semi-
separable matrix. To perform these transformations, the shift p is not yet needed.
When applying these Givens transformations to the left of the semiseparable matrix
Sy = S5, this matrix becomes upper triangular:

GI ...GTs=R.

Directly applying the Givens transformations Gy ... G, on the right of the matrix R
will construct a matrix RG1 ...Gp,—1 whose lower triangular part is semiseparable.
(See the proof of Theorem 6.6 to see that one can apply both transformations at
the same time. The proof is for nonsymmetric matrices.) Because of symmetry
reasons the resulting matrix RG;...Gp—1 is a symmetric semiseparable matrix.
The application of the different Givens transformations can be done at the same
time, i.e., instead of first applying all the transformations on the left, we apply them
to the left and to the right at the same time. Implementation details about this
step can be found in the next chapter. We obtain successively:

S; = GTS,Gy
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followed by
Sy = GLS1Gy
and so on.

As stated before, this step corresponds to applying a QR-step without shift
to the semiseparable matrix.

The application of the second sequence of Givens transformations is the hard-
est step of the two and requires some theoretical results. To initialize this step the
knowledge of the Givens transformation GZ is crucial. GZ is the Givens transforma-
tion that will start to reduce the Hessenberg matrix GZ_, ... G¥ (S — uI) to upper
triangular form. The algorithm however did not calculate GT_, ... GT (S — uI) but
a semiseparable matrix S,,_1 = G,Tk1 . G1T5G1 ...G,_1. However, because we use
the Givens-vector representation as mentioned in the first section, we know that the
upper left element of the matrix GL_; ... GTS is the first element in the vector v
from the Givens-vector representation of the matrix S. It can be seen that the
elements in the upper left positions (1,1) and (2,1) of the matrix GL_, ...G¥ uI

equal
GT_, [ g } .

The Givens transformation G7 is constructed to annihilate the first subdiagonal
element in the Hessenberg matrix GL_; ...G¥ (S — puI). Due to the Givens-vector
representation and the structure of GI_; ...GT ul, we know that the first two el-
ements of the first column of the considered Hessenberg matrix are the following

ones:
V1 | AT w
b ]-enlh )

Hence one can easily compute the transformation GL. This means that the Givens
transformation G already can be applied to the matrix S,,_;. Hence, we obtain
S, = GI'S, _1G,. From this point we will work directly on the matrix S, and
therefore we switch to the implicit approach.

The matrix S,_1 was a semiseparable matrix and the output of a complete
step of the implicit @ R-algorithm also has to be a semiseparable matrix. However
after having applied the similarity transformation G1'S,_1G,,, the semiseparable
structure is disturbed. The following sequence of Givens transformations that will
be applied to the matrix S,, will restore the semiseparable structure. Even more:
the resulting matrix will essentially be the same as the matrix coming from one
step of the @ R-algorithm with shift ;. We will show that it is possible to rebuild a
semiseparable matrix out of S,, without changing the first row and column. To do
so we use some kind of chasing technique. More information about general chasing
techniques can be found in, e.g., [181, 183]. To prove the two main theorems, two
propositions are needed.

Proposition 7.2. Suppose the following symmetric 3 X 3 matrix is given:

z a d
A=]a b e |, (7.2)
d e f
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which is not yet semiseparable. Then there exists a Givens transformation

10 ) A 1 t -1
é=lo ¢ m o= i ]

such that the following matriz

GTAG

is a symmetric semiseparable matrix.

Proof. We can assume that ae — bd is different from zero, otherwise, the matrix
would already be semiseparable. The proof is constructive, i.e., the matrix G will
be constructed such that the matrix GT AG indeed is a semiseparable matrix. Cal-
culating explicitly the product G AG gives the following matrix (with s = 1 +¢2):

1 sT Vs(at + d) Vs(—a + dt)
~ | sta+d)  (th+e)t+ (te+ f) (=1)(tb+e) + (te + f)t
S| Vs(—a+td) (=b4te)t+ (—e+tf) (=1)(=b+te)+ (—e+tf)t

When this matrix has to be semiseparable the determinant of the lower left 2 x 2
block has to be zero, i.e.,

(ta+d)((=b+te)t+ (—e+tf)) — ((tb+e)t + (te + f)) (—a+td) = 0.

Solving this equation for ¢ gives the following result:

. de —af
"~ ae—db’
which is properly defined because ae — db # 0. O

Proposition 7.3. Suppose the following symmetric 4 X 4 matriz is given,

0 d
(7.3)

QUL O 8
o O e
—~ O O

€
f )
Y

which is not yet semiseparable. Then there exists a Givens transformation

100 1 t -1
G=1|0 G 0| with G= -
0 0 1 V1+t2[1 t}

such that the upper 3 x 3 block of the following matrix
GT AG

is a symmetric semiseparable matriz. And the lower left 3 x 2 block is of rank one.
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Proof. The proof is straightforward. Calculating the product GT AG shows that

the block
—a —tb
d te+f

has to be of rank 1. This corresponds with ¢t = —af/(ae — bd), where (ae — bd) is
different from zero because the matrix is not yet semiseparable. O

Proposition 7.4. Suppose the following symmetric 4 X 4 matrix is given,

x y a d
1y 000

A= 0 0 b el (7.4)
d 0 e =z

which has the 2 X 2 matrix
a b
d e |’

of rank 2. This means that the matriz is not yet semiseparable. Then there exists a
Givens transformation
I, 0
G B [ 2 ] '

0 G
such that the complete 4 x 4 matriz GT AG will be of semiseparable form.

Proof. The proof is straightforward. Deleting the second column and row gives us
a 3 x 3 matrix as in Proposition 7.2. O

One might wonder how both theorems can be used for larger matrices. This
is shown in the following theorem:

Theorem 7.5. Suppose an unreduced symmetric semiseparable matriz S is given.
On this matriz o similarity Givens transformation G is performed, involving the
first two columns and rows:

S =G"SG.

Then there exists a Givens transformation G:

1 0
) - 1 t —1
G=10 0 with G = ——
0 7 1/1_|_t2|:1 t]

o o

such that the upper left 3 x 3 block of the matriz GTSG is semiseparable.

Proof. The proof is divided in different cases. We will see that, due to the restric-
tions posed by the unreducedness, only two possibilities remain. These possibilities
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coincide with Proposition 7.2 and 7.3. Before being able to distinguish between the
different cases we can pose some extra constraints.

e Condition 1. G # I. We can clearly assume that the initial disturbing
Givens transformation G is different from zero, otherwise we can take G also
equal to the identity and the theorem is proved. Assume therefore in the
remainder of the proof that G # I.

e Condition 2. Suppose the upper left 2 x 2 block of the matrix S is of the

following form:

S(1:2,1:2)=| "% ¢ (7.5)

12,1:2) =1 |- .

Condition 2 states that a and b cannot be zero at the same time. This means
that either a or b or both are different from zero. Let us briefly prove this
statement. Suppose both a and b to be zero at the same time. This will lead
to a contradiction. This means that we have:

5 z 0

S(1:2,1:2)= [ 0 O}
As a Givens transformation does not change the rank we hence obtain that
the rank of S(1:2,1:2) with

§(1:2,1:2)=G(1:2,1:2)5(1:2,1:2)G(1:2,1:2)7T,

also needs to be equal to 1. This is in contradiction with the initial assumption
of unreducedness. Hence we know that at least one of the two elements a or
b needs to be different from zero.

e Condition 3. Suppose our matrix S has the upper left 3 x 3 block of the
following form:

3 r a d
S(1:3,1:3)=|a b e |. (7.6)
d e f

We show that if d and/or e are different from zero, then ae # bd. Again we
will prove this statement by contradiction. Assume namely that ae = bd, this
means that the lower right 2 x 2 block in the Matrix (7.6) is of rank strict
equal to 1 (strict because d and/or e are different from zero and a and/or
b are different from zero, hence the two rows are a multiple of each other).
As in Condition 2 we will see that this leads to a contradiction with the
unreducedness of the original matrix S. Depict the matrix § = (1: 3,1 : 3)
as follows:

) X X
S(1:3,1:3)= | ¥ K
X X x

X
X (7.7)

The matrix is symmetric, but we only depict the lower right structured rank
block to overcome an overloaded notation. The matrix S satisfies the following
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relation:
S(1:3,1:3)=G(1:3,1:3)5(1:3,1:3)G(1:3,1:3)T.
Applying the Givens transformation to the right of the matrix 5(1 :3,1:3)

creates the following structure:

S(1:3,1:3)G(1:3,1:3)7 = (7.8)

X X X
X X X
X X X

Nothing changes because the Givens transformation replaces the first two
columns by a linear combination of these first two columns. We still have
to perform the Givens transformation to the left of this matrix. This Givens
transformation involves the first two rows. Due to Condition 1 we also know
that this Givens transformation is different from the identity transformation.
We also know that the resulting matrix S(1 : 3,1 : 3), which is the original
semiseparable matrix, has the lower right 2 x 2 block of rank 1. Hence the
Givens transformation acting on the upper two rows cannot change the rank
of the lower 2 x 2 block. Due to the constraints posed, this is only possible
if the complete left two columns are of rank 1. This means that we have the
following equation:

X X
S(1:3,1:3)=| ¥ K (7.9)
X X

X X X

This is clearly in contradiction with the unreducedness assumption of the
matrix.

Condition 4. Assume the upper left 4 x 4 matrix follows form: (This corre-
sponds to d = e = f = 0 in Equation (7.6); f = 0 is naturally implied as f # 0
implies the matrix to be of block diagonal form, which is in contradiction with
the unreducedness.)

(7.10)

QRO 2 8
™ O o
5, O O O
QL —, ™ Q,

Then d and/or é have to be different from zero and moreover aé # bd.

— Assume d = é = 0 and f # 0. This would mean that the complete
columns underneath e and d would be zero, because the original matrix
S is semiseparable. This is in contradiction with the unreducedness of the
original matrix S, which can be written in this case as a block diagonal
matrix. This is not possible.
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— Suppose now d=¢= f = 0, this would mean that we have the following
upper 4 X 4 matrix:

OO OO

S o9 8
oo o
< OO O

For this matrix the element in position (3,4) can be included in the
semiseparable structure of the original matrix S. This contradicts the
unreducedness assumption.

— Assume Gé = bd. This is not possible. A similar reasoning as the one
used in Condition 3 can be applied here.

These conditions make it possible to prove that in fact only two types of Givens
transformations exist. Suppose we have the upper left 3 x 3 submatrix S as in
Equation (7.6). Depending on the values of d and e we distinguish between two
cases.

e Case 1. Assume d and/or e are different from zero. Using Condition 3 from
above, we see that the matrix is equal to the one from Equation (7.2) and
hence we can apply Proposition 7.2.

e Case 2. Assume d = e = 0. To solve this case we have to consider the
structure of the entire upper 4 x 4 subblock of the matrix S. Suppose the
matrix S has the upper left 4 x 4 block equal to the matrix in Equation 7.10.

Because of the conditions posed above, there are only two possible cases, due to the
initial unreducedness assumption posed on the matrix .S. O

Now we are ready to reduce a semiseparable matrix S which is disturbed in
the upper left two by two block S = GT SG, back to semiseparable form. The idea
is to interpret the structure restoring Givens transformation applied on the second
row and column as a disturbing Givens transformation on the semiseparable matrix
starting from row 2 and column 2 up to the end. To interpret the algorithm in this
way some extra rank 1 blocks are needed. This is the subject of the next theorem.

Theorem 7.6. Suppose we have an n X n unreduced symmetric semiseparable
matriz S, which will be disturbed in the first two rows and columns by means of a
similarity Givens transformation G. Then there exists an orthogonal transformation
U with Ue, = e; such that UTGTSGU is again a symmetric semiseparable matriz.

Proof. In this theorem a 5 x 5 matrix is considered, and we will use the special
Givens transformation from Theorem 7.5. Some more notation is needed to simplify
the construction of U: Denote with G; the orthogonal transformation that performs
a Givens transformation on the columns ¢ and 7 + 1 of the matrix S. To prove that
the algorithm gives the desired result, several figures are included. Starting with
the matrix S each figure shows all the dependencies in the matrix. The elements
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placed in a box satisfy the semiseparable structural constraints. The elements -
form a rank 1 part. Hence an element [ forms a rank 1 part and is includable in
a semiseparable structure. In the following figures we denote the lower triangular
part and the upper triangular part of the involved matrices separately. This is done
because in the beginning we perform the similarity transformations at the same
time, but to clearly understand what exactly is going on, we need to depict them
sometimes separately.

With S; we denote the structure of the lower triangular part, with .S,, the structure
of the upper triangular part. Elements not shown are not considered at that time.
Initially our matrix has the following structure, with both the upper and lower
triangular structure having a 3 x 3 block of rank 1:

X X X 0o @
X X X oo o
Si=(So),=| 1 o o Su = (S0),, = 0 oo
DB O K X K
00O KK <

Applying the first disturbing Givens transformation, acting on the first row and
column, destroys the semiseparable structure in the first row and column. We get
the following situation (Let S; = GT SoG1):

| B @
B B B oo o
(S1), = O o (S1), = 0O O o
O o K X X
DO X K X

We see that the resulting matrix G¥ SyG; has a new 2 x 2 semiseparable matrix in
the upper left corner, has a remaining 4 x 4 semiseparable matrix in the lower right
corner and has a block of rank 1 in the lower left and upper right corner.
Applying the structure restoring Givens transformation onto the matrix can be
interpreted as disturbing the semiseparable structure in the lower right 4 x 4 semi-
separable matrix. This clearly illustrates the inductive procedure because one can
again determine a structure restoring Givens transformation, based on the this dis-
turbed 4 x 4 lower right semiseparable matrix. However in order to prove that the
structure of the created upper left semiseparable matrix grows, an additional condi-
tion needs to be satisfied. After having applied the first structure restoring Givens
transformation, the first two columns of the matriz have to be of rank 1 (except for
the top elements). This means that the created 2 x 2 rank 1 block in the upper
left 3 x 3 matrix extends in fact throughout the complete first two columns. We
will prove first this statement, and we will then see that we can continue with the
inductive procedure for restoring the structure.

Depending on the kind of structure restoring Givens transformation applied, the
proof slightly changes.

e Case 2 of Theorem 7.5. We start with Case 2, as this is the most simple one.
The disturbing Givens transformation has created a matrix of the following
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form (illustrated on a 5 x 5 example):

H BH B 0 - -

H H H 0 o &

(Sl)l = 0 0 (Sl)u = 0 @ O©
- . X X

Dl X

0o o

X
X X

Applying the structure restoring Givens transformation G3 acting on row 2
and 3 and on column 2 and column 3, creates a matrix of the following form:

H H o
ol

HHM

O o
(52)1 = o o (SQ)u =

XX -

X
X
X

X X H

Y

X X
(7.11)

Hence we have a grown semiseparable block in the upper left corner, a reduced

semiseparable block in the lower right corner, and we also have the structural

constraints posed on the first two columns and rows.

e Case 1 of Theorem 7.5. This is the more difficult case. When applying
the Givens transformation of the first kind, we take a closer look to see how
the dependencies will change. First we apply the transformation Gy’ only on
the left of the matrix. We remark that we depict now two times the same
structure, namely the structure of the upper triangular part of the matrix

Ggslt
B o
00 K K
(G381), = N X X
X X
X
H B - . .
B oo
(G351), = O 0 o
X X
X

There are now two rank 1 parts, the small 2 x 2 matrix (left figure) and the
larger 3 x 3 matrix, which was already present before (right figure). The small
block has to be of rank 1 because the next Givens transformation Go applied
to the right will not change the rank of this block, and after this Givens
transformation that block is part of the semiseparable matrix, and therefore
of rank 1. The 3 x 3 block remains of rank 1 after the Givens transformation
is performed. This means that after applying the Givens transformation on
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the left we have a 2 x 4 matrix of rank 1 as depicted below:

B O
o
(G2 51) R

w

X X O
XXX &

This is only the case because the first three elements of column 3 of the matrix
S1 are not all equal to zero. If they were all zero, we would have been in Case
2 of Theorem 7.5.

Applying the transformation G2 to the right of the matrix gives the matrix
Sy = G257 81G5, which because of symmetry reasons has the following struc-

ture:
H H o o
| 0@ - .
(S2),=| @ @ H (S2), = B X X (7.12)
X X X X
X X X X

Hence we obtain a matrix that contains an upper left 3 x 3 semiseparable
matrix, a lower right 3 x 3 semiseparable matrix and moreover a large 4 x 2
block of rank 1 in the first two columns (a similar rank 1 block is present in
the first two rows).

The figure shows that the upper semiseparable part has increased, while the
lower semiseparable part is reduced in dimension. Very important are the
remaining rank 1 parts.

We have proved now that in either case, the rank one blocks in the first two columns
and rows are created. The dependency in these blocks makes sure that the next
Givens transformation indeed creates a semiseparable matrix of dimension 4. This
is in fact the inductive procedure. Let us see how it works.

The next Givens transformation G3 is calculated by using Theorem 7.5 applied to
the matrix So without the first row and column. In fact we will apply now a structure
restoring Givens transformation on the lower right 4 x 4 disturbed semiseparable
matrix. Applying the transformation Gs, this means calculating S5 = Gs3” S2Gs,
will create a semiseparable block in the middle of the matrix. However because of
the specific rank 1 parts in the first two columns, the complete upper left 4 by 4
block will become dependent. When exploiting the rank one parts as shown in this
equation:

H H
H

BHOO

(52)1 =

H
B B
O o (S2), =

X X H
X X

XX -
XX X
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and then performing the following Givens similarity transformation on the rows 3
and 4 and columns 3 and 4, we obtain the following situation:

H H H H H
B B BB H
(S3),=| 8 B B (83), = B ® (7.13)
BB B ® B X
X K X

This means that our resulting matrix S3 has the upper left 4 x 4 block of semisep-
arable structure and a remaining 2 x 2 block in the bottom right. The reasoning
applied above is not valid if the second column consists entirely of zeros except for
the first element. In this case apply the Givens transformation from Proposition 7.4,
which then provides the desired structure.

Before performing the final Givens transformation, one can also search the rank 1
blocks (extending throughout the first three columns now) such that the last Givens
transformation will transform the matrix into a complete semiseparable one.

Even though we proved the theorem here for a semiseparable matrix of dimension
5, one can easily see that the statements remain true, also for higher dimensions of
the matrix. 0

Note 7.7. The theorem provided here is valid, regardless of the kind of representa-
tion used. In practice, however, a representation is chosen in order to minimize the
storage cost for the structured rank parts. Starting from a specific representation,
the different cases of transformations often collapse, all the information concerning
zeros, etc., is simply stored inherently in the representation, and there is no need
to distinguish between these cases. In Section 8.2 this will be illustrated for the
Givens-vector representation. Based on this representation we will see that all the
different cases of Givens transformation are incorporated in the method.

This final theorem produces an algorithm to transform the semiseparable ma-
trix with a disturbance in the upper left part back to an orthogonal similar semi-
separable matrix. In the next subsection it will be proven that the constructed
semiseparable matrix will be essentially the same as the semiseparable matrix com-
ing directly from the Q) R-algorithm.

7.1.4 Proof of the correctness of the implicit approach

In this final part of Section 7.1 we will prove that the matrix arising from the
theorem above is essentially the same as a matrix coming from an explicit step of
QR to an unreduced semiseparable matrix. First we will briefly combine all the
essential information provided in this section to come to an implicit @ R-algorithm
for semiseparable matrices. We will recapitulate all the essential steps. Suppose we
have a given semiseparable matrix S. The matrix is unreduced when the following
conditions are satisfied:
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1. All the blocks S(i +1:n,1:4) (for ¢ = 1,...,n — 1) have rank equal to 1.
This means that there are no zero blocks below the diagonal.

2. All the blocks S(i:n,1:4+41) (for i = 1,...,n — 1) have rank strictly higher
than 1. This means that on the superdiagonal, no elements are includable in
the semiseparable structure.

While executing the algorithm, the second demand only needs to be checked
once, because this corresponds to singularities, which cannot be created afterwards.
Therefore, before performing a QR-step, we transform the matrix S to unreduced
form as described in Subsection 7.1.1. All the singularities are now removed. We
have an unreduced matrix Sy. After a step of QR with or without shift, it is possible
that the matrix has almost a block diagonal structure. If this is the case, one should
apply deflation and continue with the smaller blocks. More on the deflation criterion
used can be found in Chapter 8, Subsection 8.2.4.

A brief description of one step of the implicit QQ R-algorithm:

1. Calculate the shift u.

2. Apply the first orthogonal transformation @Q; to the matrix S: S = QTSQ;.
(This corresponds to performing a step of the @ R-algorithm without shift on
the matrix S.)

3. Apply deflation to the matrix S, if there are numerically zero blocks created
in the matrix S.

4. Apply the second step of the implicit QR method to the blocks, deflated from
the matrix S.

5. Again apply deflation to the blocks resulting from the implicit step applied
onto S.

In fact the deflation in the middle of the algorithm is not necessary. If there
are zero blocks created in the first orthogonal similarity, the chasing step will simply
break down. This is not dramatic, as one can then immediately proceed with two
blocks. One can also incorporate this check into the chasing part.

Because of the implicit Q-theorem 6.28, we know that we performed a step of
the Q R-algorithm similar to the original matrix. Let us briefly explain this in more
detail. Suppose our matrix S is transformed via the explicit Q R-algorithm into the
matrix S and denote with S the matrix resulting from the implicit Q) R-algorithm.
We have the following equalities:

We know that the first n Givens transformations performed in the implicit approach
are identical to the ones performed in the explicit approach, namely G%'...GT. The
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remaining Givens transformations in the explicit approach do not act on the first
row anymore, hence we have:

Qel = Gl...Gnel.

In the implicit approach, the chasing technique was constructed such that it did
not act on the first row, hence also for the implicit approach we obtain:

Qel = Gl...Gnel.

This implies that the first columns of the orthogonal transformations applied to
obtain S and § are identical. Due to the implicit @-theorem, we now know that
our matrices are essentially unique, thereby justifying our implicit approach for
performing a step of QR on a semiseparable matrix S.

Notes and references

The results presented in this section are based on the ones presented in [164], in which the
implicit Q) R-algorithm for symmetric semiseparable matrices was developed.

In some articles (e.g., [18]) one considers also the following definition of unreduced-
ness if one is working with a symmetric semiseparable matrix S.

Definition 7.8. A symmetric semiseparable matriz S is considered unreduced if there are
no zero blocks below the diagonal and the following condition is satisfied:

rank (S(i:i+1,4:44+1))>1 (Vi=1,...,n—1)

One might consider this definition to be equivalent to the one posed on semiseparable
matrices. But in fact this is not at all the case. Consider for example the following matrix,
which is symmetric:

1 2 3 0 4
2 2 3 0 4
A=|3 3 3 0 4
00 0 0 4
4 4 4 4 4

Now considering the element in position (3,4), this element is not includable in the
semiseparable structure according to this book’s definition of unreducedness, but corre-
sponding to the alternative definition it is includable. According to the new definition this
matrix would not be considered unreduced and there would be the need for transforming
this matrix to unreduced form. Hence it seems that the definition considered in this book
is more detailed. Being not unreduced according to the definition used in the book always
implies being not unreduced according to this new definition, but not vice versa. But
this new definition is in some sense stronger than the one we considered, so if a matrix is
unreduced according to this new definition, it will surely be unreduced with respect to the
old definition. Hence in practical implementations, it is natural to use the latter definition.
It is more severe but easier to check however.

The example above is not at all singular. In the definition used throughout the book
however singularity is necessary if an element in the superdiagonal is includable in the
semiseparable structure.
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Another interesting theoretical observation related to the duality between tridiagonal
and semiseparable matrices is the following. Assume for simplicity that we are working
with nonsingular matrices, hence we can invert them. Assume we have a tridiagonal matrix
T and a semiseparable matrix S = T~'. Applying the standard QR-algorithm without
shift to the matrix S, causes the matrix to converge to its dominant eigenvalue (in normal
circumstances). Assume now the matrix S has converged to its dominant eigenvalue after
a few steps of the Q R-method. This means that § = Q¥ SQ. We now have the following
equations:

T=5"
Q"TQ=Q"s Q= (Q"sQ)

T | € S | € -

e’ ‘ A1 el ‘ 1/\ 7

in which € and € denote vectors of small elements. This idea can be exploited in different
forms. For example one can determine the first Givens transformation from the semisepa-
rable @ R-step accurately, apply it onto the matrix T and then continue with the implicit
approach for tridiagonal matrices to let it converge to its smallest eigenvalue. To obtain
accurate results after every step of the Q R-method one can also try to invert the result-
ing semiseparable matrix (using O(n) operations) in order to determine the first Givens
transformation as accurately as possible.

We would like to conclude with a simple remark. The analysis above might result
in some questions. Is it really necessary to use two sequences of Givens transformations
in order to obtain a step of the (Q R-method, whereas only one sequence is needed in the
tridiagonal case. This is because a tridiagonal matrix minus a shift matrix remains a
tridiagonal matrix, and therefore its () R-factorization can be computed by n — 1 Givens
transformations. For semiseparable matrices the structure is however not preserved when
subtracting a diagonal matrix. This leads to a semiseparable plus diagonal matrix for
which two sequences of Givens transformations each involving n — 1 transformations are
necessary.

7.2 A ()R-algorithm for semiseparable plus diagonal

As mentioned before, we will not cover all details for developing an implicit QR-
algorithm for semiseparable plus diagonal matrices. The changes with regard to the
method presented above are limited. The idea is similar to the one in the reduction
method. The reduction of a symmetric matrix to semiseparable form changed only
slightly in order to obtain a semiseparable plus diagonal matrix. The idea is to
subtract in the reduction procedure some values from the diagonal and to construct
the Givens transformations based on this slightly changed information. Here, one
can do exactly the same. Slightly changing the diagonal elements before computing
the structure restoring Givens transformations results in an implicit () R-algorithm
for semiseparable plus diagonal matrices. Unfortunately this creates an overhead of
tracking for nonzeroness and rank deficiency, problems that are more complicated
than in the traditional implicit Q R-method for semiseparable matrices. Already
in the simple semiseparable case it was shown in Theorem 7.6, that one has to
distinguish between many cases. More information on this implicit () R-method for
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semiseparable plus diagonal matrices can be found in [157].

Nevertheless, we will present another approach for developing the implicit
@ R-algorithm for semiseparable plus diagonal matrices in the next chapter. There
we will discuss a graphical interpretation of the chasing based on the Givens-vector
representation. This approach is more appealing, which makes it easier to find
troublesome cases (almost zero and so forth) and moreover, it makes it easy to
write the implementation.

In order to devise this graphical implementation, we will present here some
aspects of the Q R-method for semiseparable plus diagonal matrices, which were not
discussed before.

Lemma 7.9. When applying the orthogonal similarity transformation based on Q1
to a symmetric n X n semiseparable plus diagonal matrix D+ S, the resulting matriz
is semiseparable plus diagonal again:

QT(S+ D)@ =S+ D,

and the diagonal is of the following form D = diag([0,dy, ds, . .., dn_1]). The matriz
Q1, consists of the n Givens transformations Gy, ..., G, to make the semiseparable
matriz S, upper triangular (see Subsection 6.1.1).

Proof. By induction. The first Givens transformation G7 working on the last two
rows and its transpose on the last two columns transforms S + D into

X ... X|X 0 dy

X XK o0 |*F dn—2 ;
X X | x x X X

0 0 x x X X

where X are elements belonging to the symmetric semiseparable structure. The
2 x 2 blocks in the lower-right corners can always be written as

] [E B

where H denote an element belonging to the new semiseparable structure con-
structed in the lower-right corner, because any 2 x 2 block is a semiseparable block.

Suppose that after n — ¢ steps, the semiseparable plus diagonal matrix S + D is
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transformed into

1—1 1
] 1l
X X X X 0 0 ]
X . KX KOO0 0 "
X . XX KOO0 0
X B~ Y = = H
0 .. 0 0 BH H H
| 0 0 0 H H B |
i—1 1
- l l —_
dy
di—2
di—1 ’
0
d;
L dn—l i

where X denote an element belonging to the semiseparable block in the upper-
left corner and H an element of the new constructed semiseparable block in the
lower-right corner. The elements [ belongs to both semiseparable blocks.

When applying a Givens transformation on the (i — 1)-th and i-th row and col-
umn, the diagonal part will not remain diagonal any more. This can be avoided
by changing the 0 on the i-th position of the diagonal part into d;_;. Hence, both
diagonal elements, the (i — 1)-th and i-th, are equal and any orthogonal similar-
ity transformation working on these two rows and columns will never change the
diagonal part.

Of course, we also need to adapt the corresponding element in the semiseparable
part. But this element is @ and whatever its value it will always belong to both
semiseparable parts because the lower-right element and the upper-left element of
a semiseparable matrix can be chosen arbitrarily.

The Givens transformation G7_, ; is constructed such that it annihilates the i-th
row up to the main diagonal. Hence, after the application of Gy,_;11 and GL_, 115
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we get the following:

1—1 ¢
- l’ l -
dy
di—2
di—1 +
di—1
d;
L dn-1 |
1—1 1
— l l —
X X X 0 0 ... 0
X X X 0 0 0
X X @m H H H
0 0 H B H B |’
0 0 H BH H H
0 ... 0 B E ® ... 3|

where we have enlarged the semiseparable block in the lower-right corner by one
row and column.

Only the (i—1)-th diagonal element d;_; should be zero in order to prove the lemma,
but, as before, we can change that element into 0 and adapt the corresponding
element [ in the semiseparable part. The adaptation of @ will not change the
existing semiseparable structures.

This ends the proof of Lemma 7.9. O

We know that after the first sequence of Givens transformations the diagonal
shifts down one position. Therefore the second sequence of Givens transformations
must shift up the diagonal one position, as finally the structure of the semisep-
arable plus diagonal matrix is maintained after one step of the @ R-method (see
Section 6.3).

As seen in the previous section, the preservation of the semiseparable plus
diagonal structure (see Section 6.3) is not enough to develop an implicit method.
As the semiseparable plus diagonal case is quite similar to the semiseparable case,
we will not discuss all these issues in detail. Below you can find a list of important
topics, which should not be forgotten when developing an implicit method.

e Unreducedness: As a semiseparable plus diagonal matrix S+ D consists of a
complete semiseparable matrix, one can apply the existing deflation techniques
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onto the semiseparable matrix. The diagonal is of no influence here.

e Implicit Q-theorem for semiseparable plus diagonal matrices: An
implicit @Q-theorem for semiseparable plus diagonal matrices does not exist to
our knowledge. Nevertheless, one can prove this the way the semiseparable
case is proved, based on the unreducedness of the involved matrices, and
thereby using the fact that an unreduced matrix is generator representable.

The implicit @-theorem is in some sense only needed for proving that one did
perform a step of the QR-method in the implicit case. In fact the implicit
@-theorem is not needed in this case. If one can prove that one performs
essentially the same Givens transformations in the implicit as in the classical
manner the statement holds. Because the first sequence of Givens transfor-
mations is uniquely determined this is not so difficult to prove (see [157, 55]).
Also based on an inverse eigenvalue problem one can state essential unique-
ness of the matrices resulting from an implicit or an explicit Q R-step, see [72]
and the discussion of this article in Section 9.7.

The chasing technique for semiseparable plus diagonal matrices will be dis-
cussed in the forthcoming chapter.

Notes and references

As mentioned before, a more detailed analysis of the @ R-method (without the graphical
scheme) for semiseparable plus diagonal matrices can be found in [157] (see Section 6.3).
Instead of an implicit Q-theorem one can use two approaches.

= S. Delvaux and M. Van Barel. Eigenvalue computation for unitary rank
structured matrices. Journal of Computational and Applied Mathematics,
213(1):268-287, March 2008.

This article by Delvaux and Van Barel discusses the construction of an implicit method
for computing the eigenvalues of unitary Hessenberg matrices.
Another approach is discussed in more detail in [72] (see also Section 9.7).

7.3 An implicit () R-algorithm for Hessenberg-like
matrices

In the previous section we developed an implicit () R-algorithm for symmetric semi-
separable matrices. This was useful because every symmetric matrix can be trans-
formed into a similar semiseparable one. As nonsymmetric matrices can be trans-
formed via similarity transformations into Hessenberg-like matrices, we will deduce
in this section an implicit () R-algorithm for this class of matrices.

7.3.1 The shift

For Hessenberg-like matrices one can also consider the Rayleigh and Wilkinson shift
as for the symmetric case. However, one important remark has to be made. Our
Hessenberg-like matrix is not necessarily symmetric anymore and therefore does
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not necessarily contain all real eigenvalues. It is perfectly possible to have complex
conjugate eigenvalues in the Hessenberg-like matrix. To obtain convergence to these
eigenvalues, one can try the following, as presented in [94, p. 355], which is called
the double shift strategy or the performance of a Francis Q R-step. We will present
this for Hessenberg matrices. Suppose we have a Hessenberg matrix H") = H, for
which the lower right 2 x 2 block contains two complex conjugate eigenvalues pq and
peo. The double shift strategy performs in fact two @ R-steps with different shifts:

The resulting Hessenberg matrix H®) should be real but numerical rounding errors
can prevent that. Therefore one switches to the implicit approach, in which two
steps of QR are applied simultaneously. In this section we will however assume that
all our eigenvalues of the Hessenberg-like matrix are real and that we therefore do
not need this implicit double shift strategy'3.

The technique of using two shifts is often referred to as the double shift strat-
egy. Instead of presenting this technique here, we will immediately present the
multishift strategy in Chapter 9, Section 9.4, which enables the performance of
more than two steps of the QR-algorithm at once. This part is not yet included
here as the presented algorithm makes extensive use of the graphical schemes for
operating with Givens transformations, which will be presented in Chapter 8.

7.3.2 An implicit () R-step on the Hessenberg-like matrix

Without loss of generality we assume our Hessenberg-like matrix Z to be unreduced.
In the previous chapter a method was proposed for bringing Hessenberg-like ma-
trices back to unreduced form. To execute an implicit @QR-step, we know that we
have to perform two sequences of Givens transformations on the matrix Z. The first
sequence of Givens transformations (01 can be performed immediately on both sides
of the matrix at the same time. This can be seen from the proof of Theorem 6.6:

Z1= Q1 ZQh.

By Theorem 6.6, the matrix Z is again a Hessenberg-like matrix. The second step
is performed in an implicit way, just like in the symmetric case. To start with the
implicit approach, we need an initialization step. We know that H; is a Hessenberg
matrix:

T T
Hy =Q1Z — pQ
T
=Ry —pQy.
130ne can also choose a complex shift and continue working with complex shifts and complex

matrices. One should work with the complex conjugate instead of with the transpose. In this
book everything is based on the transpose, which is why we make this assumption.
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This makes it easy to calculate the first Givens G transformation of the ma-
trix Q2. This transformation G will annihilate the element (2,1) in the matrix
H;. Switching to the implicit approach, we perform the transformation G on the
Hessenberg-like matrix Zy:

Zy =GY7,G,.

Note that the matrix Zs is not Hessenberg-like anymore but has the structure
disturbed in the upper left 2 x 2 block, with the remaining part of the matrix still
of the correct form. We will now design a chasing technique that will remove the
disturbance in the matrix.

7.3.3 Chasing the disturbance

We will now derive three propositions that determine Givens transformations that
can be used to reestablish the structure of the Hessenberg-like matrix. In fact the
last proposition is the most general one, incorporating also the previous two proposi-
tions. It is included to compare it with the (Q R-method for symmetric semiseparable
matrices.

Proposition 7.10. Suppose the following 3 x 3 matriz is given,
a g h
A=1b ¢ 1 |,

d e f

for which be — dc # 0. Then there exists a Givens transformation

10 . A 1 t -1
G—{O é} with G_i—l—i—ﬁ{l t}

such that the following matriz
Gt AG

has the lower left 2 x 2 block of rank 1.

Proof. The proof is similar to the one of Theorem 7.2. A simple calculation reveals
that the parameter ¢ of the Givens transformation

t_id—fb
" eb—de

is well defined because eb — dc # 0. O
This is however not enough to restore the complete lower triangular semisep-

arable structure. Just like in the symmetric case another type of Givens transfor-
mation is needed.
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Proposition 7.11. Suppose the following 4 x 4 matriz is given,

QUL O
o o0 v
A
gm‘pvk)‘

which is not yet Hessenberg-like. Then there exists a Givens transformation

100 Loy
G=|0 G o| with G=— —— | ! ~
0 0 1 V1+t2[1 t}

such that the lower left 3 x 3 block of the following matrix
GTAG
is Hessenberg-like. And the lower left 3 x 2 block is of rank 1.

Proof. A straightforward calculation reveals

id—bf
eb—cd’

which is well defined. 0

In fact the structure given in Proposition 7.11 is not the most general. The
following proposition will capture all the possible transformations.

Proposition 7.12. Suppose the following n X n matrix is given,

a g
b ¢ i ...
0 0 O l
A= 3
O ... 0 ... 0 g
L d e f ... m |

which is not yet Hessenberg-like. Then there exists a Givens transformation

1 0 0 ...
0 G 0 . 1 t -1
G=|0 0 1 with G:\/l—i——t2[1 t}

such that the lower left (n — 1) block of the following matrix

GTAG
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is of Hessenberg-like form. And the first two columns are dependent, except for the
first element.

Proof. A calculation reveals:
_id—bf
eb—cd’
which is well defined. O

Note 7.13. The transformation from Proposition 7.12 is not necessary in the
symmetric case. In the symmetric case only two different types of Givens transfor-
mations are needed (see proof of Theorem 7.5).

Note 7.14. In fact one should also consider transformations similar to the one in
Proposition 7.4, but for simplicity reasons we omit them here.

Graphically we have also a bulge chasing algorithm in order to restore the
structure. Let us depict it with some figures. Suppose we start with the following
unreduced Hessenberg-like matrix Z,,_1, on which already the orthogonal similarity
transformation ()1 = G1...G,_1 has been performed:

X x x x X
X K x x x
In-1=| K K K x x
X X X K x
X X X X K

The first disturbing Givens transformation G, is applied to the matrix Z,,_; leading
to the following structure:

Zn = GZanlGn =

XXX X X
XXX X X
XXX x X
XX x X X
X X X X X

Let us apply now the first structure restoring Givens transformation onto this ma-
trix. We know what the result should be, a 2 x 2 block of rank 1 should be created
in the matrix. Let us apply the transformations on both sides of the matrix sepa-
rately, to clearly depict what will happen with the structure of the matrix. First we
apply the transformation to the right side of the matrix. This gives us the following
structural properties of the matrix:

XXX X X
XXX X X
XXX X X
KX x x X
K x X X X
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The Givens transformation G,,+1 acts on columns 2 and 3 and makes therefore a
linear combination of these columns. This results in the fact that the remaining
semiseparable part is still intact. Applying now the Givens transformation G 41 to
the left of this matrix creates a rank 1 block, unfortunately it destroys the semisepa-
rable structure denoted by X in the element (3, 3). In the following figure the newly
created semiseparable structure is denoted by H and the vanishing semiseparable
structure by X:

H x x x x
H B x x x
Gl ZnGrii= | B B x x x
X X X XK x
X X X X X

In this matrix the elements H denote the newly created semiseparable structure.
Before we can continue with our structure restoring procedure we have to in-
vestigate more closely the underlying rank structure of this newly created matrix.
Even though it might seem that the new upper structured rank part is completely
disconnected from the elder lower structured rank part this is not at all the case.
Let us reconsider the matrix from Equation (7.14). On this matrix only one more
transformation needs to be applied, namely on the left. This transformation com-
bines rows 2 and 3 and after this transformation has been performed we know that
the block Z,41(2:3,1:2) has to be of rank 1. The Givens transformation applied
to the left of the matrix in Equation (7.14) cannot change the rank of this block in
the matrix Z, G,11. This is because it makes just a linear combination of the two
rows involved. This means that in the matrix Z,,G, 41 this block has to be rank 1.
Denoting the elements of this rank 1 part with - we get the following situation:

X X X X X
X X X
ZGnii=| 8 @ B x x (7.15)
N B B K x
N B B B X

(Without loss of generality we assume that we are always working with the Givens
transformation as proposed in Proposition 7.10. In the other cases the analysis
becomes simpler as one can skip most of the analysis presented here.) Because also
in this matrix the lower three rows satisfy a structured rank constraint we obtain
that the matrix Z,,G,41 satisfies the following structured rank conditions (due to
the assumption that we use the transformation proposed in Proposition 7.10, we
know that the elements in the third row are nonzero, and therefore we can expand
the rank 1 block):

ZpGry1 = (7.16)

[DEoRD
[DEoRD
XXX X X
KX x x X
K x X X X
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Completing the transformation of this matrix by performing the transforma-
tion G,,41 also on the left side creates a matrix of the form:

H
o]
G 1 ZnGrir = | B
[
]

DA X
XX X X X
XX X X X
KX X X X

It is clear that both newly created structured rank parts are still connected tightly
via the rank 1 block intersecting both structures. This rank 1 block is essential for
the continuity of the chasing procedure.

To continue the analysis we will show the effect of one more Givens transfor-
mation for chasing the disturbance. First we apply a Givens transformation on the
columns 3 and 4'4:

Zn+1 G(n+2 -

OO H
OB E X

XX X X X
XX X X X
X X X X X

Applying this Givens transformation, does not change anything essential but due
to a similar remark as in the previous transformation, we know that the 2 x 2 block
which is the intersection between rows 3 and 4 and columns 2 and 3 needs to be
of rank 1. Due to the existing rank 1 structure in the first two columns the whole
block needs to be of rank 1. Therefore we get the following situation (only the
essential rank 1 block is depicted now):

Zn+1Gn+2 =

XGEGMMBH
XEHOBX
XOH X X
XX X X X
X X X X X

Completing the similarity transformation with an operation on the left creates there-
fore the following structured rank matrix (we omitted now the rank 1 parts):

H x x x x
H H x x x
Gri9Zpt1Grio= | B B B x x
X X K x x
X X X X K

141 case the elements in the second column are zero, one uses the elements of a column left of
it for defining the Givens transformation proposed in Proposition 7.10. We do not discuss this in
detail as it makes the analysis unnecessarily complicated. Moreover in a practical implementation
one is not confronted with this problem, as one stores the structured rank part efficiently and one
works with one nonzero column defining all the others up to a multiple. This nonzero column is
used for determining this Givens transformation.
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It is clear that the new structured rank part gradually grows. To continue this
analysis, again a new rank 1 part extending across the structures has to be searched
for.

7.3.4 Proof of correctness

A similar analysis as in the symmetric case ensures that the matrix resulting from
this reduction procedure is essentially identical to a Hessenberg-like matrix on which
an explicit step of the QR-algorithm was performed. One can again assume all
Hessenberg-like matrices involved to be of unreduced form as otherwise deflation
occurs.

Notes, references and open problems

The results in this section are based on the results presented in [159].

The main open problem of this section is the incorporation of the double shift strat-
egy for sticking to real computations instead of switching to complex numbers. The dif-
ficulty lies in the fact that before we can compute the special Givens transformation G,
we first need to perform the first sequence of Givens transformations from bottom to top.
Hence when one wants to perform two steps of the Q R-method at once, this becomes dif-
ficult as this second special Givens transformation is heavily dependent of the previously
performed Givens transformation. This problem will be adressed in Chapter 9. Before we
can derive the multishift @ R-algorithm we need more knowledge on working effectively
with the Givens-vector representation.

7.4 An implicit () R-algorithm for computing the
singular values

In this section an adaptation of the @ R-algorithm of Section 7.1 will be made such
that it becomes suitable for computing the singular values of matrices via upper
triangular semiseparable matrices. The adaptations are achieved in a completely
similar way as the translation of the Q R-algorithm for tridiagonal matrices towards
the @ R-algorithm for bidiagonal matrices.

In this section we will derive, what is meant by an unreduced upper trian-
gular semiseparable matrix S,. We will prove that one iteration of the implicit
@ R-method applied to an upper triangular semiseparable matrix S, is uniquely
determined by the first column of the orthogonal factor @ of the @ R-factorization
of

SuTSu - /J‘I7 (717)

where p is a suitable shift. Exploiting the particular structure of Matrix (7.17), we
will show how the first column of () can be computed without explicitly computing
S,TS,. Finally we will make sure that the resulting matrix after one step of the
implicit @ R-method is again an upper triangular semiseparable matrix.



230 Chapter 7. Implicit QR-methods for semiseparable matrices

7.4.1 Unreduced upper triangular semiseparable matrices

Let us first define what is meant by an unreduced upper triangular semiseparable
matrix.

Definition 7.15. Suppose S, is an upper triangular semiseparable matriz. S, is
called unreduced if

1. The ranks of the blocks S,(1:4,i+1:n), fori=1,....,n—1 are 1. This
means that there are no zero blocks above the diagonal.

2. All the diagonal elements are different from zero.

Note 7.16. An unreduced lower triangular semiseparable matriz is defined in a
similar way.

Assume that we have an upper triangular matrix .S,,, and we want to trans-
form it into an unreduced one. Condition 1 can be satisfied rather easily by dividing
the matrix into different blocks. This means that the resulting block-matrices are
generator representable. From now on, we will consider each of these blocks sep-
arately. Assume the generators of such an upper triangular block matrix to be u
and v. If Condition 2 is not satisfied, i.e., a diagonal element d; = u;v; is zero, then
either u; or v; equals zero. Assume the matrix S, to be of the following form:

U1V1  UV1 U3V1L - UpUll
0 UoV2  UV2 -+  UpU2

Sy = 0 ugvs -+ unvs | (7.18)
0 s 0  upvn

Assume u; = 0. This means that we have a matrix of the following form (let us
take for example a matrix of size 5 x 5, with ug = 0):

cocoocoX
co o XX
coocoo
SR NXKXKX
X XXX X

We want to transform this matrix to unreduced form. In this case we do not need
similarity transformations anymore and we can use an orthogonal transform on the
right that is different from the one on the left. Let us apply a Givens transformation
GT on rows 3 and 4 of the matrix, which will annihilate the complete row 4, because
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these rows are dependent. Thus we get the following matrix:

N X 0 X K N X 0 N K
0 M 0 X K 0 X 0 K X
0 0 0" ®|GTS,| 0 0 0 X K
000X ®| |0 000 0
0 00 0 K 000 0 K

In the matrix on the right we can clearly remove the zero row and column to get an
unreduced upper triangular semiseparable matrix when all other diagonal elements
are different from zero.

The results applied here can be generalized to v; = 0, by annihilating a column
via a Givens transformation on the right. Also the extension towards more zeros
on the diagonal is straightforward.

7.4.2 An implicit Q)R-step

In this section we will apply all the necessary transformations to the upper triangular
matrix S, such that the first column of the final orthogonal transformation applied
to the right of S, will be the same as the first column of the matrix @ in the QR-
factorization in SI'S, — ul. We can assume that the matrix S, is unreduced, and
therefore this matrix is representable with two generators u and v. Moreover, the
matrix will be nonsingular. Let S, be as in Equation (7.18). Let 7, = >, _, v, i =

1,...,n. An easy calculation reveals that
UL U7 U2UITL U3UITL - UpULITI
U2 U1TT  U2U2T2 U3 U2T2 Up U2T2
T :
S = Su Su = U3 U171 U3 U2T2 U3 U3T3 . (719)
Unp UIT1T  Up U2T2 e Un UnTn

is a symmetric semiseparable matrix. Let us denote the generators for this sym-
metric semiseparable matrix S by @ and Vv,
ﬁ: u = [U17U27u3,"' >un]

V= [u1T17 U272, U3T3, " aunTn] .
Therefore S — pl is a semiseparable plus diagonal matrix.
Theorem 7.17. Assume S, is an unreduced upper triangular semiseparable matriz,

then the matrix S = Sf Su will be an unreduced semiseparable matriz. Moreover all
the elements in the generators u and v are different from zero.'

Proof. By Equation (7.19) and knowing that because of the unreducedness of S,

the elements u; and v; are all different from zero, we have no zero blocks in the

15The idea is of course to choose the definition of unreducedness for the upper triangular semi-
separable matrix, such that this theorem holds.
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matrix S. Assume however that the semiseparable structure below the diagonal
expands above the diagonal. This will lead to a contradiction. Assume for example
that the element ugus7 can be incorporated in the semiseparable structure below
the diagonal. This implies that the 2 x 2 matrix

U2 U272 U3 U2T2
U3z U272 U3 U3IT3

is of rank 1'6. This means that the matrix is singular and
Ug U ToU3 U3T3 — U3 UaToUs UsTy = 0
this can be simplified, leading to:
3—19 =0

which means, that vs = 0, which is a contradiction. O

We will investigate how the application of one step of the @ R-algorithm on the
matrix S — pl interacts with the upper triangular matrix S,. Once the first column
of the orthogonal transformation applied to the right is completely determined,
we switch to the implicit approach. We make use of the structure of the QR-
factorization as presented in Chapter 6, Subsection 6.1.1. We know that the @
factor of the @QQR-factorization of a diagonal plus semiseparable matrix of order n
can be given by the product of 2n — 2 Givens transformations. The first n — 1
Givens transformations, G;,7 = 1,...,n — 1, applied from bottom to top transform
the semiseparable matrix S into an upper triangular matrix and the diagonal matrix
ul into a Hessenberg one. Moreover if Q = G1Gy---Gp_1, then S; = 5,Q1 is a
lower triangular semiseparable matrix.!” We have now already performed the first
sequence of transformations on the matrix S — I which corresponds to transforming
the upper triangular matrix S, to lower triangular form S;. We now calculate
the first Givens transformation G, which will annihilate the element in position
(2,1) of the Hessenberg matrix H = QT (S — pl). The knowledge of this Givens
transformation will determine the first column of the transformation performed on
the right of the matrix .

Taking into account that .S; is a lower triangular matrix, and

H=Q{(S—ul)
= Q1 5, Su— nQ7
= SlTSu - NQT»

when denoting the Givens transformation embedded in G,,_1 as

Cn—1 —Sn—1
Sp—1 Cn—1 ’
16Tn the notes and references at the end of the previous section some remarks were made con-
cerning this 2 x 2 block with regard to the unreducedness.

17This transformation can be omitted. See the notes and references section for more information
hereabout.



7.4. An implicit Q R-algorithm for computing the singular values 233

we show that the first two elements of the first column of H are
(S1)11(Su)11 — pen—1
HSn—1

This means that we can determine the Givens transformation G,, rather easily.
Moreover, taking a closer look at the first column of Q = Q1Q2 we have

Qer = Q1Q2e;
=G1G2 - Gno1GpGrgr - - Gan—seq
=G1Gy---Gr1Grer

since G;e; = e; for i = n+1,...,2n — 2. This means that the first column
of the @ factor of the @) R-factorization of S — ul depends only on the product
G1Gs - Gp-1Gy.

Furthermore, let

S, = 8,G1Gy---Gp 1Gp, = SiG,. (7.20)

If we do not perform any transformations to the right of the matrix anymore in-
volving the first column, we will be able to apply the implicit @-theorem. From
now on we will start with the implicit approach. The bulge, just created by the
Givens transformation G,,, will be chased by a sequence of Givens transformations
performed on the left and the right of the matrix.

7.4.3 Chasing the bulge

The Matrix (7.20) differs from a lower triangular semiseparable matrix, because
there is a bulge in position (1,2). In order to retrieve the lower triangular semi-
separable structure an algorithm is presented in this subsection. At each step of
the algorithm the bulge is chased down one position along the superdiagonal, by
applying orthogonal transformations to S;. Only orthogonal transformations with
the first column equal to e; are applied to the right of S;. Before describing the
algorithm, we consider the following proposition.

Proposition 7.18. Let

C= { wor a0 } : (7.21)
U2V1 UV  UV3

with uy, us, v1,v2, vy all different from zero. Then there exists a Givens transforma-
tion G such that

~ 1 0

0_0[0 G] (7.22)

has a linear dependency between the first two columns of C.

Proof. The theorem is proven by explicitly constructing the Givens transformation

“ 1 t -1
Gﬁ{l t} (7.23)
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Taking (7.21) and (7.23) into account, (7.22) can be written in the following way:

1 vV 1+ t2 ta —«
V1482 | uorivV1+12  tuguy + ugvs  —ugve + tugvs

Dependency between the first two columns leads to the following condition on the
coefficients of the previous matrix:

ta (\/ 1+¢2 uzvl) = (\/ 1+¢2 ulvl) (tugve + ugus) .

Simplification leads to

C’:

tOt’U,Q = U1 (tUQ"UQ —+ UQ”U3) .

Extracting the factor ¢ out of the previous equation proves the existence of the
Givens transformation G:

.
(=)
The denominator is clearly different from zero. Otherwise the left 2 x 2 block of the

matrix in Equation (7.21) would already have been of rank 1 and we would have
chosen the Givens transformation equal to the identity matrix. O

t=

The next theorem yields the algorithm that transforms S; into a lower trian-
gular semiseparable matrix.

Theorem 7.19. Let S’l be an unreduced lower triangular semiseparable matriz.
For which the strictly upper triangular part is zero except for the entry (1,2). Then
there exist two orthogonal matrices U and V' such that

S, =U0TSv
is a lower triangular semiseparable matriz and f/el =e;.

Proof. The theorem is proven by constructing an algorithm that transforms S, into
a lower triangular semiseparable matrix, in which the orthogonal transformations
applied to the right have the first column equal to e;. Without loss of generality we
assume S; € R5%5. Let

N

|
KX XK
XXX
XKoo

XXooo
Xoooo

where ® denotes the bulge to be chased. Moreover, the entries of the matrix sat-
isfying the semiseparable structure are denoted by . At the first step a Givens
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transformation ﬁlT is applied to the left of S; in order to annihilate the bulge,

x 0 0 0 0
X x 0 0 0

Ul = | ® X ® 0 0 |. (7.24)
N X X X 0
N N KN KN KX

Although UlT S, is a lower triangular, the semiseparable structure is lost in its first
two rows. In order to retrieve it, a Givens transformation f/l, constructed according
to Theorem 7.18 and acting to the second and the third column of U T Sy, is applied
to the right, in order to make the first two columns in the lower triangular part
proportional:

X 0 0 0 0 X 0 0 0 0
x x 0 0 0 M X ® 0 0
UrS= | ® ® X 0 0 |UFSVi|® ® ® 0 0
N X KK 0| | XKK 0
N XN X N X N KN KN K KX

Hence, applying U{f and Vi to the right and to the left of Sy, respectively, the
bulge is moved one position down the superdiagonal, retrieving the semiseparable
structure in the lower triangular part. Recursively applying the latter procedure the
matrix U, 4T U 1T S‘l ‘71 ‘e ‘73 will be a lower triangular semiseparable matrix. Then
the theorem holds choosing UT = fff cee UlT and V = ‘71 cee ‘73 0

7.4.4 Proof of correctness

In this subsection we describe one iteration of the proposed algorithm for computing
the singular values of an upper triangular semiseparable matrix. Moreover we prove
the equivalence between the latter iteration and one iteration of the @ R-method
applied to an upper triangular semiseparable matrix. Before we start with the
@ R-iteration the corresponding upper triangular semiseparable matrix needs to
be in unreduced form. We have to apply deflation. After having made the matrix
unreduced, one iteration of the proposed method consists of the following four steps.

e Step 1. n — 1 Givens transformations Gi,...,G,_1 are performed to the
right of S, swapping it into a lower triangular semiseparable matrix Sj.

e Step 2. One more Givens transformation (,, is computed in order to intro-
duce the shift. As seen in Subsection 7.4.3, the application of this Givens
transformation to the right of the lower triangular semiseparable matrix cre-
ates a bulge.

e Step 3. The bulge is chased by n—2 Givens transformations, G, 41, ..., Gan—2
on the left of the matrix, and also n — 2 Givens transformations on the right
retrieving the lower triangular semiseparable structure.
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e Step 4. The latter matrix is swapped back to upper triangular form. This
is done by applying n — 1 more Givens transformations to the left, without
destroying the semiseparable structure.

e Step 5. Apply deflation to the resulting upper triangular semiseparable ma-
trix.

Note 7.20. Actually, the Givens transformations of Step 1 and Step 4 do not
need to be explicitly applied to the matriz. The semiseparable structure allows us to
calculate the resulting semiseparable matrixz (the representation of this matriz) in a
very cheap way with O(n) flops.

Note 7.21. If the shift is not considered, only Step 1 and Step 4 are performed at
each iteration of the method.

We still have to prove that one iteration of the latter method is equivalent to
one iteration of the Q R-method applied to an upper triangular semiseparable matrix
S, i.e., if Q is the orthogonal factor of the Q R-factorization of SIS, —ul =8 —ul,
and @ is the matrix of the product of the orthogonal matrices applied to the right
of S, during one iteration of the proposed method, then Q and @ have the same
columns up to the sign, i.e.,

Q = Qdiag([£1,...,£1]).

Assume a QR-step is performed on the matrix S = SI'S,. This can be written in
the following form:

QTSQ=S. (7.25)
Now we show how one iteration of the new method performed on the matrix S,
can also be rewritten in terms of the matrix S = S,7'S,. This is achieved in the
following way. (All the steps mentioned in the beginning of the subsection are now
applied to the matrix S,,.) First the n — 1 Givens transformations are performed on
the matrix Sy, transforming the matrix into a lower triangular semiseparable form.
In the following equations, all the transformations performed on the matrix S, are
fitted in the equation S = S, TS, to see what happens to the matrix S:

SES = (GT_1 - GTS,") (SuG1 -+ Gno)
= Gz;—l ... G{SGl e Gy
One more Givens transformation G,, is now applied, introducing a bulge in the

matrix S;:

G S/ 8iGn = GGy G{SG1 -+ Gyoa G

Taking Theorem 7.18 into account, there exist two orthogonal matrices U and V,
with Ve; = ey, such that UTS,G,V is again a lower triangular semiseparable
matrix. This leads to the equation

victstuu’s,G,v =vIGiGgr | ...GTSG,---G,_1G,.V (7.26)
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The final step consists of swapping the lower triangular matrix U7 S;G,, VT back into
upper triangular semiseparable form. This is accomplished by applying n — 1 more
Givens transformations to the left of UTS;G, V. Thus, let Q = G1 -+ -Gp_1GL,V
and taking (7.19) into account, we have

QTsTs, Q=5 (7.27)

with @ orthogonal and S a semiseparable matrix.

We observe that Qe; = Qe;. This holds because the first n Givens transfor-
mations are the same Givens transformations as performed in a QR-step on S, and
the fact that Ve; = e;.

One can apply the implicit @ theorem now (Theorem 6.28), which justifies
our approach. Hence we developed a () R-variant for upper triangular semiseparable
matrices. Combined with the results of Part II, we can now compute the singular
values of not only upper triangular semiseparable matrices but also of arbitrary
matrices.

Notes and references

The results in this section on the implicit @@ R-method for the singular value decomposition
were presented in [162]. As mentioned before this book discusses the reduction to upper
triangular semiseparable form, the inherited convergence properties as well as the new
chasing technique.

The complexity of the proposed method can still be reduced slightly. Reconsidering
the different individual steps when performing one step of the implicit QQ R-method we see
that we can omit in some sense Step 4 in this procedure. In Step 4 the lower triangular
semiseparable form is swapped back to upper triangular form in order to maintain the
upper triangular structure. The transformations however to reduce the matrix back to
upper triangular form are performed on the left of the matrix, considering Equations (7.26)
and (7.27) we see that they do not have an impact on the proof of the correctness of the
implicit approach. The resulting lower triangular semiseparable matrix S = UTSG.V
can be used immediately for performing a new step of the QQ R-method. Instead of applylng
the Q@ R-method on the matrix product S S, one can do it on the matrix product SlSl ,
which has exactly the same eigenvalues and moreover Sl is upper triangular. So one can
simply omit Step 4 in the procedure and continue working with its transpose. The first
swapping is however essential to prove correctness.

Of course there are various ways to continue without working with the transpose.
One can also develop an implicit technique for S'ZT S (which is also a semiseparable matrix)
or one can immediately try to reduce during the chasing procedure to upper triangular
semiseparable form.

7.5 Conclusions

In this chapter we developed implicit Q) R-algorithms for computing the eigenvalues
and/or singular values. In order to compute the eigenvalues, we explored the method
for symmetric semiseparable and for Hessenberg-like matrices. The singular values
were computed for upper triangular semiseparable matrices.
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Combined with the reduction algorithms provided in the previous part we now
have algorithms to compute the eigenvalues/singular values of arbitrary matrices
via semiseparable matrices.

In order to obtain these algorithms, some results from the previous chapter
such as unreducedness and the implicit Q-theorem were used extensively.



Chapter 8

Implementation and
numerical experiments

In the previous chapters of this part, different theoretical results were combined and
developed in order to build implicit @ R-algorithms for semiseparable matrices. We
know how such an algorithm should be designed. Also details on the implementa-
tion of the designed algorithms will be given. In the previous chapters, nothing was
mentioned about the deflation criterion, i.e., when do we assume that an eigenvalue
is accurate enough, or even more, when should we deflate an almost block diag-
onal matrix into several blocks. This problem, together with a fast computation
for the norms of the off-diagonal blocks, is solved in this chapter too. The final
important problem related to the eigenvalue decomposition is the calculation of
the eigenvectors. Some methods for calculating the eigenvectors will be discussed.
Finally this chapter is closed by showing some numerical examples related to the
implementation of the implicit ) R-methods presented in this chapter.

Implementing the (Q R-methods as presented in the previous chapter can be
done in two different ways. First one can translate all algorithms to formulas and
use all the theorems designed in Chapter 7 to obtain a fine grained algorithm. This
approach is presented in Section 8.2. The second approach is more rigid and more
easy to implement. In this approach one uses the Givens-vector representation and
one uses implementations for the shift through lemma and the fusion. Based on
these two basic operations the global implementation becomes easy. This approach
is shown in the first section. This approach will also be exploited in the next
chapter in which the multishift algorithm and the @ H-algorithm for structured
rank matrices will be developed.

In the first section of the chapter we will exploit some of the techniques pre-
sented in Section 4.1 to interpret the Q R-method in a different way. The technique
is based on the Givens-vector representation. Both the top bottom and the right
left representations are considered for developing a chasing algorithm. We will also
translate the fusion and the shift through lemma towards Givens operations per-
formed on the right. First the QQ R-method is discussed in a graphical manner for
the semiseparable case. Secondly all details are presented on how to implement the

239
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@QR-method for semiseparable plus diagonal matrices. For both algorithms a step
of the Q) R-method is divided into two parts. A first part, which is performed rather
easily, corresponds to a step of the QQ R-method without shift for the semisepara-
ble case. The second part will be the chasing part. This part is more difficult for
the semiseparable plus diagonal case, but it is much easier to understand than a
technical treatment such as presented in the previous chapter for the semiseparable
case.

In the second section, we will design the implementation of a Q) R-step for
a symmetric semiseparable matrix. This implementation is subdivided in differ-
ent subsections. First the implementation of the first part in the QR-method is
discussed, namely the QR-step without shift. This corresponds to performing a
similarity transformation, with the first sequence of Givens transformations as de-
signed in Subsection 6.1.1. Instead of performing first all the transformations on
the left side of the semiseparable matrix, and then performing all the transforma-
tions on the right side of the resulting matrix, we will perform the transformations
simultaneously. This means that at the same time as performing the transpose of a
Givens transformation on the left, we will perform the Givens transformation also
on the right. The details of this implementation are presented in this section.

Secondly we discuss in Subsection 8.2.2 the orthogonal similarity transforma-
tion of a matrix to unreduced form. Attention is also paid to a criterion stating
whether or not the semiseparable structure extends above the diagonal.

Subsection 8.2.3 details the implementation of an implicit Q) R-step on a sym-
metric semiseparable matrix with shift. As the @) R-step with shift initially performs
a @QR-step without shift, we assume that the matrix we start with has the struc-
ture of the resulting matrix from a step of the QR-method without shift. The
Q R-step with shift is initialized by performing the similarity Givens transformation
G, which will divide the matrix in two semiseparable matrices: one semiseparable
matrix of dimension 2 x 2 at the upper left position, and one semiseparable matrix
of dimension n — 1 by n — 1 at the lower right position. Both of the semiseparable
matrices will be represented by the Givens-vector representation. The consecutive
Givens transformations performed on the matrix will increase the dimension of the
upper left semiseparable matrix by one at each transformation, and they will de-
crease the dimension of the lower right semiseparable matrix by one at each step.
At each step therefore the Givens-vector representation of the upper left and lower
right semiseparable matrix have to be updated.

Deflation is the subject of the following subsection. It is investigated when
we should divide the symmetric semiseparable matrix in different blocks, such that
all the eigenvalues of these blocks approximate very well the eigenvalues of the
original matrix. In the tridiagonal approach the original matrix is divided if the
corresponding subdiagonal elements are close enough to zero. This is logical because
the subdiagonal elements contain all the information of the corresponding lower left
block, which only has the upper right element, which is the subdiagonal element,
different from zero. In our semiseparable case however the lower left blocks are
full. Calculating the norms of all of the lower right blocks to see whether they are
close enough to zero is a very costly operation. Fortunately we can compute all
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the norms of the off-diagonal blocks in O(n) operations. Two different criterions to
decide whether an off-diagonal block is small enough are discussed.

In several cases, not only are the eigenvalues desired but also sometimes some
or all of the eigenvectors are needed. Section 8.3 considers some possibilities for
calculating the eigenvectors of the symmetric semiseparable matrix. E.g., inverse
iteration and a technique in the case of clustered eigenvalues are explored. It will
be shown that the latter technique is well-suited for the class of structured rank
matrices.

In Subsection 8.4.1 different numerical experiments are performed on the
eigenvalue solver based on semiseparable matrices. Arbitrary matrices are trans-
formed to a similar symmetric semiseparable one and afterwards the implicit Q) R-
algorithm is applied to the semiseparable matrix in order to calculate its eigenvalues.
Four different experiments are reported. A first experiment investigates an almost
block matrix and compares the tridiagonal approach with the semiseparable one.
In a second experiment a matrix is constructed, for which the eigenvalues form a
stair. After the reduction to tridiagonal and the corresponding reduction to the
semiseparable form, the diagonal elements of both the tridiagonal and the semisep-
arable matrix are compared. In a last experiment the accuracy of the eigenvalues,
computed by two different deflation criterions, using the semiseparable approach is
compared.

In Section 8.4 several numerical experiments are performed using the algorithm
to compute the singular values via intermediate upper triangular semiseparable
matrices. Two types of experiments are performed. In one type of experiment the
accuracy between the bidiagonal and the upper triangular semiseparable approach
are compared. In the second experiment the number of () R-steps needed to compute
all the singular values, via both the algorithms are compared.

®\ This chapter contains more detailed material related to the implicit QR-
algorithms proposed in this part. In our opinion Section 8.1 is interesting for peo-
ple working with Givens-vector represented structured rank matrices. The chasing
technique simplifies extremely when using this representation. For those implement-
ing the method Section 8.1 and Section 8.2 are essential. Computing eigenvectors
is briefly discussed in Section 8.3.

8.1 Working with Givens transformations

In a previous section (Chapter 4, Section 4.1) it was shown how we can graphically
depict Givens transformations acting on the rows of matrices. Moreover also the
Givens-vector representation from top to bottom was interpreted in this fashion. If
one wants to represent however the Q) R-algorithm transformations to the right of the
matrix have to be applied also. Therefore we will introduce here also the graphical
representation for Givens transformations performed to the right of a matrix. Also
the representation from right to left will be considered. Then in Subsection 8.1.2
we will use this graphical representation to depict a step of the QR-method on a
Givens-vector represented Hessenberg-like matrix and in Subsection 8.1.3 we will
depict the QQ R-method for semiseparable plus diagonal matrices.
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A graphical scheme of Givens transformations applied onto a matrix from the
right has the following form.

4 —
3 ! T
2|1 ¢ —
1| v—
| 00606006000
Let us interpret this scheme. The elements @, @, ... on the horizontal axis
denote the columns of the matrix the Givens transformations act on; the elements
1,2,3, ..., on the vertical axis denote the order in which the Givens transformations

are applied onto the matrix.

The first Givens transformation, presented in the row following 1, acts on
the first and second column of the matrix. The second row of transformations
consists of two Givens transformations, one transformation acting on the first two
columns and a second one acting on columns 7 and 8. These transformations do not
interfere with each other. The third row also contains two Givens transformations
acting, respectively, on columns 2 and 3 and on columns 6 and 7. The final Givens
transformation in row 4 acts on columns 4 and 5.

Being familiar with the row based representation (from top to bottom), we will
now explain the second (swapped) representation, from right to left or the column
representation. The row based representation, for a Hessenberg-like matrix, is as
presented in Section 4.1 of the following form:

00000Q
31
3
X
X
=)

54321

Gradually the matrix presented on the right is filled up with a low rank part. The
column based representation for a 5 x 5 Hessenberg-like matrix is of the following
form:

=N W o
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The Givens transformations are applied from right to left and they gradually fill up
the lower triangular part of the matrix with a part being of semiseparable form.

Let us now translate the shift through lemma and the fusion of Givens trans-
formations towards this new scheme.

8.1.1 Interaction of Givens transformations

Lemma 4.1 on the fusion of Givens transformations as well as the shift through
lemma (Lemma 4.2) stay of course valid.

Graphically the fusion of two Givens transformations acting on the right is
depicted as follows:

2| = 1

1| +—=  resulting in —%
(102
The shift through lemma is depicted as follows:
3| v 3 —
2| ¢ sultine ; 2 &
1= resulting in 1] —
- |o@e 006
and in the other direction this becomes
3 ot 3| +—
21 v+ 1t . 2 T3
1 — resulting in 1
- |o@e 006

Based on these graphical schemes, we will illustrate in the following subsection
how we can more easily interpret a () R-step if one is working with a Hessenberg-like
matrix.

8.1.2 Graphical interpretation of a (QR-step

In this section we will see that distinguishing between the different cases (see all
the propositions to determine the Givens transformations in the Hessenberg-like
case in Subsection 7.3.3) to chase the disturbance in the Hessenberg-like matrix
away is not at all necessary if one works with the Givens-vector representation
and the shift through lemma. In fact the explanation here is much more simple
than the one presented in Chapter 7. The chasing technique as discussed here
can easily be modified to suit also the symmetric semiseparable and the bidiagonal
case. We choose the Hessenberg-like case because it consisted of the many different
propositions for determining the Givens transformations in order to restore the
structure in the lower triangular part.

We will see that when exploiting the Givens-vector representation and the
shift through technique this can all be combined into one simple case. Hence there
is no need to distinguish between the different types.
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Assume we start with a Hessenberg-like matrix, represented with the Givens-
vector representation from top to bottom. This means that graphically our matrix
has the structure as shown in (8.1). We would like to perform an implicit step of
the @QR-method onto this matrix. From the results in Chapter 7, Section 7.3 we
know that we have to perform two orthogonal similarity transformations (1 and
@2 onto our matrix Z. Initially the matrix Z is transformed into the matrix

71 =QT7Q,.

Then an initial disturbing transformation G, is applied acting on the first two
rows and columns, followed by a chasing technique leading to a new Hessenberg-
like matrix. Remark that the chasing technique needs to be constructed in such
a fashion, that it does not involve the first row and first column of the disturbed
matrix.

Let us see what happens with the representation if we apply the first sequence
of Givens transformations denoted by the orthogonal matrix Q1. We remark that
Q1 is fully determined by the Givens-vector representation of the Hessenberg-like
matrix (see Subsection 8.2.1). Starting with the graphical representation as in (8.1)
and performing the orthogonal similarity transformation involving only the matrix
@1 results in the fact that the Givens transformations on the left of the Givens-
vector representation are fully annihilated. However the matrix Q1 applied to the
right cannot be neglected and results in fact in a representation from right to left.
Hence we have again a Hessenberg-like matrix Z;, as predicted before, but now
represented with a Givens-vector representation from right to left. This step can
be seen in the proof of Theorem 6.6.

We will illustrate now the chasing procedure on a 5x5 matrix. The Hessenberg-
like matrix Z; is now of the following form:

41 v
3 —
2 —
1 —
X
X
X
X
X
0060006

In order to distinguish between a theoretical and implementational viewpoint
of the scheme above we have the following remark.

Note 8.1. Below we will present some remarks concerning the interpretation of
the scheme above, with regard to actual implementations based on this scheme.

e Remember that the Givens-vector representation for a semiseparable part con-
sists of a sequence of Givens transformations and of a vector v. To construct
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the semiseparable part of a Givens representation from right to left, in every
step an element from the vector was added and the Givens transformation G;
was applied on it. Denote the Givens transformations as G; based on the co-
sine ¢; and the sine s;, acting on the columns i and i+ 1. In fact one can then
also write the semiseparable part of the Hessenberg-like matrix Z1 constructed
with the Givens-vector representation as

tril(Z) = tril(diag(v)Q), (8.2)
where Q = Gp_1Gp_o...G2G1 and the vector v equals

N U1 U2 Un—1
v=|—= =

Sy ——— Uy,
C1 C2 Cn—1

This slightly changed vector is due to the definition of the representation,
namely that first a transformation is applied and then a new vector element
(weight) is added before applying the next transformation. In Equation (8.2)
the vector elements are however already present and affected by more Givens
transformations than in the definition of the representation.

e Reconsidering the graphical scheme and the remark above, we have in fact that
the elements marked with - are stored, and not affected by the depicted Givens
transformations coming from the representation. Hence the scheme should be
interpreted as follows

Zy = tril(diag(v)Q) + R, (8.3)

where Zy denotes the Hessenberg-like matriz, v the vector from above (and
related to the elements X shown in the graphical representation), Q is the
orthogonal transformation consisting of the Givens transformations depicted
and Ry, is a strictly upper triangular matriz consisting of the elements - from
above.

e These two remarks above are mostly important for those people wanting to
implement this presented method. When implementing the method, one should
consider the splitting from the previous item. Therefore one should store the
elements -, the vector v and the Givens transformations G;.

e Theoretically, it is however not easy to see the impact of a Givens transfor-
mation performed to the left or to the right of Equation (8.3). It involves
carefulness with respect to the operator tril(-) and more. These details are left
for the software developers as mentioned in the previous item. For our pur-
pose we will use a slightly different interpretation of the scheme above, which
will give us the opportunity to neglect this detailed and careful index shuffling
and so forth.

Reconsidering Equation (8.3) we will rewrite it to give another interpretation
to the graphical scheme. The matriz diag(Vv)Q in Equation (8.3) is not lower
triangular, therefore the tril(-) operator was involved. The matriz diag(v)Q
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is however a lower Hessenberg matriz. This is due to the special order of
the Givens transformations. Therefore if a matrixz is chosen especially to
annihilate the superdiagonal elements of the matriz, we can remove the tril(+)
operator:
trll(dla‘g(‘?)Q) = dla‘g({/)Q - éuv

where R, is a strictly upper triangular matriz with only the superdiagonal
elements different from zero, such that the superdiagonal elements of diag(v)Q
are annihilated.

Combining all this into Equation (8.3) leads to the following form for the
matriz 27 :
7y = tril(diag(v)Q) + Ry
= diag(v)Q — R, + Ry
= diag(¥)Q + ((~Ru+ R.) QT) Q
= diag(V)Q + RQ

The strictly upper triangular matrix (—fiu + Ru), changed by an orthogonal

transformation QT on the right, is transformed into an upper triangular ma-
trix R (not strictly upper triangular anymore). Denoting R = diag(v) + R,
gives us the following equation for the matriz Z;:

71 = RQ.

The matrix Q is exactly the same as the matriz representing the Givens trans-
formations from the Givens-vector representation. Hence we can interpret the
graphical scheme as just an RQ-factorization, instead of the decoupled form in
Equation (8.3). This is a much simpler interpretation which we can use with-
out loss of generality as the elements in the representation are mot specified.
For the implementation however, it is more appropriate to use the decoupled
form and the formulas presented here already denote details one has to take
into consideration.

To conclude we will show the effect of a Givens transformation performed
to the right and to the left of the graphical scheme. Performing a Givens
transformation G to the left of the representation corresponds to

GZ, = GRQ
- (GR) 0.
Hence this transformation only affects the upper triangular part in the repre-

sentation. The depicted Givens transformations do not change. Applying a
transformation to the right results in

Z1G = RQG
—R (QG) .
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This means that a transformation applied to the right only affects the Givens
transformations and not the upper triangular part in the graphical interpreta-
tion.

Let us continue with the Q R-step started before the remark. To complete the
Q R-step a disturbing Givens transformation has to be performed on the matrix Z;.
This is a similarity transformation. Performing it on the left side of the matrix
creates a bulge marked with ®. The Givens transformation performed on the right
has its effect on the Givens transformations and is added to the top of the sequence
of Givens transformations, namely on position 5. It is already depicted that we
can concatenate the Givens transformation in positions 4 and 5. Hence the matrix
Zy = GTZ1G,, can be represented as follows:

51 7=
4| v+
4 +—
3 ot
3 —
2 —
2 —
1 —
1 o’
« simplified to X e (8.4)
>< . .
@ X ®
X
X
X
X
N X
00606060
0060086

Note 8.2. We remark that instead of working with the right left representation,
one can also use the top bottom representation. In the next chapter we will exploit
the top bottom representation for the QR-method for semiseparable plus diagonal
matrices. To change the right left representation to a top bottom representation one
has to use a swapping procedure (see Subsection 1.3.2).

Now we have to determine a similarity Givens transformation, acting on rows
2 and 3 and on columns 2 and 3, such that the present bulge (marked with ®) is
chased down one position. In order to determine this transformation, let us rewrite
the matrix on the right of (8.4). We annihilate the bulge by performing a Givens
transformation acting on columns 1 and 2. This transformation is of course placed
before transformation 1. This Givens transformation, does not interact with the
transformations in positions 2 and 3 (see the left of (8.5)) hence the scheme can be
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rewritten (see right of (8.5)).

=N W R Ot

simplified to

=N W R Ot

(8.5)

X
X

00606006

After having determined this transformation, the shift through lemma is ap-
plied as depicted in the following scheme. Remark that this is just another repre-
sentation of exactly the same matrix represented in (8.4), namely the matrix Zs.

5| v 5 —
41C ¢ 41
3| v 3 —
2 T 2 —
1 T 1 st
leads to (8.6)
X X
X X
X X
X X
X X
0060006 000006

The rewritten matrix Zs is now of Hessenberg-like form, except for one transforma-
tion to the right, acting on columns 2 and 3.
Now it is time to apply an orthogonal similarity transformation, namely a
Givens transformation, to restore this disturbed structure. This Givens transfor-
mation is chosen to be the transpose (inverse) of the Givens transformation present
in the fifth position, acting on columns 2 and 3. Hence applying this transformation
will annihilate the Givens transformation in position 5. Unfortunately we have to
perform a similarity transformation and therefore also a Givens transformation has
to be performed on the left side of the matrix Zs. This transformation creates a
bulge. The resulting matrix Z3 = GgHZanH is hence of the following form.
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— N W

006006

We can clearly see that the bulge has moved down one position. The construc-

tion of the next structure restoring Givens transformation proceeds similarly. Let
us conclude by showing this graphically. In order to determine this Givens trans-
formation we first have to rewrite our matrix Z3 again, by annihilating the bulge
with a Givens transformation on columns 2 and 3 and applying the shift through
lemma.

— N W e Ot

006006

=N W o Ot

X
X

006006

simplified to

— N W ok Ot

X
X

0060006

The structure restoring Givens transformation is now determined in order to anni-
hilate the Givens transformation present in position 5, acting on column 3 and 4.
The Givens transformation therefore acts on rows 3 and 4 and columns 3 and 4.
Performing this orthogonal similarity transformation however creates a bulge again.

4

3
2
1

3
1
3
3

® X

006006
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It is clear that this procedure can be continued. Finally one obtains a Hessen-
berg-like matrix with the representation from right to left. In order to obtain the
representation again from top to bottom, one needs to swap the representation (see
Chapter 1).

It is interesting to see that no special cases have to be considered. All in-
formation is captured in the Givens-vector representation. Moreover the structure
restoring Givens transformations do not involve the first column or row and hence
one can easily prove that the result of this procedure is equivalent to performing a
step of the explicit @ R-algorithm.

8.1.3 A (QR-step for semiseparable plus diagonal matrices

In the previous section only some hints were given on how to construct the QR-
method for semiseparable plus diagonal matrices. The algorithm was not discussed
in full detail as it involved similar operations to the Q R-method for semiseparable
matrices, but in every step few changes were made, making it quite detailed and
complex.

Nevertheless this method can be found in the technical report [157]. The
method discussed there can also be written in the graphical form as done in the
previous subsection. This graphical form will make it much easier to understand
the @ R-method for semiseparable plus diagonal matrices, without the burden of all
exceptional cases. Similar as in the previous subsection we will divide the Q) R-step
into two parts. A first part will discuss performing the first sequence of Givens
transformations, and the second part will discuss the chasing.

Performing the first sequence of Givens transformations

Only a graphical form of the implementation will be presented. Based on the
presented schemes the reader should be able to design an implementation based on
the Givens-vector representation, the shift through lemma and the fusion.

In the previous section we assumed to be working with a right left Givens-
vector representation. Here we will work again with the top bottom form. There is
no loss in generality in assuming our matrix to be of dimension 5 x 5. Our matrix
S + D is hence of the following form:

000 0Q
3
3
X
&

4321

where clearly the diagonal matrix D is of the form D = diag([d1, da, ds, d4, d5)),
and S is represented already in the graphical form. Important to remark is that
the diagonal D is not included in the graphical scheme, i.e., the matrix D is not
included in the representation of the matrix S!
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We know (see Section 7.2) that after performing the first similarity transfor-
mation QT (S+D)Q; we obtain again a semiseparable plus diagonal matrix S; + Dy,
in which S is of semiseparable form and the diagonal D, = diag([0, d1, do, ds, d4]).
This means that the diagonal has shifted down one position. Moreover, the factor
Q7T consists of four Givens transformations, which annihilate the Givens transforma-
tions from the Givens-vector representation of the matrix S. We will use a similar
notation as before: S+ D = Sy+ Dy. After performing a similarity transformation
with a Givens transformation, the superscript goes up.

Note 8.3. In the real implementation, one needs to use the fact that the semisepara-
ble matriz is symmetric. For simplicity we will not take this into consideration. For
symmetric matrices, one can also use the Givens-vector representation of the upper
triangular part and use the shift through lemma and the fusion for easy updating
this representation.

Let us start now by performing the orthogonal similarity transformation onto
the semiseparable plus diagonal matrix. Before performing the first Givens trans-
formation G, we will rewrite the matrix above slightly. We will subtract some
information from the element in the lower right corner of the matrix S and add
it to the diagonal such that the diagonal becomes Dy = diag([dy, da, ds, dg, d4)).
Important to remark is that this does not at all change the Givens transformations
of the Givens-vector representation. Only the element marked with B has changed,
as well as the lower right element of Dy. We obtain the following graphical form of
So + Dy, which we have rewritten as Sy + Do = Sy + D:

X e e e d
E X e e . ' d2
ds3

X - d
E H 4d4

000 Q
3
1
X
+

4321

Performing now the similarity transformation leads to the following equations:
G? (So + Do) G = G{ (SO -+ Do) Gy

= GTS,G1 + Dy
=51+ D;.

Obviously G{DoGl = 150, as the Givens transformations act on the two bottom
rows and the last two columns and the diagonal entries of the matrix Dy in these
positions are both equal to dy.

The transformation GT Sy, will remove the Givens transformation from the
Givens-vector representation in position 4. The transformation G; performed to
the right of GlTS'O, will then create fill-in in position (5,4). Hence we obtain as a
graphical representation for Sy + Dy:
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X e e e d
E X e e . ' d2

. dy
X X dy

20000
31
3
X
&

321

In the lower right corner, some elements (including the fill-in) are marked with
X as they make up a semiseparable part in the matrix. We will show now that in the
following steps, this part will gradually grow to create a new semiseparable matrix.

Applying the second similarity transformation proceeds in a similar way. First
we rewrite the matrix S, + Dy as S; + Di:

E N . . . dl
X e . d2
ds
. d3
X X dy

0000 0Q
Lt
ot
X

The element H has changed, as well as the fourth diagonal entry of the matrix
D;. Even though the element B changed, it is still includable in the semiseparable
structure, which consists now of the elements H and X. We can write similar
equations for performing the second Givens transformation Gs:

Gg (51 + D1) Gy = G; (Sl + Dl) Gy

= GY8,Gy + Dy
=S5+ Ds.

The orthogonal similarity transformation does not change the matrix Dy. The
transformation G3 performed on the left of S; removes another Givens transforma-
tion from the Givens-vector representation of the matrix S and the transformation
G- performed on the right of GQTSH expands the existing semiseparable structure.
We obtain therefore:

e
31
X
X
2
S

(2]
(3]
(4]
(5]

XXX -

21

Note 8.4. In the depicted schemes it seems that we do fill up the lower triangular
part of the matriz completely to obtain the semiseparable structure. Of course, this
is not done in a real implementation. Simply store the Givens transformations



8.1. Working with Givens transformations 253

performed onto the right as they form the new right left representation of the newly
created semiseparable matriz.

Continuing this process of slightly changing the diagonal elements before per-
forming the similarity transformation results finally in the following scheme for the
matrix Sy + Dy:

X - dy

N X - - . dy

XK ¥ X - - |+ ds
XN X X X - ds
N K N N X ds

The element in the upper left position can be chosen freely without disturbing
the semiseparable structure. Hence, the matrix can easily be rewritten as Sy + Dy:

m - 0

X X - - - d;

XN X X - - |+ do ,
N K X X - ds

N K N KN K dy

which gives us the desired structure.

The second sequence of Givens transformations

In the previous subsection, in which we discussed the () R-method for semiseparable
matrices, we assumed our matrix to be represented with the right left representation.
To give also another viewpoint onto the chasing we will assume here our intermediate
matrix to be represented again with the top bottom representation. This can easily
be obtained by the swapping procedure (see Subsection 1.3.2).

Assume we know the initial disturbing Givens transformation Gg. Based on
the knowledge that the resulting matrix will again be of semiseparable plus diagonal
form with the diagonal as diag([dy, dz, d3,d4, ds]), we will now design the chasing
technique.

Initially we have the following situation for the matrix Sy + Dy:

X e e e 0
E X e e . dl

0000
T
T
X
+
S

4321

We start by performing the initial disturbing orthogonal similarity transfor-
mation. Directly applying the transformation would result in a full 2 x 2 block in
the diagonal matrix D,. Therefore we would like to change the upper left element
into d;. Unfortunately it is not as easy as in the first paragraph to change the upper
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left diagonal element of D4 into dy, due to the Givens-vector representation from

bottom to top. In order to change the upper left diagonal element, we have to take

into consideration the representation. Let us illustrate how the procedure works.
First we rewrite 154 as follows:

0 —dq dy
dy 0 dy
da = 0 + ds
ds 0 ds
dy 0 dy

The diagonal term on the right is of the good form, but now we need to
incorporate the matrix diag([—dy, 0, 0,0, 0]) into the Givens-vector representation of

Sy. Assume that the Givens-vector representation of Sy is written as Sy = QY)RY),

where fo) consists of the Givens transformations and Ry) is the upper triangular
matrix'®. We will perform the following operations:

Sy + diag([—d1,0,0,0,0]) = QR + diag(|—dy,0,0,0,0])
- Q" (Rff) + Q" diag([~ds,0,0,0, 0])) .
We are interested in the structure of the matrix
R = (R" + Q" diag([=dy,0,0,0, 0])> . (8.8)

Let us depict graphically this structure. Due to the transpose we obtain now an
ascending sequence of Givens transformations instead of a descending one, we obtain

T
for Q" diag(|—dy,0,0,0,0]):

000 Q
31

4321

Applying the Givens transformations leads to a matrix of the following form,

0 , (8.9)

which needs to be added to the upper triangular matrix Ry) (see Equation (8.8)).

8The superscript (r) is only added to stress that these matrices come from the representation
of the matrix considered.
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Going back to the original Scheme 8.7, we see that we can rewrite it obtaining
the following form Sy + Dy =S4+ Dy =S4 + Dy:

E + o d;
phoE X dy
E < . do
I: X d3
X dy

(8.10)

000 Q

4321

In this scheme the two elements marked with + have changed due to the
adding of the Matrix (8.9) to the existing upper trlangular structure. This new

matrix Sy is represented as Sy = Q(T)R(T). The matrix Q4 ") did not change as it
contains still the same Givens transformations from the representation of the matrix

S4. The matrix Ry) has changed into RY) and it has a bulge now. In Scheme 8.10,
QY) corresponds to the Givens transformations shown in positions 1 up to 4, and

I?ff) represents the matrix on the right of this scheme.
We are now ready to perform the disturbing initial transformation G5. We
obtain:

GT (Sy + D4)Gs = GT (54 + D4) Gs
= GgS4G5 + D4
=S5+ Ds.

The matrix D, remains unaltered by the similarity transformation. Let us see more
clearly the effect of the similarity transformation onto the matrix Sy. Applying the
transformation G5 onto the right of the matrix Sy = QY)RY) only affects the matrix
Rff) but will change nothing essential in the structure of the first two columns of
this matrix (see Scheme 8.10). The Givens transformation GI applied on the left
is depicted in position 5 in Scheme 8.11 (since D, remains unaltered, the matrix is
not shown in the next scheme):

(8.11)

0000 C
T
I
X

54321

Before using the Givens transformation in position 5, we will remove the newly
created bulge (marked with @ in Scheme 8.11) in position (2,1). The annihilation
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is followed by a fusion. This gives us the following scheme.

(-]

(2]
(3]
o
(5]

[ EE%K 0%
[ "

654321

Combining the Givens transformations in position 1 and 2 gives us.

000

54321

Now we can reorder the Givens transformations. The position where to apply the
shift through lemma is already depicted.

(2]
(3]
(4]
(5]

543 21

Applying then the shift through lemma leads to the following situation:

000 Q

EKEE "
E X

54321

Applying now the Givens transformation in position 1 onto the upper triangular
matrix results in the following scheme, which completes the performance of the step
related to the initial disturbing Givens transformation.

9000 Q
1
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We remark that all the reshuffling with the Givens transformations did not
affect the diagonal matrix Ds, only the Givens-vector representation of the matrix
S5 has changed.

We are now ready to start the chasing procedure for restoring the structure of
the semiseparable plus diagonal matrix. To restore the structure, we need to remove
the newly created bulge in position (3,2), similar to the traditional semiseparable
case. Before determining the Givens transformation, which will remove the bulge,
we will change the diagonal matrix Ds. Completely similar as done before, we
rewrite Dy as follows:

0 dq
—do + d; da
Ds

I
o
+
U
N)

0 dy

Again we want to incorporate the second term diag([0,—ds + d;,0,0,0]) into the

representation of the matrix S(5) = Qér)Rér). A similar construction as in the
previous case leads to the following form:

X X X

T

Q') diag([0, —dy + dy,0,0,0]) =

0

Hence rewriting S5 + D5 into Sg) + D5 gives us the following scheme:

E X 4+ - dy

K + o do
+ x - da
E X dg
X dy

000 0Q
31
_|_

4321

We choose now the next Givens transformation Gg such that applying it onto
the right of S annihilates the bulge in position (3,2), shown in the graphical rep-
resentation of S5. Hence we obtain the following equations:

Gg (55 + D5) Ge = Gz; (5‘5 + bs) G
= GYS5G6 + Ds
= S + Dg.
Again the diagonal D5 does not change. Applying the transformation Gg onto the

right of the matrix S5 will remove the bulge. In the following scheme the Givens
transformation G applied to the left can be found in position 5:
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000 eQ
It
T
X

54321

The procedure above can now be continued. Reshuffling the Givens transfor-
mations makes it possible to apply the shift through lemma, which results in a new
bulge created in position (4,3). To remove the bulge, we first have to rewrite the
diagonal matrix Dg, such that the elements in positions 3 and 4 on the diagonal are

equal to ds.

After having applied the similarity transformation G7 and after rewriting the
diagonal and so forth we obtain the following matrix S7; + D7 which is graphically
represented as follows (even though it is not depicted in the following scheme, all

elements in the fourth column change):

0O 0e
T
T
X

4321

The last Givens transformation Gg is determined to annihilate the bulge in
position (5,4), when applying it to the right of the matrix S7. This gives us the

following scheme for the matrix Sg + Dg = GsT (5'7 + ﬁ7) Gs:

e

[ =
(2] [: ><><
ol . [

(5]

L "

dy
da
ds
dy
dy

54321

It is already depicted how we can get rid of the Givens transformation G show in
the fifth position. Applying the fusion and rewriting the lower right element of the

semiseparable matrix gives us: Sg + Dg:

000
T
—
X
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The resulting matrix has the desired structure and is the result of performing one
step of the implicitly shifted @) R-method onto a semiseparable plus diagonal matrix.

Notes and references

The graphical scheme, as mentioned before, was introduced in [53]. An explicit QR-
algorithm for general structured rank matrices was considered by Delvaux and Van Barel
in [49]. The idea on using the shift through lemma for restoring the disturbed structure,
was also exploited in [55], which discusses an implicit @ R-algorithm for unitary matrices.

More information on the Q) R-algorithm for semiseparable plus diagonal matrices can
be found in Chapter 7, Section 7.2 and in the article [157].

8.2 Implementation of the () R-algorithm for
semiseparable matrices

In this section a mathematical description of the implementation of the implicit Q R-
algorithm for semiseparable matrices is proposed. The implementation is based on
the Givens-vector representation for semiseparable matrices. We will see that this
Givens vector representation is useful for developing such @ R-methods.

This section contains several subsections. First the @ R-method without shift
is examined, followed by a numerical decision criterion for rank 1 blocks. Next, the
real implementation of the Q R-method with shift is discussed, after which again a
numerical criterion for deflation is derived.

In the next section the computation of the eigenvectors will be discussed.
Moreover, one should be aware that the combination of this algorithm together
with the reduction to a symmetric semiseparable matrix gives a tool to compute
the eigendecomposition of arbitrary symmetric matrices.

8.2.1 The @ R-algorithm without shift

To perform a step of the QR-algorithm, one has to perform first a sequence of
Givens transformations from bottom to top on the rows, and at the same time from
right to left on the columns. This corresponds to performing a @ R-step without
shift on the original symmetric semiseparable matrix.

Suppose our semiseparable matrix S is built up with the Givens transforma-
tions G and the vector v. We will now perform the first n—1 Givens transformations
on both sides of the matrix, and we will retrieve the representation of the resulting
semiseparable matrix. The matrix S has the following structure:

S(n72) Cn—1Tn—-1 Sp—1Tp—1
T
Cno1Tp_ 1 Cn—1VUn—1 Sp—1VUn—1 |, (8.12)
T
Sp—1Tp_1  Sn—1Un—-1 Un
where S("~2) represents a semiseparable matrix of order n— 2 and the Givens trans-

formations are denoted in the usual manner. We denote the Givens transformations
used in the @ R-factorization with GG;. We remark that the Givens transformations
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needed for the first step of the QQ R-algorithm are exactly the same Givens transfor-
mations from the representation, more precisely we have the following equivalences
@1 =Gn-1,..., C;'n,l = (1. This is an advantage, because these Givens transfor-
mations do not need to be calculated anymore.

Applying the first transformation élT = GT_| on the left of Matrix (8.12)

gives us the following equations

- 2
V1 = —8,-1Un-1 + Ccp—1Up
and the matrix looks like:
-2
S(n ) Cp—1Tp—1 Spn—1Tn—1
T
r._1 Un—1 sn—l(cn—lvn—l + U'rb)
0 0 1

Applying the transformation on the right gives the following equations:

S(n_Q) rn_1 0
T d ~
r,_1 n—1 Sp—1V1 )
0 Sp_101  Cp_101

with dn_l = (1 + s%_l) Cn—1Un—1 —1—8%_11)”. When denoting the new representation
from right to left with G and ¥, we get:

él _ |: Cn—1 —Sn—1 :|

Sn—1 Cn—1

and 07. This procedure can be continued to find all the Givens transformations G’z
and the vector v. Note once more that this representation is constructed from right
to left and only the new diagonal elements need to be calculated.

8.2.2 The reduction to unreduced form

With the mathematical details given in the previous section, the reader should
be able to derive the numerical implementation of the algorithm to transform the
matrix into unreduced form. Therefore, we do not include further details of this
implementation.

A remaining question that we want to address in detail is the following: when
do we assume an element above the diagonal to be includable in the lower semisep-
arable structure? We will design a proper numerical criterion. Suppose we have a
2 x n matrix. We will assume that this matrix is of rank 1 if the following relation
holds, between the smallest o5 and the largest singular value o;:

g9 S ENOT, (813)

where € denotes the machine precision.
Suppose we are performing the reduction as described in Subsection 6.2.2 of
Chapter 6 and we perform the following Givens transformation GE 41 on row k and
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k + 1 to annihilate row k up to the diagonal: (Only the first k 4+ 1 elements are

shown.)
ekl cpv e T
A=cT, kT CkUk 1:[% vk b}

SKTE  SkUk Ukt 0 0 9

We will assume these two rows to be dependent if the criterion from (8.13) is
satisfied. Calculating the singular values of this last 2 x (k + 1) submatrix 4, via
calculating the eigenvalues of AAT gives (with a? = v? + ||rk||3):

2402 571

Az =2 ; +5 +§\/a4+2a2b2—2a2§2+b4+2b252+64
2402 571

A =2 —2% + —5\/a4+2a2b2—2a252+b4+2b262+54.

(The efficient calculation of the norm ||rg||3 will be addressed in Subsection 8.2.4.)
We assume § to be small (i.e. 62 < a®+b?), and then A\; and A2 can be approximated
as
Mo~ a® + b7
5%a?
A2 N s
a?+b

In this way we get
o1~ Va?+b?
16llal
va? + b2

Therefore we assume that this matrix is of rank 1 if

09 =

|5||a| S EM ((12 + 62) .

One might consider checking whether the matrix is unreduced rather costly. In fact
it is not, because one can check this condition on the fly, i.e., during the performance
of a step of the QR-method without shift. As this is always the first step in the
performance of a @ R-step with shift, this operation is not costly at all. Moreover
this has to be checked only once, because this condition is linked to the singularity of
the matrix. Therefore only in the first Q) R-step with shift, during the performance
of the initial step without shift one has to check this condition.

8.2.3 The @ R-algorithm with shift

As the implicit Q R-algorithm with shift also starts with performing a step of the
QR-method without shift, we assume that we start with a matrix as given at the
end of Subsection 8.2.1. The following part in the algorithm in fact performs the
next n — 1 Givens transformations on the matrix. It starts with the special Givens
transformation G,,. Because the following sequence of Givens transformations will
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divide the matrix into two semiseparable parts, we have to store twice a symmetric
semiseparable matrix. The decreasing lower right semiseparable matrix will be
stored in the Givens-vector representation G,v. While the growing upper left part
will also be stored in the Givens-vector representation G, V.

Suppose we first perform the special Givens transformation G,, (see Subsec-
tion 7.1.3 Chapter 7 for more details concerning the transformation G,) on the
matrix Sq, which looks like (this is different from the matrix in the previous sec-
tion, because the representation is from right to left now):

Un Sn—1Un—1 Sp—1Trn—1
Sn—1Un—1 Cn—1Un—1 Cpn—-1Tp—1 . (814)
T T (n—2)
Spn—1Tp_—1  Cn—1Tp_ Sl

Applying the first special Givens transformation G on the left of the Matrix (8.14),
we get:

CnUn + SnSn—1Un—1 (Cnsn—l + Sncn—l) Un—1 (Cnsn—l + Sncn—l) rn—1
—SnUn + CnSn—1Vn—1 (_Snsnfl + cncnfl) Un—1 (_Snsnfl + cncnfl) Tn—1
T T (n—2)
Sn—1Yp_1 Cn—1Yp_1q Sl

Applying the Givens transformation G, on the right gives us

01 a1 firn—1
o Un—1  forn_1 |,

2

flrzfl fQI.Z;fl SYL )

with

~ 2 2
U1 = CpUn + 8,Cn—1Vn—1 + 2Cn5nCn—1Vn—1,
fl - (Cnsn—l + Sncn—l) )

f2 = (_Snsnfl + cncnfl)y

ar = —cnsntn + (¢ = 52) $n—1 = SnCnCn1) Vn_1,

~ 2 2
Up—1 = S,V + (—QCnsnsn,l + cncn,l) Up—1-

The lower right reduced semiseparable matrix can be constructed by the old repre-
sentation and the knowledge of v,_1 and the factor fs.

The upper left 3 x 3 block can now be used to construct the next Givens
transformation according to Theorem 7.2. One can clearly see that this procedure
can be repeated to find the new diagonal element 05 and the second subdiagonal
element as, and so on.

Also the new representation is built up at the same time, by storing extra
information concerning the values of o and v,,—1.

Note 8.5. The implementation as presented here presumes the ideal situation in
which the factors f; are all different from zero. Little changes have to be made if
zeros might occur.
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8.2.4 Deflation after a step of the () R-algorithm

An important, yet uncovered topic, is the deflation or cutting criterion. When
should we divide the semiseparable matrix into smaller blocks, without losing too
much information. For semiseparable matrices two things have to be considered.

The first point of difference with the tridiagonal approach is the fact that an
off-diagonal element in the tridiagonal matrix has all the information corresponding
to the nondiagonal block in which the element appears. This is straightforward, be-
cause all the other elements are zero. This is however not the case for semiseparable
matrices; in fact they are dense matrices. This means that we should derive a way
to calculate the norms of the off-diagonal blocks in a fast way. Moreover comparing
the norms of all the off-diagonal blocks towards the cutting criterion should in total
cost not more than O(n) operations. Otherwise this would be the slowest step in
the algorithm, which is unacceptable.

The second issue is whether the norm of the block is small enough to divide
the problem into two subproblems. This is a difficult problem and in fact we will
test two different cutting criteria and see what the difference in accuracy is. The
two cutting criteria, which will be compared in the numerical experiments section,
are the aggressive and the normal cutting criterion [94]. The aggressive criterion
allows deflation when the norm of the block is relatively smaller than the square
root of the machine precision. The normal criterion allows deflation when the norm
is relatively smaller then the machine precision. Denoting the machine precision
with eps, we consider the following two deflation criteria: The aggressive:

HS(Z +1: n, 1: Z)HF < vV |vivi+1|\/eM

or the normal deflation criterion:

ISGE+1:n,1:9)||r < I|viviti|em,

where the v; denote the diagonal elements of the matrix. When the deflation crite-
rion is satisfied, deflation is allowed and the matrix S is divided into two matrices
S(1:4,1:4) and S(¢ 4+ 1:n,i+1:n), thereby neglecting the ‘almost zero’ block
S(E+1:n,1:4).

In the remaining part of this section we will derive an order n algorithm to
compute the norms of the off-diagonal blocks and to use them in the current cutting
criterion. The semiseparable structure should be exploited when calculating these
norms. An easy calculation shows that for a semiseparable matrix S with the
Givens-vector representation the following equations are satisfied:

15(2:n,1:1)|r=1/(s101)”

1SG: m1:2) [ =/ (s25101)° + (s302)?
= |s2]y/ (s101)% + 3

= [s2 /1152 7, 1 1)]1% 403
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This process can be continued and in general we get:

1SG+ 11z d)e = [sily/I1SG e n, 1 i = D)3 + o2

This formula allows us to derive an O(n) algorithm to compute and use the norms
of these blocks in the actual cutting criterion.

Notes and references

The implementation as it is discussed here can be downloaded from the website related
to the book. Even though we did not discuss the implementation for the nonsymmetric
eigenvalue problem, nor the implementation for the singular value computation, their
implementation is available as well. The implementations for these last two algorithms are
based on similar derivations as presented in this section.

8.3 Computing the eigenvectors

Up to now we did not at all discuss the computation of the eigenvectors of semi-
separable and related matrices. Here, we will present some methods for computing
these. There exist of course various ways to compute the eigenvectors of matrices.
We will only discuss some of these methods.

We will distinguish between several cases. If one desires all the eigenvectors
or if one only needs a few eigenvectors.

In this section we will discuss the computation of eigenvalues of symmetric
semiseparable and related matrices. The ideas on how to compute the eigenvectors
for Hessenberg-like and singular vectors for upper triangular semiseparable matrices
are similar. We denote the involved matrices in this part with S, but the presented
results apply for all structures mentioned above. We will therefore name the ma-
trices structured rank matrices in this part.

8.3.1 Computing all the eigenvectors

If one desires all the eigenvectors of the structured rank matrix S, one can store
all the orthogonal transformations performed in the implicit @ R-algorithm. In this
way we construct the matrix @, such that:

QTSQ = A,

where A is a diagonal matrix containing all the eigenvalues A = {A1,..., A\, } of the
matrix S. This can be rewritten as

SQ = QA.

Hence, the columns of the orthogonal matrix () are the eigenvectors of the matrix

S.
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8.3.2 Selected eigenvectors

Suppose not all the eigenvectors but just a few of them are desired. Performing or
storing all the transformations as described above is too expensive. Instead, we can
compute these eigenvectors via inverse iteration. Moreover via this technique we
can even enhance the accuracy of the computed eigenvalues.

Suppose we already have a good approximation of the eigenvalues. With
inverse iteration applied to the structured rank matrix S and these approximations,
the eigenvectors can be computed efficiently.

In fact, if one wants to calculate the eigenvector corresponding to the eigen-
value )\;, when one knows an approximation \ for i, the following system of equa-
tions needs to be solved several times:

(S—X)x=b,

with X close to the eigenvalue )\;. The problem above corresponds to solving a
system with, e.g., a semiseparable plus diagonal matrix. In case of a semiseparable
plus diagonal matrix, this can be achieved in order O(n) with the Q R-factorization
as explained in Chapter 6, Subsection 6.1.1. In case of other structured rank ma-
trices one can also solve this system of equations in an efficient way. Various other
methods exist for solving such systems of equations. They are discussed in Volume
I of this book.

We can solve the system mentioned above now in a stable and accurate way,
and therefore we are able to calculate the eigenvectors of the structured rank matrix
via inverse iteration. In the numerical tests the following algorithm from [142] is
used. This algorithm is often called the Rayleigh quotient iteration.

Algorithm 8.6 (Inverse iteration).
Input: A structured rank matriz S, a random vector v and an approrimate eigen-
value . Output: Normalized eigenvector v, corresponding to the updated eigenvalue

A
While (not good_approximation) do
1. Solve the system (S — Ay = v;

r=w-—pv;

v ="y,

2. v=y/lyll;

3. w=v/lyl2;

4. p=vTw; (Rayleigh quotient)
5 u=XA+p;

6. A= u;

7.

8.

9.

good_approzimation= (||r|l2/||S|lFr < €);
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endwhile;

Starting with a random vector v and the shift A equal to an approximation
of an eigenvalue coming from the implicit @ R-algorithm, the eigenvectors can be
calculated in a fast and accurate way.

It is obvious that computing the eigenvectors via inverse iteration is much
faster than via the first technique. Unfortunately, computing the eigenvectors one
by one using this technique, might lead to loss of orthogonality, when the eigenvalues
are clustered. In the next section a technique is discussed to overcome this problem.

8.3.3 Preventing the loss of orthogonality

In principle, the whole set of eigenvectors of the semiseparable, semiseparable plus
diagonal, tridiagonal and other matrices can be computed by means of inverse iter-
ation in O(n?) operations. The disadvantage in this approach is that the computed
eigenvectors may not be numerically orthogonal if clusters are present in the spec-
trum. To enforce orthogonality the Gram-Schmidt procedure can be used, requiring
O(n?) operations in the worst case.

In this section we describe a numerical method to compute the set of the
eigenvectors numerically orthogonal. The method requires O(n?) floating point
operations if few clusters of small size are present in the spectrum. The method is
based on the fact that the orthogonal matrices generated by one step of the QR
method applied to symmetric tridiagonal matrices and symmetric semiseparable
ones are highly structured. For instance, if the matrix is symmetric tridiagonal, the
orthogonal matrix generated by one step of the QQ R method is an upper Hessenberg
semiseparable one. Therefore, the product of the latter matrices by a vector can be
accomplished in O(n) floating point operations, where n is the size of the involved
matrix.

Some notation

Suppose we would like to compute the eigenvalue decomposition of a matrix S,
which can be either semiseparable, semiseparable plus diagonal, tridiagonal and so
forth, as long as one can easily solve the system of equations involving this matrix
it is fine. At each step of the algorithm we obtain a matrix satisfying the same
structural constraints. Suppose a step of the QR-method is performed onto the
matrix S, with shift y, using the orthogonal matrix Q(*:

S+ — 9T g ),

Of key importance in the forthcoming algorithm is the structure of the matrix
Q). E.g., in the case of a tridiagonal matrix T, the matrix Q(?) will be of Hessenberg
form, having the upper triangular part of semiseparable form. More precisely the
matrix Q) will be an orthogonal Hessenberg matrix.

Exploiting the structure of Q¥ the product by a vector can be accomplished
in O(n) flops, for all considered cases such as semiseparable, semiseparable plus
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diagonal and so forth. Of course, Q) does not need to be explicitly computed. It
is sufficient to store the sine and cosine coefficients s; and ¢;, ¢ = 1,...,n — 1, of
the performed Givens transformations into two vectors, respectively.

From a theoretical point of view, it turns out that the off-diagonal norm
SM(n,1:n—1) = 0 if the chosen shift u = \;, i.e., if 4 is one of the eigenvalues
of SO, Such a u is called a perfect shift [129]. Moreover, the last column of the
matrix Q) is the normalized eigenvector of S(©) associated to A;. Therefore, if
the eigenvalue \; of S(© is known the corresponding eigenvector can be computed
applying one step of the implicitly shifted QR method, choosing the shift equal to
;. Exploiting then the structure of Q(®) the corresponding eigenvector is computed
in O(n) floating point operations.

Unfortunately, if the last entries of the eigenvector are very tiny, then the off-
diagonal norm S (n,1:n — 1) could not be small (see [129]) and the last column
of Q© could not be parallel to the eigenvector associated to ;.

By means of iterative refinement as described in the previous subsection, one
can overcome this problem.

Iterative refinement

Let us show how to compute the eigenvector of S(©) associated to A; by using the
implicitly shifted QR approach.

The idea is to iterate the QR method using \; as shift. Due to the cu-
bic convergence of the implicitly shifted QR method, after few iterations, let’s
say [ iterations, the off-diagonal norm becomes smaller than a given tolerance 7y:
S®(n,1:n —1)|| < 71, where 7 is in fact the deflation criterion.

The corresponding eigenvector of S(©) associated to \; is then given by

QWQ® ... Q-YgWe,,. (8.15)

We observe that the product QMWQ® ... QU=YQW is not explicitly computed. In
fact, it is necessary only to store the sine and cosine coefficients generated at each
step of the method.

Furthermore, exploiting the structure of QU), j =1,...,1, the corresponding
eigenvector is computed in O(In) floating point operations. On average, very few
steps of iterative refinement are sufficient to compute the eigenvector up to the
considered tolerance.

Numerical multiple eigenvalues

At first sight, the method just presented also suffers from the loss of orthogonality
in the presence of clusters in the spectrum. In this section we show that the latter
drawback is easily overcome by an adaptation of the previous method. Suppose the
eigenvalues are ordered such that

)\z§>‘]7l<]

The eigenvalue A does not belong to a cluster, if the following condition is satisfied
[62]: The eigenvalue A should have an adequate separation from the rest of the



268 Chapter 8. Implementation and numerical experiments

spectrum, i.e.,

A) = min |\ — | >
gap(A) gg;gl pl > 72,

where 1 ranges over the other eigenvalues of S(©).
A good choice of 75 is 107350, [62], [185, p. 322]. Therefore, we will say
that two eigenvalues X and p of S(© belong to the same cluster if

|/\—u| < To.

Without loss of generality, we suppose that a cluster of two eigenvalues is
present in the spectrum, i.e., A\; & \jy1, 1 <7< n.

The algorithm to compute the eigenvectors corresponding to the eigenvalues
belonging to the cluster is depicted in Algorithm 8.7. The algorithm can be easily
extended to a cluster of larger size.

We will briefly explain the flow of the method. We assume below that a
cluster of two eigenvalues is present, hence we start iterating with one of the two
eigenvalues, say \;11, until convergence occurs. Because \; = \; 11, we obtain either
convergence to a single eigenvalue in the lower right corner or to a block of size 2 x 2,
containing both eigenvalues A; and A\; 1. Depending on the case two possible actions
are performed. In case of convergence to a single eigenvalue, we perform deflation
and continue performing the @ R-method onto the deflated matrix. Important to
remark is that for computing the eigenvector for the eigenvalue \;, we will make
use now of the information gathered from eigenvalue ;11 and we will update this
eigenvector. In case of convergence to a 2 x 2 block we compute the eigenvalue
decomposition of this block, which we use for accurate computations of the final
eigenvectors.

Algorithm 8.7 (Compute all eigenvectors).
Input: A matriz S and its eigenvalues \;.
Output: Matriz of eigenvectors V.

While (not all eigenvectors are computed) do

1. Iterate the QR-method with implicit shift Air1 until |ﬁ](-l)| < 11, for somel and
n—-2<j<n—1, and 8" =[SO +1:n,1:j)].

2. Let Qiq = QWQUED ...QW),

3. If j =n—1, then Qrie, is a good approzimation for the eigenvector of S©
corresponding to \i41.
(a) Deflate SO (delete the last row and the last column).

(b) Let S© = SO : n—1,1:n —1) and iterate the QR-method with
implicit shift \; onto this matriz. Repeat this until |ﬂ~gi)2| < T, for some
k.
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(c) Let kal = Q(k)Q(k’1)~-~Q(1) and embed the matrix de into one of
size n X n: ~
A _ Qk::l
Qk:l = |: 1|

(d) Qr1Qrien_1 is the eigenvector of S©) corresponding to \;.

4. Else (if j=n—2)

(a) Qri[en_1,en] is the subspace spanned by the eigenvectors of S©) associ-
ated to the eigenvalues \; and A\j41.

(b) Let

Y y

v 1%

[ Ai+1}
be the spectral decomposition of S©(n —1:n,n—1:n).
(c) Let
_ In72
)

(d) VQi1en—1 and VQae, are the eigenvectors of SO gssociated to the
etgenvalues \; and Ajy1.

endwhile;

Note 8.8. If the size of the cluster is k, approzimately O(k3n) floating point
operations are needed to compute the eigenvectors. In many cases, however, more
than one row and column can be deflated from the matrix reducing considerably the
computational complezity.

It is clear that Algorithm 8.7 is suitable for computing orthogonal eigenvectors
in case of tridiagonal, semiseparable and semiseparable plus diagonal matrices, due
to the efficient multiplication between the matrices Q(?) and a vector.

8.3.4 The eigenvectors of an arbitrary symmetric matrix

Suppose our structured rank matrix S is the result of the orthogonal similarity
transformations as described in Part I, applied to an arbitrary matrix A and one
is interested in the eigenvectors of the original matrix. We compute via one of the
techniques described above the eigenvectors of the matrix S. These eigenvectors
need to be transformed to the original eigenvectors.

The most natural way to achieve this goal is to store the orthogonal trans-
formations performed while reducing the matrix A into the matrix S (e.g., the
reduction to tridiagonal, band, Hessenberg and so forth). In case of the reduction
to semiseparable form, this corresponds to keeping either a sequence of n— 1 House-
holder transformations plus n(n—1)/2 Givens transformations, or keeping (when us-
ing Givens transformations instead of Householder transformations) n(n—1) Givens
transformations.
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Notes and references

A more elaborate study, focused on tridiagonal matrices on how to apply inverse iteration
for clusters of eigenvalues can be found in the following article.

w N. Mastronardi, M. Van Barel, E. Van Camp, and R. Vandebril. On
computing the eigenvectors of a class of structured matrices. Journal of
Computational and Applied Mathematics, 189:580-591, 2006.

The article contains several numerical examples illustrating the effectiveness of this ap-
proach.
More information can also be found in the following articles by Ipsen and Dhillon.

= [, S. Dhillon. Current inverse iteration software can fail. BIT, 38:685-704,
1998.

w [. C. F. Ipsen. Computing an eigenvector with inverse iteration. STAM
Review, 39(2):254-291, 1997.

8.4 Numerical experiments

In this section several numerical experiments related to the algorithms developed in
this part will be given. In several of the experiments the algorithms from the first
part of the book are combined with the methods from this part to obtain algorithms,
able to compute eigenvalues and/or singular values of arbitrary matrices.

First we will discuss some examples concerning the computation of eigenvalues,
followed by numerical experiments discussing the singular value computations.

8.4.1 On the symmetric eigenvalue solver

In this section several numerical tests are performed to compare the traditional al-
gorithm for finding all the eigenvalues with the new semiseparable approach. The
algorithm is based on the QR-step as described in Subsection 8.2.1 and Subsec-
tion 8.2.3 and implemented in a recursive'® way: if division in blocks is possible
(i.e., that the deflation criterion is satisfied) because of the convergence behavior,
then these blocks are dealt with separately.

Before starting the numerical tests some remarks have to be made: first of all
the complexity of the reduction of a symmetric matrix into a similar semiseparable
one costs 9n? + O(n) flops more than the reduction of a matrix to tridiagonal form.
An implicit QR-step applied to a symmetric tridiagonal matrix costs 31n flops
while it costs ~ 10n flops more for a symmetric semiseparable matrix. However,
this increased complexity is compensated when comparing the number of iteration
steps the traditional algorithm needs with the number of steps the semiseparable
algorithm needs. Figures about these results can be found in the following tests.

19The algorithm does not need to be implemented recursively. It is better to maintain a list of
indices marking the beginning and end of every diagonal block for which one needs to compute
the eigenvalues. The eigenvalues of these blocks are then computed one after another by means of
the QR-algorithm.
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Experiment 8.9 (The block experiment for symmetric matrices). This
experiment is taken from [129, p. 153]. Suppose we have a symmetric matric A

of dimension n and we construct the following matrices T'(m,d) using AO) where
m denotes the number of blocks, and ¢ are the small subdiagonal elements, between
the blocks. For example:

A)

7(3,6) = A©) m-s

[ |
A0)

We get the following results: For n = 10 we compare the maximum number of
iterations for any eigenvalue to converge for the semiseparable and the tridiagonal
approach. This is done for a varying size of 5. A has eigenvalues 1 : 10. Both of
the algorithms use the same normal deflation criterion.

The difficulty in this experiment are the small off-diagonal elements. The re-
duction to the tridiagonal form will leave these elements quite small. In this way our
resulting tridiagonal matrix is almost a block diagonal. The algorithm we perform
now will not deflate the blocks. In this way we can see the difficulties the implicit
QR-algorithm encounters, trying to solve this problem. The semiseparable approach
will perform better, because the reduction to semiseparable form, will already rear-
range these small elements, because of the QL-steps performed while reducing these
matrices. In this way the overall number of steps before convergence can occur is
less than the corresponding number of steps using the tridiagonal approach. For

m = 10:
) 10713 [ 10712 | 1071 | 10710 | 1072 | 1078 | 1077
semiseparable QR 3 3 2 2 2 3 3
tridiagonal QR 4 4 4 4 4 4 3
For m = 25:
5 10715 107 1078 1072 | 1071
semiseparable QR 4 4 4 3 3
tridiagonal QR 4 5 5 4 4
) 10719 107 | 1078 | 1077
semiseparable QR 3 2 2
tridiagonal QR 3 4 2 3
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For m =40
5 107 | 107 | 10717 | 10716 | 1075 | 107 | 10713
semiseparable QR 4 5 4 4 4 4 4
tridiagonal QR 4 5 4 5 5 4 4
6 102 10" 107 ) 107? | 1078 | 1077
semiseparable QR 3 1 1 1 3 3
tridiagonal QR 4 5 4 4 4 5

It can be clearly seen that the tridiagonal approach has more difficulties in finding
particular eigenvalues. Figure 8.1 gives a comparison in the complete number of
QR-steps for the last experiment (m = 40).

800 ;
- — — Semiseparable approach

—— Tridiagonal approach

7501

7001

»

(o

(=}
T

/

\

6001
5501

5001

Number of iterations

4501

4001 -

350 ‘ ‘
10 10 10 10
Value of 6

Figure 8.1. Total number of steps compared to several values of 9.

The figure shows that the semiseparable approach needs less iterations than
the traditional approach. The matrices involved are of size 400. It can be seen that
for & in the neighborhood of 10710 the number of QR-steps with the semiseparable
approach are even less than 400. This can also be seen in the table for m = 40.

Experiment 8.10 (Deflation). In Figure 8.2, we compared the accuracy of the
eigenvalues, depending on the deflation criterion. A sequence of matrices of vary-
ing sizes was generated, with equally spaced eigenvalues in the interval [0,1]. The
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eigenvalues for these matrices were calculated by using the aggressive and the normal
deflation criterion. For both tests the absolute error of the residuals was computed
and plotted in the next figure. One can clearly see that applying the aggressive de-
flation criterion is almost as good as the mormal deflation criterion. This is due
to the convergence behavior of the reduction to semiseparable form. The reduction
creates some kind of gradedness in the matriz.

—*— Aggressive deflation
—oe— Normal deflation

Maximum error of the eigenvalues
—
o
T
L

10 >
10 10 10
Size of the matrices

Figure 8.2. Comparing different deflation criteria.

8.4.2 Experiments for the singular value decomposition

In this section we perform tests on some arbitrary matrices to compute their singular
values. First the matrices are reduced to upper triangular semiseparable form, and
then the implicit Q) R-algorithm to compute the singular values is applied on these
matrices.

Numerical tests are performed comparing the behavior of the traditional ap-
proach via bidiagonal and the proposed semiseparable approach for computing the
singular values of several matrices. Special attention is paid to the accuracy of both
algorithms for different sets of the singular values and to the number of QR-steps
needed to compute all the singular values of the matrices.

Experiment 8.11. Figure 8.3 shows a comparison of the number of implicit Q R-
iterations performed (the line connects the average number of iterations for each
experiment). It shows that the semiseparable approach needs less steps in order to
find the singular values but do not forget that a semiseparable implicit Q R-step costs
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a little more than a corresponding step on the bidiagonal.
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Figure 8.3. Number of implicit Q) R-steps.

Experiment 8.12. Figure 8.4 shows comparisons in accuracy of the two ap-
proaches. (A line is drawn connecting the average error for different experiments.
The error is the mazximum relative error between the computed and the exact singu-
lar values.) In the left figure of Figure 8.4 the singular values were chosen equally
spaced in [0.1], and in the right figure, the singular values ranged from 1 to n. Both
figures show that the two approaches are equally accurate.
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Figure 8.4. Comparison in accuracy.
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8.5 Conclusions

In this chapter we first discussed another interpretation of the chasing technique
based on the Givens-vector representation. This new technique was discussed for
both the semiseparable and the semiseparable plus diagonal case.

The mathematical details behind the implementations of the different implicit
QR-algorithms and the reduction to unreduced form were provided. Moreover a
cutting criterion was also provided for the division in blocks and a mathematical
investigation deciding whether a block is of rank 1. Briefly the computation of
eigenvectors was mentioned. Finally some numerical tests were performed using
the implicit @) R-algorithm for semiseparable matrices. We tested the algorithm on
an “almost” block matrix and compared the results with the algorithm based on
tridiagonal matrices. We also tested the algorithm on a matrix with the eigenvalues
in stair-form and we showed that the diagonal elements already approximated quite
well the eigenvalues after the reduction to semiseparable form. We received accurate
results. Some experiments were performed comparing the number of steps and
the accuracy of the tridiagonal and the semiseparable approach. Also experiments
concerning the computation of the singular values were presented.

In the upcoming part we will continue exploiting the results of the first and
second part of this book. A Lanczos-like process for making the matrix will be
given, followed by a rank-revealing method based on the reduction to semiseparable
form. Also a divide-and-conquer method for computing the eigenvalues of semi-
separable plus diagonal matrices will be presented. The last chapter of this part
discusses the multishift algorithm, an implicit Q H-algorithm, an implicit algorithm
on unitary plus rank one matrices as well as some interesting viewpoints on some
of the discussed @ R-algorithms for semiseparable matrices.
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Chapter 9

More on () R-related
algorithms

In the previous chapters, the basic traditional @ R-algorithms for structured rank
matrices were designed. The singular value decomposition and single shift Q)R-
methods for semiseparable, semiseparable plus diagonal and Hessenberg-like matri-
ces were explored.

In this chapter we will deal with some interesting topics that are more general
than the ones discussed in the previous chapters of this part. It covers general-
izations, other viewpoints and @ R-algorithms for related structured rank matrices.
This chapter covers the multishift technique. It will be shown that also different
@ R-algorithms related to different types of @ R-factorizations are available. The
literature for computing eigenvalues of companion and related matrices will be dis-
cussed. Finally another iteration for computing the eigenvalues of structured rank
matrices will be presented.

The first section contains some important remarks related to the use of com-
plex Givens transformations. Moreover also some important remarks related to 2 x 2
unitary matrices, Givens transformations and the shift through operation will be
made.

Section 9.2 discusses some variants of the ) R-algorithm. The Q) R-factorization
of structured rank matrices can be computed in different manners: the V- and the
A-pattern. Since the QQ R-algorithm is based on the @ R-factorization there are also
different variants for performing the @ R-algorithm.

Throughout the book, we did not yet discuss the class of quasiseparable matri-
ces, even though, it is studied quite a lot. Section 9.3 discusses an effective implicit
@ R-algorithm for the class of symmetric quasiseparable matrices of quasiseparabil-
ity rank 1. The idea is simple and rather straightforward. A quasiseparable matrix
can be considered as a block diagonal matrix, for which all blocks are either of semi-
separable plus diagonal or of tridiagonal form. Hence combining both (Q R-methods
in a good way solves the problem.

All QR-algorithms discussed before were restricted to the single shift case.
Unfortunately, in the case of a real Hessenberg-like matrix having complex eigen-
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values, this means that one has to switch to complex arithmetic. This increases the
computational cost. In Section 9.4 we will adapt the single shifted @ R-algorithm for
semiseparable and/or Hessenberg-like matrices towards the multishift setting. This
makes it possible to use, e.g., the double shift version, thereby restricting the compu-
tations to real arithmetic in case of a real Hessenberg-like matrix. Subsection 9.4.1
introduces some basic ideas about multishift algorithms. It is shown that a single
column of the involved unitary transformation determines the complete similarity
transformation. Subsection 9.4.2 shows how to compute and how to manipulate
this vector in the Hessenberg-like case. We will see that more disturbing Givens
transformations will be necessary now, instead of one in the single shifted version.
Hence the chasing technique needs to be adapted. The new chasing approach is
discussed in Subsection 9.4.3.

Section 9.5 discusses a new kind of iteration for computing the eigenvalues of
structured rank matrices. The iteration is called a @) H-iteration, since in every step
of the algorithm an orthogonal Hessenberg-like factorization is computed. The Q-
factor of this factorization is then used for determining the similarity transformation
that is performed on the original structured rank matrix. It will be shown that this
method uses only half the number of Givens transformations in the standard Q)R-
method and moreover it converges faster.

Exploiting the rank structure for developing effective Q R-methods is essential
in several topics. In Section 9.6 some results will be presented on specific structured
rank matrices. Firstly the relation between roots of polynomials and structured rank
matrices will be explored. Companion, comrade, confederate and other types of spe-
cific matrices will be defined. It will be shown that the eigenvalues of these matrices
correspond with the roots of polynomials expressed in a certain basis. Further a
Q R-step for these types of matrices will be developed. Since unitary matrices are
involved in these computations, the @ R-algorithm for unitary Hessenberg matrices
is also presented.

It is impossible to cover all topics related to eigenvalue and singular value
computations in a single book. Hence we will briefly discuss some remaining topics
in Section 9.7. The relation between rational Krylov matrices and semiseparable
plus diagonal matrices will be discussed. It is shown how Sturm sequences and the
bisection method can be used for computing eigenvalues of some specific structured
rank matrices. Finally some other references are discussed.

N Even though this chapter is the last chapter of this part it might contain
the most interesting results of this part. This chapter covers extensions of the previ-
ously discussed methods, new techniques and applications of the gained knowledge
to compute for example the eigenvalues of companion matrices. One can, however,
also skip this chapter and continue with the next part.

Since we have not yet discussed complex arithmetic it is a good idea to read
the notes related to Givens transformations in Section 9.1.

Section 9.2 is an important section, especially the first and last subsection
discussing the different () R-factorizations and the different related QQ R-algorithms.

Readers interested in quasiseparable matrices might want to check out Sec-
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tion 9.3. The results are a simple combination of standard QQ R-algorithms for tridi-
agonal and semiseparable matrices. To understand this section one needs to read
Subsection 9.2.2.

Section 9.4 discusses the extension of the single shift case to the multishift
case. This might be interesting for readers wanting to compute eigenvalues of real
Hessenberg-like matrices. By using a double shifted (QR-method they can restrict
computations to the real field.

The section discussing the (QH-method is a very important one. It presents
the fastest and most accurate QQ R-like algorithm for computing eigenvalues of some
structured rank matrices.

The results presented in Section 9.6 are also very interesting. Efficient algo-
rithms for computing the eigenvalues of unitary, companion and fellow matrices are
presented, thereby exploiting the rank structure of the matrices involved.

The references discussed in Section 9.7 denote interesting results related to
structured rank matrices. Moreover these results show current research projects as
well as interesting relations that were not discussed in the book. The reader can
however easily skip this section.

9.1 Complex arithmetic and Givens transformations

Throughout the book, we focused mostly on real number arithmetic, even though
most results are also valid for complex numbers. Since, however, even real nonsym-
metric matrices can have complex eigenvalues and this problem will be addressed
in this chapter, we will switch here to complex arithmetic.

Before discussing the different topics, we will briefly comment on some issues
related to complex arithmetic.

A complex Givens transformation (often called Givens rotation) is defined as
follows:

in which ¢ and s satisfy |c|? + |s|> = 1. It is easy to check that this transformation
is unitary, i.e., GFG = GG = I.

Unfortunately a Givens transformation is not uniquely determined. It is
mostly chosen to annihilate a specific element in a vector having two nonzero ele-
ments. Suppose our Givens transformation is chosen such that the following equality

is satisfied:
c —s | |
s ¢ y| | 0]

This Givens transformation, annihilating the element y, is not uniquely determined.
In fact replacing ¢, s and r by we, ws and wr, with |w| = 1, will also satisfy the
above equation. More information on this subject can be found in [20]. There are
of course several possibilities for choosing the w. Many of them are discussed in
[20].

Complex arithmetic introduces also new terms, such as unitary, hermitian
conjugate and so forth.
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Note 9.1. Throughout the complete book we used mostly Givens transformations
for building for example the Givens-vector representation. In fact one can easily
relax this constraint and use also 2 X 2 unitary transformations. There is no loss
in generality since the shift through lemma and the fusion remain valid. A unitary
matriz has more parameters, but it might sometimes be more convenient to work
with a unitary matriz instead of a Givens transformation.

Notes and references

A detailed analysis on how to compute Givens transformations in a reliable way is discussed
extensively in the following article:

= D. Bindel, J. W. Demmel, W. Kahan, and O. A. Marques. On computing
Givens rotations reliably and efficiently. ACM Transactions on Mathemat-
ical Software, 28(2):206-238, June 2002.

9.2 Variations of the () R-algorithm

All QR-algorithms discussed before were based on the () R-factorization presented
in Subsection 6.1.1. This @ R-factorization of a (rank 1) semiseparable (Hessenberg-
like) matrix plus a diagonal consists of 2n — 2 Givens transformations [156]. A first
sequence of Givens transformations from bottom to top transforms the semisep-
arable (Hessenberg-like) plus diagonal matrix into a Hessenberg matrix, whereas
the second sequence of transformations will bring the Hessenberg matrix to upper
triangular form.

Correspondingly, all (implicit) @ R-algorithms connected to this type of QR-
factorization can also be decomposed into two steps. A first step performs a sim-
ilarity transformation involving n — 1 Givens transformations and corresponds to
performing a step of the @ R-method without shift. Secondly a disturbance is in-
troduced and n — 2 Givens transformations are needed for restoring the structure.

In this section we will first briefly restate the existence of other types of QR-
factorizations and correspondingly other types of QQR-algorithms. An extensive
study on the other factorizations, thereby using so-called rank-expanding Givens
transformations can be found in the first volume [169].

9.2.1 The ()R-factorization and its variants

For simplicity we will discuss Hessenberg-like plus diagonal matrices. Semiseparable
plus diagonal matrices can be considered in the same way. Since the () R-algorithms
are closely related to the Q) R-factorization, we will depict here the two main QR-
factorizations graphically. The standard factorization contains some repetition of
previously discussed results.

The traditional factorization: A-pattern

For this type of QR-factorization firstly an ascending sequence of Givens transfor-
mations, followed by a descending sequence of Givens transformations, is applied
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onto the Hessenberg-like plus diagonal matrix Z + D. The first sequence of Givens
transformations acting on Z + D, denoted by Q{{ , consists of n — 1 Givens trans-
formations in which each Givens transformation acts on two successive rows of the
matrix Z thereby exploiting the rank structure in the lower triangular part to anni-
hilate all elements below the diagonal (these unitary transformations coincide with
the ones from the top to bottom representation). We obtain

QfZ=R and QM (Z+D)=H,

in which H is a Hessenberg matrix. This is followed by a second sequence of
n — 1 Givens transformations from top to bottom for annihilating the subdiagonal
elements of the matrix H. This gives

WH=Q¥Q(Z+D)=Q"(Z+D) =R,

in which R is the resulting upper triangular matrix.
This matrix product Q¥ (Z + D) is graphically represented as follows:

KEEEKE
[ !

87654321

(9.1)

0000 Q
XXX KX X
XXX X X
KX X X X
KX X X X
X X X X X

The name A-pattern originates from the pattern of the Givens transformations
for annihilating the lower triangular part in the matrix. To indicate that the Givens
transformations are coming from the A-pattern we denote them with a *.

We recall that the right part consisting of x and X represents the matrix
Z + D. The elements X denote the part of the matrix satisfying the rank structure.
The other elements x denote arbitrary elements. In this scheme the elements on
the diagonal are not includable in the rank structure because they are perturbed
by the diagonal D. The left part, consisting of the brackets with arrows, denote the
Givens transformations. (See Chapter 4 for a more detailed explanation of these
schemes.)

In the scheme above, the Givens transformations from columns 1 up to 4
represent the Givens transformations in the matrix (:2{{ . The ones in the columns
5 up to 8 denote these of the matrix ng

Applying the Givens transformations in positions 1 up to 4 removes the strictly
lower triangular part of the matrix. As a result we obtain the following scheme.
This represents exactly the same matrix as in the previous scheme but equals now

Qi H.
-

X X X

(

o~ R
X X X X
X X X X X
X X X X X

EK

8 765
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Applying the remaining four Givens transformations in Scheme 9.2 onto the
Hessenberg matrix on the right will remove the remaining subdiagonal elements.
Hence we obtain the upper triangular matrix R.

Due to some specific properties of Givens transformations, we can obtain other
patterns.

The V-pattern

The transition from the V to the A-pattern was discussed extensively in Volume I.
As we will need this operation quite often in the upcoming sections we will briefly
illustrate how it is done.

We start with Scheme 9.1 by applying a fusion between the Givens transfor-
mations in positions 4 and 5. Since we will only change the order of the Givens
transformations we will not depict the semiseparable plus diagonal matrix Z + D
on the right of the following schemes.

After having applied the shift through operation we obtain the next scheme.
Next we apply the shift through lemma at positions 6,5 and 4 (this is already
depicted).

o| I o .1

ol (thr et

ol il !
T65 4 321 7654321

Rearranging slightly the position of the Givens transformations, we can again
re-apply the shift through lemma.

(1] (1]

0 EKE[:K e EKEEE

ol Lol X
765 4 321 7654321

Continuing to apply the shift through lemma gives us another pattern.

Continuing this procedure by applying the shift through lemma one more
time, presents a V-pattern that we can use again to obtain a @) R-factorization of
the involved Hessenberg-like plus diagonal matrix Z + D.

[ (
( (
EEE

7654321

This pattern can also be decomposed into two parts. First a descending se-
quence of Givens transformations Q¥ (position 1 up to 3) is applied followed by an

(9.3)

000
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KX K X X
KX X X X
K X X X X
X X X X X
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ascending sequence of Givens transformations Q& (position 4 up to 7). The order
of the Givens transformations has changed, but we compute the same factorization
(more information can be found in [169)):

QyQY(Z+D)=R.

Note 9.2. To distinguish between the V and the A-pattern we put a V on top of
the unitary transformations in case of the V-pattern.
Some important remarks related to both the V and N-patterns have to be made.

o We have the following equality
Q192 = Q1Q2,
since R was not affected, we obtain an identical Q R-factorization.
e But we also have generically:
Q2 # Qo
Q1 # Q1,
which means that the factorization of the unitary matriz in the QR-factoriza-
tion is different in both patterns.

The first three Givens transformations are in fact rank expanding Givens trans-
formations. They lift up the rank structure. Hence after having applied these first
Givens transformations we obtain the following scheme.

2"t
o X

7654

(-]

(9.4)

XX XXX
XXX X
XXX X X

XX X X X
X X X X X

The scheme clearly illustrates that the strictly lower triangular rank structure has
lifted up and that the diagonal is includable into the lower triangular rank structure.
The remaining four Givens transformations from bottom to top will remove the
rank structure in the lower triangular part such that we obtain the upper triangular
matrix R.
Writing the above scheme in mathematical formulas, we obtain (Z denotes
another Hessenberg-like matrix):
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The final equation denotes a structured rank factorization of the matrix Z+ D, since
the matrix Z is of Hessenberg-like form and @ is a unitary transformation. This
unitary-Hessenberg-like (QH) factorization will form the basis of the eigenvalue
computations proposed in Section 9.5 of this chapter.

Definition 9.3. A factorization of the form
A=QZ,

with Q unitary and Z a Hessenberg-like matriz is called a unitary-Hessenberg-like
factorization, briefly a QH -factorization.

Note 9.4. This factorization is a straightforward extension of the Q R-factorization
as the QR-factorization can be considered as a QH -factorization in which the matriz
Z is of semiseparability rank 0, i.e., that this matriz has the strictly lower triangular
part equal to zero.

Before discussing the different @) R-algorithms related to the V and the A-
pattern for computing the Q R-factorization, we will discuss a flexibility in the QR-
algorithm.

9.2.2 Flexibility in the Q) R-algorithm

Throughout the complete book we used the A-pattern for constructing the QR-
factorization. R

The scheme used represented the matrix product Q¥ (Z + D) graphically as
follows.

(1] EK X X X X X
(2} E E K x x x X
(3] X XK x x x
(4] E [: X XK x x (9-5)
@E K@&&&x
87654321

In the discussed @ R-methods we always firstly performed the ascending se-
quence of Givens transformations, i.e., the Givens transformations in position 1
to 4. These Givens transformations correspond to the the orthogonal similarity
transformation Q¥ (Z + D)Q;.

After this sequence we perform the initial disturbing Givens transformation,
which is located here in the scheme in position 5. One switches to the implicit
approach and the chasing procedure starts.

The scheme above has some flexibility, with regard to the Givens transforma-
tions in positions 4 and 5. For example the scheme below represents exactly the
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same factorization.

(1] X X X X X
(2] EKE X x x x X
(3] X X
o .l [ 288 (9-6)
@K E&&&&x
7654321

Instead of following the Scheme 9.5 we can now also follow Scheme 9.6 for
performing a step of the Q@ R-method. Let us see how this will work. We will start
by applying the Givens transformations from position 1 up to position 3. One can
easily verify that this will transform the Hessenberg-like plus diagonal matrix Z+ D
into a Hessenberg matrix, similarly as one would obtain by using Scheme 9.5.

Let us investigate in more detail what the effect of performing this Q R-step
will be. Assume Z + D to be of the following form:

dq
X
X
X
X

KX XX X
XXX X X
XX X X X
XX X X X
S

The resulting matrix Q¥ (Z + D)Q1, in which @Q; is a combination of the first
three Givens transformations from Scheme 9.6, is of the following form:

X
X

0

X XXX X
XX K X X
XX X X X
X X X X X
_|_
.

As with the semiseparable plus diagonal case the diagonal shifts down (see Sec-
tion 8.1.3). Because instead of four only three Givens transformations are performed
we obtain only two nonzero elements in the first column. In a certain sense, the
complete Hessenberg-like plus diagonal matrix has shifted down one position.

To start the chasing procedure one first needs to rewrite the matrix slightly
such that the first two diagonal elements equal d;. We obtain the following form
for the matrix:

H
X
(9.7)

XXX KX X
XXX X X

KK X X X
KX X X X
+
S

One can now apply the Givens transformation from position 4 onto this matrix.
The result is a disturbed Hessenberg-like plus diagonal matrix, the disturbance can
be chased by using the standard techniques from Chapter 7.
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To conclude this part we will illustrate the flow of the chasing in case one
is working with the Givens-vector representation. In Chapter 8, we discussed the
chasing for semiseparable matrices represented with the right left representation,
and for semiseparable plus diagonal matrices represented with the top bottom rep-
resentation. In the following we assume the top bottom representation.

The first term in Figure (9.7) can be represented by a Givens-vector repre-
sentation as follows (the reader can verify that the result of applying the Givens
transformations is the matrix above).

000
T
T
X

First we apply a similarity transformation which is the disturbing Givens
transformation shown in position 4 in Scheme 9.6. Applying this similarity trans-
formation will not affect the diagonal, hence we omit it temporarily.

Apply now the initial disturbing Givens transformation. The transformation
performed on the right will create a bulge in position (2, 1), marked with ®. The
transformation performed on the left is depicted in position 4.

0000
3
X

4321

To continue, we will annihilate the bulge, marked with ® resulting in the
Givens transformation in position 1 in Scheme 9.8. In this scheme also the fusion
for the Givens transformations above at positions 3 and 4 is depicted.

LT %L
A .
| <

4321

000 Q

After applying the depicted fusion, we obtain the following well-known scheme,
which is exactly the same as the one in the semiseparable plus diagonal case, hence
one can apply the standard chasing techniques.
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(1] X

A

oll L
4 321

We can conclude that this approach results in the same chasing technique.
Only the initialization procedure, before the chasing is started is slightly different.

This kind of chasing will be used when developing the implicit () R-algorithm
for quasiseparable matrices discussed in Section 9.3. Next we will discuss the QR-
algorithms related to the different patterns for computing the Q) R-factorization.

9.2.3 The QR-algorithm and its variants

As there are different manners of computing the @ R-factorization, the connected
@ R-algorithms will also be slightly different, yielding the same final result. In fact
one obtains exactly the same result, but the way of computing the matrices after
one step of the @ R-method can differ. In this section we will briefly discuss the
@ R-algorithms connected to both the A and the V pattern for computing the QR-
factorization. We remark once more that the final outcome of both transformations
will be equal. The order in which the Givens transformations are performed will,
however, change as well as the Givens transformations themselves.

The @ R-algorithm connected to the A-pattern

We consider the following iteration step on a Hessenberg-like minus shift matrix
(we will comment on the Hessenberg-like plus diagonal case afterwards):

Z - NI == Q1Q2R7
Z= RQ1Q2 +upl = QQJQ{{ZQlQ%

in which Z denotes the new iterate.

The single shift @ R-algorithm based on the A-pattern was firstly discussed in
an implicit form in [164].

Let us discuss the global flow of the iteration related to the A-pattern. The
iteration can be decomposed into two steps, each step corresponding to performing
a sequence of n— 1 Givens transformations. The first sequence is ascending denoted
by \ in the A and annihilates the low rank part in the Hessenberg-like matrix. The
second sequence corresponds to the descending Givens transformations, denoted by
/ in the A-pattern, which removes the subdiagonal elements.

Since the new iterate is defined as Qf@{{ZQng = Qg(@{{ZQl)QQ, two
similarity transformations need to be applied onto the matrix Z. One is determined
by Ql and the other by QQ.
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e The first similarity transformation (related to Ql) computes the following (see
Subsection 9.2.1):

Z=Q"zQ, = (Q{{Z) Q1 = RQ:.

This corresponds to performing a step of the () R-method without shift onto
the matrix Z. As a result we obtain another Hessenberg-like matrix Z.

e The second similarity transformation (related to Q) can be performed in

an implicit way as follows. Determine the first Givens transformation G of
Q-, for annihilating the element in position (2,1) of the Hessenberg matrix
QfI(Z —wpl) = H. Applying this Givens transformation G as a similarity
transformation onto the Hessenberg-like matrix Z disturbs the specific rank
structure of this Hessenberg-like matrix.
The implicit part of the method consists of finding the remaining n —2 Givens
transformations and applying them onto G ZG, such that the resulting ma-
trix is back of Hessenberg-like form. Based on the implicit @-theorem for
Hessenberg-like matrices (see Chapter 6, Section 6.2) one knows that the re-
sult of this approach is again a Hessenberg-like matrix, which is essentially
the same as the one resulting from an explicit step of the () R-method.

Note 9.5. The first similarity transformation based on Ql is independent from the
chosen shift u. The second similarity transformation is dependent of the shift p.

The @ R-method for Hessenberg-like plus diagonal matrices Z + D is identical.
First a number of Givens transformations are performed, corresponding to a step
of QR-without shift onto Z, followed by a similarity transformation determined by
Q2. For restoring the structure in the Hessenberg-like plus diagonal case, one needs
to consider the structure of the diagonal, as the diagonal is preserved under a step
of the Q R-method.

The @Q R-algorithm connected to the V-pattern
We consider the following iteration step:
Z—pl = QleR,
Z = RQ1Qs + nl = QY Q' ZQ1Qo,
in which Z denotes the new iterate.

The @QR-algorithm based on the V-pattern has not yet been discussed in this
book. The idea is however a straightforward generalization of the () R-algorithm
based on the A-pattern. Because in some sense we have switched the order of both
sequences of n — 1 Givens transformations, we can also switch the interpretation of
this algorithm.

Two similarity transformations have to be performed: Q¥ (Q¥ZQ1)Q2. Now,
(1 is a descending sequence of Givens transformations for expanding the rank struc-

ture and ()2 is an ascending sequence of Givens transformations for removing the
newly created rank structure of the intermediate Hessenberg-like matrix.
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e The first step can be performed in an implicit manner, similar to the second
sequence in the A-case. An initial disturbing Givens transformation is applied,
followed by n — 2 structure restoring Givens transformations?’. As a result
we obtain the Hessenberg-like matrix?!

Z=Q{zQ..

e One can prove that the second step (corresponding to the Givens transfor-
mations from bottom to top) can again be seen as performing a step of the
QR-method without shift onto the newly created Hessenberg-like matrix Z.
After performing the similarity transformation corresponding to Qs, we ob-
tain the result of performing one step of the Q) R-method without shift applied
onto the Hessenberg-like matrix Z.

Note 9.6. In the similarity transformation related to the V-pattern the first step is
dependent on the shift p, whereas the second step is independent from p. See also
Remark 9.5 for the iteration related to the N-pattern.

Note 9.7. The remark above makes it clear that this algorithm (as well as the
algorithm related to the A-pattern) has a kind of contradicting convergence behavior
in it. When we look at the bottom-right of the matriz, we have

o The first step is determined by the shift and hence creates convergence to the
eigenvalue(s) closest to the shift.

o The second step corresponds to a QR-step without shift and hence converges
to the smallest eigenvalue(s) in modulus.

Both convergence behaviors do mot necessarily cooperate. In some sense the second
step can slightly destroy the good improvements made by the first step.

One can opt to remove the second similarity transformation. Unfortunately
we will not have a Q) R-factorization and the corresponding @ R-method anymore.
This approach will lead to the @ H-method, which will be discussed in Section 9.5.

Notes and references

Explicit @ R-algorithms for structured rank matrices, based on the A-pattern are legion:
for general rank structured matrices and unitary matrices [55, 49] and for quasiseparable
matrices in [70]. More general forms, for computing the eigenvalues of polynomials can be
found in [21, 22, 23].

In the beginning of this section, the interchanging from the V to the A-pattern was
briefly illustrated. This interchanging is a powerful tool resulting in different annihilation
patterns for computing for example the @Q R-factorization of structured rank matrices.
These results were extensively discussed in the first volume of the book [169]. Exploiting
these different @ R-factorizations can lead to a parallel algorithm for computing the QR-
factorization of for example semiseparable plus diagonal matrices.

20The chasing can be performed similarly as the chasing step in case of the A-pattern.
21Tn Section 9.5 we will prove that the matrix Z is indeed of Hessenberg-like form.
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w R. Vandebril, M. Van Barel, and N. Mastronardi. @A parallel QR-
factorization/solver of structured rank matrices. Electronic Transactions
on Numerical Analysis, 30:144-167, 2008.

9.3 The (QR-method for quasiseparable matrices

Up till now, we have not discussed quasiseparable matrices. In this section we will
briefly define quasiseparable matrices, and we will see how to develop an (implicit)
QR-method for these matrices. The algorithm will be based on a combination of
results for semiseparable plus diagonal and tridiagonal matrices.

More information on quasiseparable matrices can be found in Volume I of the
book and in the references discussed at the end of this section.

In this section we will firstly discuss some properties of quasiseparable matrices
followed by the general idea on how to perform an explicit Q) R-step, by considering
all diagonal blocks separately. The different diagonal blocks are either of semisepa-
rable plus diagonal or of tridiagonal form. This will be exploited in the algorithm.
The final subsection discusses the implicit version of the method by simply combin-
ing both @) R-methods.

9.3.1 Definition and properties

For simplicity we will only discuss symmetric quasiseparable matrices. The unsym-
metric case proceeds similarly.

Definition 9.8. A matriz A is called a symmetric quasiseparable matriz if all the
subblocks, taken out of the strictly lower triangular part of the matriz (respectively,
the strictly upper triangular part), are of rank < 1, and the matriz A is symmetric.

This means that a symmetric matrix A € R™*" is symmetric quasiseparable,
if the following relation is satisfied (for i =1,...,n —1):

rank (A(i+1:n,1:49))<lfori=1,...,n— 1.

This means that all subblocks taken out of the part marked with X in the following
5 x 5 matrix have at most rank 1. Hence the diagonal is not always includable in
the strictly lower triangular rank structure.

S

I
XX XX X
XXX X X
XX X x X
X x X X X
X X X X X

Let us consider some examples of symmetric quasiseparable matrices.
Example 9.9 The following matrices are all of quasiseparable form.

e A symmetric semiseparable matrix.
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e A symmetric tridiagonal matrix.

e A symmetric semiseparable plus diagonal matrix.

More information on the specific structure of quasiseparable matrices can be
found in the first volume of the book. Important for the development of the QR-
method is the block diagonal structure of a quasiseparable matrix.

Consider a symmetric quasiseparable matrix A. It is fairly easy to prove
that such a matrix is always of the following block diagonal form (see Figure 9.1),
in which all blocks are of semiseparable plus diagonal or of tridiagonal form (see
Proposition 1.19 in Volume I). The blocks overlap sharing a single diagonal element.

Figure 9.1. Block form of a quasiseparable matrizx.

Note 9.10. In some sense one can consider a quasiseparable matrix as a semi-
separable plus diagonal matriz, in which some of the diagonal values can also be
infinity.

One can derive from Theorem 1.20 in Volume I, that a tridiagonal matriz can
be considered as a semiseparable plus diagonal matriz (see Example 9.11), in which
all diagonal elements, except the first and the last one, are equal to infinity.

Since the quasiseparable matriz has blocks corresponding to semiseparable plus
diagonal and to tridiagonal matrices, we can consider it as a global semiseparable
plus diagonal matriz, having some of the diagonal elements equal to infinity.

This interpretation will be the basis for the construction of the quasiseparable
QR-algorithm, based on the QR-method for semiseparable plus diagonal matrices.

The following example is studied more extensively in Volume I showing the
relation between tridiagonal and semiseparable plus diagonal matrices. In the first
volume the relations between the classes of tridiagonal, semiseparable, semisepara-
ble plus diagonal and quasiseparable matrices are studied extensively.
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Example 9.11 Consider the following tridiagonal matrix, which is the limit of a
sequence of semiseparable plus diagonal matrices. Note that, to obtain this tridi-
agonal matrix, the diagonal also needs to change.

a b I 0o 0 0 a b
lim b ebd d |+ ]| 0 c—ebd O =|b ¢ d (9.9)
TEA\L L d e 0 0 0 d e

The matrices on the left are of semiseparable plus diagonal form, whereas the limit
is a tridiagonal matrix, which does not belong to the class of semiseparable plus
diagonal matrices. |

To develop the results for quasiseparable matrices there are several possibili-
ties.

e A first possibility is to consider the quasiseparable matrices as a class existing
on its own having a specific representation. Based on this representation one
can compute the @ R-factorization and prove preservation of structure and
one can design a Q R-method. This is done for example in [70].

e Secondly one can use the block decomposition as presented before and combine
the existing results for tridiagonal and semiseparable plus diagonal matrices.

e In a third approach one considers the quasiseparable matrix as a very spe-
cific kind of semiseparable plus diagonal matrix, admitting values +o0o on the
diagonal.

In this section we choose to combine the second and third item to obtain quickly
an easy understandable () R-algorithm for quasiseparable matrices.

9.3.2 The @ R-factorization and the () R-algorithm

Before deriving the QR-method for quasiseparable matrices, we will see how to
change the @ R-method for semiseparable plus diagonal matrices, such as to make
it applicable to tridiagonal matrices. Moreover we will see that the (Q R-method for
tridiagonal matrices is a sort of simplification of the @ R-method for semiseparable
plus diagonal matrices.

Suppose we have a tridiagonal matrix T = lim.(S. + D.). Since we admit
this decomposition for the tridiagonal matrix, we can easily prove some statements
related to tridiagonal matrices.

e We know that the structure of a semiseparable plus diagonal matrix is pre-
served under the @) R-iteration, thereby even preserving the diagonal. Hence,
also the tridiagonal structure is preserved under the QR-iteration?2.

22To prove this and the following statements in a more rigid way one needs to use theorems
presented in Volume I on the closure of the classes of semiseparable plus diagonal matrices. We
will not go into details but leave this to the reader.
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e Let us investigate how to compute the Q) R-factorization of the matrix S¢+ D..
The first sequence of Givens transformations is an ascending sequence. The
structure of these Givens is however trivial. The Givens transformation acting
on rows 2 and 3 in Equation (9.9) chosen to annihilate the low rank part of
the third row is of the following form

Ge = 1 [ EE1 ble ]
1+ (be)®

Taking the limit now, gives us the following Givens transformation:

. 10
GhmGE[O 1}

Hence the first sequence of Givens transformations vanishes, leaving only the
second sequence of descending Givens transformations. This sequence is iden-
tical to the one from the traditional Q R-method for tridiagonal matrices.

Hence translating the @ R-method for semiseparable plus diagonal matrices
towards the tridiagonal case, simply results in the standard @) R-method for
tridiagonal matrices.

The following formula T' = lim.(Se+ D,) illustrates what we mean when saying
that we can consider a tridiagonal matrix as a semiseparable plus diagonal matrix
having diagonal entries equal to £o0.

Let us come back now to the case of a quasiseparable matrix. We have just
discussed that in fact the tridiagonal @ R-method is sort of a simplification of the
@ R-method for semiseparable plus diagonal matrices. For quasiseparable matrices
we can do exactly the same. Only we do not have all diagonal elements equal to
infinity, but only the ones corresponding to the tridiagonal blocks on the diagonal.
Suppose A = lim.(Sc + D.).

e Since the structure of a semiseparable plus diagonal matrix is preserved under
the Q R-iteration, the structure of a quasiseparable matrix is preserved under
a @ R-iteration.

Preservation of structure means that not only the next iterate is quasisepara-
ble but also that its block structure is preserved. This means that the blocks
on the diagonal of semiseparable plus diagonal form, remain semiseparable
plus diagonal form (preserving even the diagonal), and the tridiagonal blocks
remain tridiagonal.

e The QR-method for quasiseparable matrices is a simplification of the QR-
method for semiseparable plus diagonal matrices. In fact it is a combination of
the @ R-method for semiseparable plus diagonal matrices and the (Q R-method
for tridiagonal matrices.

The generalization is almost trivial. First the ascending sequence of Givens
transformations is performed. This sequence will remove the low rank part in
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the diagonal blocks that are of semiseparable plus diagonal form. The Givens
transformations acting on the blocks that are of tridiagonal form will be equal
to the identity. This results in the following equation. Suppose A is the qua-
siseparable matrix, Q¥ is the ascending sequence of Givens transformations
and p is a suitably chosen shift:

QY (A—pl)=H.

As a result we obtain the matrix H, which is a Hessenberg matrix.

The second sequence of Givens transformations is chosen to remove the diag-
onal.

Combining techniques for semiseparable plus diagonal and tridiagonal matri-
ces leads to an explicit @ R-algorithm.

For quasiseparable matrices one can also perform the second sequence in an
implicit manner, to restore the structure of the quasiseparable matrix. With restor-
ing the structure we mean restoring the semiseparable plus diagonal structure of
the corresponding blocks and restoring the tridiagonal form in the corresponding
blocks.

Note 9.12. In the previous deduction we assumed our quasiseparable matriz to
be of the block diagonal form, where each block is of semiseparable plus diagonal
or of tridiagonal structure. Unfortunately this structure is quite often not known.
Hence one needs to determine first the diagonals of the semiseparable plus diagonal
matrices involved in the block splitting of the quasiseparable matriz.

9.3.3 The implicit method

The previous section was not so detailed on the implementation of the quasisepa-
rable @ R-method, therefore, we will derive it here in more detail.

We assume to be working with a very specific quasiseparable matrix, but there
is no loss of generality, as it covers the generic case. Assume our matrix A to be
of the following form. (For simplicity we assume the shift matrix to be included in
the matrix A.):

0 X X
X @ X
X X B x
X X X
A= X X

XXX R X
X X & X
X B XK
BXXK

We have introduced here a new kind of notation to reduce the space consump-
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tion. The box with a number in it depicts the following

O=K+d
=X+ ds

Instead of putting the diagonal from the semiseparable plus diagonal blocks in a
separate matrix they are included here in the graphical figure. The quasiseparable
matrix A above, can be decomposed into three main diagonal blocks. The blocks
A(1:3,1:3) and A(6 : 9,6 : 9) are of semiseparable plus diagonal form, with
diagonal elements dy,...,ds for the first and dy,...,d7 for the second block. The
block A(3: 6,3 : 6) is of tridiagonal form. It can be seen that the diagonal blocks
share the upper left and the lower right element with another block.

Let us apply now the first sequence of Givens transformations onto the matrix
A. This sequence of Givens transformations will remove the low rank part of the
semiseparable plus diagonal blocks and will not act on the tridiagonal blocks. For
removing the low rank part, we will use the form explained in Subsection 9.2.2. This
form will only perform two instead of three Givens transformations for removing
the low rank part in the block A(6 : 9,6 : 9) and only one instead of two for
removing the low rank part in the block A(1: 3,1 : 3). After having performed this
transformation, we obtain the following matrix:

X X
x O X X
X 2 K

X X B x
X X X
X X X

x M4 X X

X B X

i X X @

The complete structure of the matrix has shifted down one position, thereby intro-
ducing at the top a new 2 x 2 tridiagonal (or semiseparable plus diagonal) block.

Note 9.13. Some remarks have to be made:

e We assumed to be working with the QR-form explained in Subsection 9.2.2,
for the semiseparable plus diagonal blocks. One can, however, also perform
three (two) instead of only two (one) Givens transformations. This will not
make the method more complicated.

e Related to the previous item is the computation of the disturbing Givens trans-
formation. If one chooses to perform three instead of two Givens transforma-
tions, the disturbing initial Givens transformation will change also!

e A final remark is related to the shift. Performing the first sequence of Givens
transformations is independent of the chosen shift. The influence of the shift
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is incorporated into the disturbing Givens transformation. We do not pay a
lot of attention to computing this Givens transformation as the reader should
be able to compute it based on the knowledge gained in previous chapters. The
disturbing Givens transformation is chosen to annihilate the first subdiagonal
element in the Hessenberg matriv H = Q¥ A. (Remember that we assumed
the shift u to be included in the matriz A.)

Let us now start the chasing procedure. We will consider each block separately.
First apply the disturbing Givens transformation at the top followed by a single
structure restoring Givens transformation. We obtain again a semiseparable plus
diagonal matrix in the upper left 3 x 3 corner. How to perform the disturbing Givens
transformation, and how to restore the structure is explained in Subsection 9.2.2.
As a result we obtain:

I X X X
X B X K
X X B x
X K x x x
X X X (9.10)
X X X
x @ X KX
X B X
i X X @ |

The next structure restoring similarity Givens transformation will act on rows
and columns 3 and 4. We know that after performing this transformation, the upper
left 3 x 3 block needs to be of semiseparable plus diagonal form, but the elements
in row and column 4 need to belong to a tridiagonal block. Hence the Givens trans-
formation is chosen to annihilate the undesired elements in the fourth row/column.
Fortunately these elements still belong to the semiseparable plus diagonal structure,
as depicted in Figure (9.10) and hence we can remove all the undesired elements by
performing a single Givens similarity transformation.

Note 9.14. When the figures depicted here are not clear at first sight, the reader
can design the graphical schemes based on the Givens-vector representation of the
chasing, similar to Subsection 9.2.2. Based on these figures one can easily deduce
from the above structure in which we obtain a 3 X 3 semiseparable plus diagonal
block, for which the rank structure slightly extends to the fourth row and column.

Removing the remaining X elements in the fourth row and column by a simi-
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larity Givens transformation gives us the following matrix:

(0 X X
X 2 X
X X B x ®
X X X
® X X X
X X X
x M4 XK K
X B KX
i X X @ |

We see that we have now created a bulge in the tridiagonal block. One can now
switch to the chasing procedure for tridiagonal matrices, in which one shifts down
the bulge one position after each similarity transformation.

After having completely restored the tridiagonal part within the index range
(3:6,3:6) we obtain:

I XN K
N 2 KX
N K B x
X X X
X X X |®
X X | X
® x|d N X
N B K
i X X @ |

The structure is completely restored similar to the semiseparable plus diagonal case.
The upper left part in the matrix separated by the horizontal and vertical line is
already of the correct structure. Unfortunately a part of the tridiagonal structure
extends beyond its boundaries. Here there is a bulge remaining in positions (7, 5)
and (5,7). Applying a similarity Givens transformation will result in a disturb-
ing Givens transformation acting on the semiseparable plus diagonal matrix in the
lower right block. This initializes another chasing procedure for restoring the semi-
separable plus diagonal part, resulting in a matrix having the same structure as the
original quasiseparable matrix where even the diagonals of the semiseparable plus
diagonal parts are preserved:

X X

X 2 K

X X B x
X X X
X X

XXX R X
XXX
XXX
HXXKX



298 Chapter 9. More on @) R-related algorithms

The result of this chasing procedure is essentially equivalent to a matrix coming
from a step of the Q R-method.

Note 9.15. To explain this method we assumed to have a semiseparable plus di-
agonal block, followed by a tridiagonal block, followed again by a semiseparable plus
diagonal block. In fact one can also have two semiseparable blocks following each
other such as depicted here:

XX E

X
X

KX KXEE XX
XX EKX

XXX
BXXKX

The chasing method for this kind of structure is similar to the one discussed above.

In this section we did not discuss essential topics such as an implicit Q-theorem
for quasiseparable matrices, unreducedness of a quasiseparable matrix. These issues
are of a theoretical nature and were already discussed extensively for semiseparable,
semiseparable plus diagonal and tridiagonal matrices. Combining all properties of
these matrices provides the desired theoretical background. We have provided a
working algorithm.

When implementing this method, one firstly needs to know the block decom-
position of the involved quasiseparable matrix. Moreover, an implementation based
on the Givens-vector representation, thereby using the graphical schemes is the
most simple to implement since it will easily reveal possible breakdowns in case of
undesired zeros and badly defined chasing Givens transformations.

Notes and references

Quasiseparable matrices have not been discussed in this volume. The class of matrices as
well as solvers for this class of matrices were presented extensively in Volume I [169].
These matrices were firstly defined in the articles [67, 146] (see Section 1.3, Chap-
ter 1).
The Q R-factorization for quasiseparable matrices is similar to the one for semisep-
arable plus diagonal matrices (see also [156, 59]). The method proposed by Dewilde—van
der Veen was adapted by Eidleman and Gohberg.

w P. Dewilde and A.-J. van der Veen. Inner-outer factorization and the
inversion of locally finite systems of equations. Linear Algebra and its
Applications, 313:53—-100, February 2000.

w Y. Eidelman and I. C. Gohberg. A modification of the Dewilde-van der

Veen method for inversion of finite structured matrices. Linear Algebra
and its Applications, 343-344:419-450, April 2002.

Implicit QR-algorithms for quasiseparable matrices have not yet been discussed in
the literature. An explicit method for quasiseparable matrices was already presented in
the following article by Eidelman, Gohberg and Olshevsky.
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= Y. Eidelman, I. C. Gohberg, and V. Olshevsky. The QR iteration method
for Hermitian quasiseparable matrices of an arbitrary order. Linear Algebra
and its Applications, 404:305-324, July 2005.

9.4 The multishift ) R-algorithm

In this book we already discussed several useful algorithms for computing the eigen-
values of arbitrary matrices and of semiseparable matrices. We discussed efficient
transitions via orthogonal similarity transformations to semiseparable and related
forms. Moreover Q) R-algorithms for all resulting matrices were also presented. Un-
fortunately only the single shift case was discussed and developed.

In general a real Hessenberg-like matrix not only has real eigenvalues but
also complex conjugate ones. Hence one needs to switch to complex arithmetic
for computing these eigenvalues of Hessenberg-like matrices via the single shift
approach.

The multishift Q) R-step for Hessenberg-like matrices, which will be proposed,
will solve this problem. The setting discussed here is very general and covers k
shifts. As a special case it will be shown how to design a double shift version for
Hessenberg-like matrices such that one can stick to real arithmetic.

The section is organized as follows. Subsection 9.4.1 discusses the problem
setting. Details are presented on the approach we will follow and important re-
sults related to Hessenberg-like matrices are given. Subsection 9.4.2 and Subsec-
tion 9.4.3 discuss the implicit multishift approach for Hessenberg-like matrices. Sub-
section 9.4.2 focuses on the introduction of the disturbing Givens transformations,
whereas Subsection 9.4.3 is dedicated to the structure restoring chasing technique.
Subsection 9.4.4 presents some details concerning the implementation of the double
shift version for the real Hessenberg case.

9.4.1 The multishift setting

Explicitly, the multishift () R-step on an arbitrary matrix A is of the following form.
Suppose we want to apply & shifts at the same time, denote them with gy up to py.
Assume we computed the following @ R-factorization:

QR=(A—mD)(A—pI)...(A— pil).

The multishift @ R-step consists now of applying the following similarity transfor-
mation onto the matrix A:
A=Q"AQ.

An implicit multishift @ R-step consists of performing an initial disturbing
unitary similarity transformation onto the matrix A, followed by structure restoring
similarity transformations, not involving the first column, assuming thereby the
matrix A to be of structured form.

Let us explain in more detail the implicit version of the multishift Q R-step if
the matrix A = H is a Hessenberg matrix. More precisely, assume

v=H-mwmIl)(H—pI)...(H—prles, (9.11)
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in which e; = [1,0,...,0, OlT denotes the first basis vector of C". Suppose we design
a specific unitary matrix @ such that Qv = +|v|je;. Apply this transformation
onto the matrix H, resulting in

H=Q"HQ.

Because the matrix H is of Hessenberg form and the matrix Q was constructed in
a specific manner, this results in the introduction of a bulge, whose size depends on
k, below the subdiagonal.

The implicit approach is then completed by transforming the matrix H back to
its original form, e.g., Hessenberg form, by successively applying unitary similarity
transformations. The unitary transformation matrix Q needs to be chosen such
that Qel =e; and

H=Q"Q"HQQ,
with H again a Hessenberg matrix. The condition Qe, = ey is necessary to prove
that this implicit Q R-step is essentially the same as an explicit Q R-step. One can
prove this via the implicit @-theorem (see Subsection 6.2.3) or via other approaches
(see [181]).

Due to the preservation of the Hessenberg-like structure under a @ R-step,
we know that the structure is also preserved under a multishift Q R-step (see, e.g.,
[94]). To design an implicit multishift @ R-algorithm for Hessenberg-like matrices,
we use the idea of introducing the distortion by reducing the first column v (as in
Equation (9.11), but for the Hessenberg-like case) to a multiple of e;.

In the Hessenberg case we will see that the vector v has only k + 1, in case of
k shifts, elements different from zero, located all in the top positions of the vector.
To annihilate these elements, and transforming the vector v to +[3ej, one can
easily perform a single Householder transformation or k Givens transformations.
Unfortunately, in the case of a Hessenberg-like matrix Z we will see that the vector
v is generally full. How to efficiently choose transformations for reducing v to £03e;,
such that the corresponding similarity transformations can be efficiently performed
onto the Hessenberg-like matrix Z, is the subject of the next subsection.

9.4.2 An efficient transformation from v to +(e;

The reduction of an arbitrary vector v to £(e;, a multiple of the first basis vector,
can easily be accomplished by performing a Householder transformation or n — 1
Givens transformations. Unfortunately applying the Householder or the Givens
transformations onto the Hessenberg-like matrix Z creates an overhead on distor-
tion in the matrix Z, which cannot be removed efficiently. It seems that a more
appropriate technique is needed to reduce the complexity of restoring the structure
of the disturbed matrix Z.

Reconsidering the single shift case, we know that the Givens transformations
needed for bringing the vector v back to +(e; are closely related to the Givens
transformations used in the Givens-vector representation. Hence, we will search
how to link the transformation of v to +3e; with the Givens-vector representation
of the matrix Z.
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Assume we have the following matrix Z, whose first column we would like to
reduce efficiently to £8e;. Denote Zy = Z and the p; are suitably chosen shifts:

Z = (Zo—,ulf) (Z()—,LJ,QI)...(Zo—/LkI).

The matrix Zj is represented with the Givens-vector representation, and hence we
have Zy = Q1 R1, in which the matrix ()1 contains the Givens transformations from
the representation, and the matrix Ry is an upper triangular matrix. This leads to

Z=Q1 (R — mQf") Q1 (R1 — p2@Qf) ... Q1 (Ry — QY ,

in which Q¥ 11,1 is a Hessenberg matrix, for i = 1,..., k.

We will now transform the first column of the matrix Z to +8e; but in such
a way that we can perform these transformations efficiently as similarity transfor-
mations onto the matrix Zg.

Perform the transformation Q! onto the matrix Z

17 = (R1 — Q) Q1 (R1 — 112Q%) ... Q1 (R1 — Q1)
= (@1 — ml) (R1Q1 — pol) ...
o (R1Q1 = i D) (R — Q1) -

The matrix product R1Q); produces a new Hessenberg-like matrix Z;. (Check
the correspondence with the right to left representation of Hessenberg-like matrices.)
The RQ-factorization of the matrix considered can easily be transformed to the Q) R-
factorization. Due to the connection with the Givens-vector representation this can
be done efficiently. Moreover, we will see further on in the text that we do need this
transition anyway. Denote this as Z; = Q2 Re. The matrix Z; is in fact the result
of performing a step of the @ R-algorithm without shift onto the matrix Zy. This
is equivalent as in the single shift approach. We have the equality Z; = Q¥ Z,Q;.

We obtain the following relations:

RTZ =Q» (Re — 11Q%) Q2 (R2 — 12QY) . ..
Q2 (Re — p—1QY) (R1 — Q1)
QY QY Z = (RyQ2 — n 1) (RoQ2 — paI) . ..
oo (RoQ2 — pi—oI) (Ro — pu—1Q8) (R — Q7).

It is clear that the procedure can easily be continued by defining

Zo = Q¥ Z1Q2 = RoQo,

which is the result of applying another step of the @ R-method without shift onto
the matrix 7.
As a result we obtain that, if for every i = 1,...,k

Zi—1 = QiR;,
Zi=Q"7, 1Qi = RiQ,
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the following relation holds
QH ... Q{{Z = (Rk - MleH) (Rk—l - /’L2Qkal) e
- (Rs = r—2Q3) (Ra — i1Q3") (Ra — m@Q1') . (9.12)

The first column of Q& ...QH Z has only the first k + 1 elements different
from zero as it is the product of k& Hessenberg matrices. These elements can be
computed easily as the matrices @y are a sequence of Givens transformations from
bottom to top. For computing the first column of the matrix product QI ... Q¥ Z,
we efficiently compute the multiplication of the right-hand side of Equation (9.12)
with el.

Moreover combining all these transformations and perform them as a similarity
transformation onto the matrix Zy gives us

QF...QYQT 2001Q2 ... QK =QF ...QY Z1Q2 ... Qy
=QF ... QM 2,Q;3...Qs
= Zk.

This corresponds to performing k steps of the @ R-method without shift onto the
matrix Zo, which can be performed efficiently in O(kn?). (Especially in the semi-
separable case one can perform these steps in linear time O(kn).)

To complete the reduction of v to £3e1, we have to annihilate k& of the k + 1
nonzero elements of the vector Q¥ ... QfIZel. This can be done by performing k
Givens transformations Gy, . .. Gy annihilating first the nonzero element in position
k + 1, followed by annihilating the element in position & and so forth. This results
in the matrix

GH . GH7:C . G
which we have to bring back via similarity transformations to Hessenberg-like form
without touching the first column and row.

Let us summarize this step. In order to start the implicit procedure, in the
case of k shifts, we have to perform k steps of QR-without shift onto the matrix
Zy. Moreover we have to use these unitary transformations to compute the first
column Q¥ ...Q¥H Ze; in an efficient way. The result of these k QR-steps without
shift onto Zy gives us again a Hessenberg-like matrix Z;. The vector Q¥ ... Q¥ Ze,
is still not a multiple of e; and hence an extra k Givens transformations are needed
to transform this vector to +3e;2%. These final k Givens transformations disturb
the Hessenberg-like structure of the matrix Zy. The result of a QQ R-step is again a
Hessenberg-like matrix, hence we will develop in the next section a chasing technique
for restoring the structure.

9.4.3 The chasing method

The chasing method consists of two parts. First we need to perform some transfor-
mations to prepare the matrix for the chasing procedure. Let us call this first part
23The performance of k steps of the QR-algorithm without shift do not dramatically increase the

complexity of the multishift with regard to single shift strategy. Also in the single shift strategy
a QR-step without shift is needed.
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the initialization procedure. The second part is the effective chasing part. For sim-
plicity we will demonstrate these techniques on a 7 x 7 matrix for k = 3 multishifts.
The technique can be extended easily to larger matrices and more shifts.

Initialization

The matrix we are working with, Z3 is of Hessenberg-like form. Denote the initial
disturbing Givens transformations, three in this case, with G1, G2 and Gj.
The chasing procedure needs to be performed onto the following matrix

G GE G 723G1G1G.

Recall that the transformation G{I acts on rows 3 and 4, G’g on rows 2 and 3
and Gf on rows 1 and 2. We will switch now to the graphical representation of
the matrix Z3. For theoretical considerations we consider the graphical schemes as
Q@ R-factorizations of the matrix Z3 = Q3R3. In the following scheme, we have to
apply the transformations on the left to the matrix @3 and the transformations on
the right are applied onto the upper triangular matrix Rz. We obtain the following
scheme, in which the upper structured rank part, denoted by the elements X is
created by performing the three Givens transformations on the right. More precisely
in the scheme we see on the left G’g ég G‘{I @3, where the three disturbing Givens
transformations are found in position 7,8 and 9 and the matrix Q)3 consisting of
6 Givens transformations is found in the positions 1 up to 6. The matrix on the
right of the scheme is the matrix R3G1Gs Gg, the result of applying the three Givens
transformations onto the upper triangular matrix. This new upper left part, denoted
by X is in fact a small Hessenberg-like matrix.

QRO0OOde
—
—
—
—
X XXX
XXX -
X X

987654321

The initial step consists of removing this newly created small structured rank
part denoted by K. One can easily remove this part be performing three Givens
transformations, just like when reducing a Hessenberg-like matrix to upper triangu-
lar form. In fact this is a swapping procedure (see Chapter 1, Section 1.3) in which
the representation from right to left acting on the columns is transformed into a
representation from top to bottom acting on the rows. This leads to the following
scheme in which the first three Givens transformations (in positions 1,2 and 3) are
chosen to annihilate the newly created part denoted by X. At the same time we
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compressed the notation in the left part.

[ N (9.13)

N~ R R
3
ey
ey
X

10987654321

For the moment we do not need the upper triangular part on the right and we will
therefor not depict it in the following schemes. We will now try to rearrange the
Givens transformations shown in Scheme 9.13, in order to remove the Givens trans-
formation in position 1. This is done by applying few times the shift through lemma.
Interchanging the Givens transformations in positions 3 and 4 from Scheme 9.13,
leads to the first scheme below, in which we already depicted the first application
of the shift through lemma. The second scheme shows the result of applying the
shift through lemma and indicates the next application. The bottom scheme is the
result of applying the shift through lemma as indicated in the second scheme.

(NN~ )
31
31
31
Q00O 00Q
31
31
31

109876543 21 1098765 4 321

[ EEEE [

00000 eQ
31

10987654321

We have now finished applying the shift through lemma. Generally we need
to apply it £ — 1 times. To complete the procedure, a fusion of the Givens trans-
formations in positions 5 and 6 needs to be performed. In the left scheme you see
on which Givens operations the fusion will act. The right scheme shows the result,
and in the bottom scheme we have rewritten the scheme by interchanging the order
of transformations 3 and 2.
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©000008Q
3
&
1
31

©0000000®
1
3
3

10987654321 987654321

Q00000
31
3
31

987654321

We can clearly see that this form is similar to the one we started from in Scheme 9.13,
except for the fact that the Givens transformation in the first position of Scheme 9.13
is now removed. This is the structure on which we will perform the chasing method.
This initialization procedure only has to be performed once before starting the
chasing.

Restoring the structure

The scheme at the end of the previous section can be decomposed into four main
parts. The complete scheme, including the matrix on which the transformations
act is of the following form.

(N o~ R
T
T
T
X

987654321

Let us discuss these four different parts and indicate the restoring procedure. A
first part is the matrix on the right on which the Givens transformations proposed
on the left act. The remaining three parts denote specific parts in the Givens trans-
formations on the left. A first part contains the Givens transformations in positions
1 and 2. Generally this will contain in case of k shifts k — 1 Givens transformations.
Secondly we have the Givens transformations from the representation. This is the



306 Chapter 9. More on @) R-related algorithms

sequence from top to bottom, ranging from position 3 until 8. Finally we have three
more Givens transformations in positions 7, 8 and 9 shown on the top left part of
the scheme. Generally there are k Givens transformations in this part.

The aim of the procedure is to remove the Givens transformations on the left
upper part and the ones in positions 1 and 2, to obtain only a sequence from top
to bottom which will denote the new representation of the Hessenberg-like matrix.
The right-hand side should remain an upper triangular matrix. This should be
accomplished by performing unitary similarity transformations onto the matrix.
For all transformations performed on the right-hand side, we cannot change the
first column: Qel needs to be equal to e;.

The idea is to reshuffle the Givens transformations based on the shift through
operation and then apply them onto the upper triangular matrix, followed by a
structure restoring similarity transformation. This structure restoring similarity
transformation will result in a scheme similar to the one above. Only the undesired
Givens transformations in positions 1, 2, 7, 8 and 9 will have shifted down one
position. This procedure can hence be continued until these Givens transformations
slide off the scheme.

We start by rearranging the Givens transformations. First we change the V-
pattern on top ranging from positions 3 to 9 (see Scheme 9.14) to a A-pattern. This
transition is only possible if we shift the Givens transformations on the bottom, in
position 7 and 8 backwards. The new A-pattern is of course still located between
position 3 and 9 as shown in the right of Scheme 9.14.

[ [ : (9.14)

Q00O 0de
3
3
3
Q0000 0Q
3
1

987654321 1110987654321

Now, see the right of Scheme 9.14, we have again a V-pattern ranging from position
1 to 5. We transform it to a A-pattern shown in the next scheme.

[ [ [ (9.15)

(N o~ )
31
31
31

1110987654321

In fact we dragged the top three transformations in the positions 7,8 and 9
from the left scheme in Scheme 9.14 completely to the right located now in positions
1,2 and 3 in Scheme 9.15. Remark that instead of acting on the first four rows, they
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act now on the rows 2, 3, 4 and 5. Moreover the Givens transformations located
in the left scheme of Scheme 9.14 in the positions 1 and 2 can be found now in the
positions 4 and 5 in Scheme 9.15, also shifted down one row.

To remove now the Givens transformations in the first three positions, we
need to apply a similarity transformation. To achieve this goal, we need the upper
triangular matrix Rs. Applying the first three Givens transformations onto the
matrix Rg results in the following scheme. The elements ® are filled in by applying
these Givens transformations onto the upper triangular matrix.

(NN N~ R ]
31
31
31
X
X

1110987654321
X

EE ;

&

L

(NN~ I R )
31
31

87654321

One can consider the bottom scheme above as Q?,Rg, in which Qg denotes the
combination of all Givens transformations and the matrix Rs denotes the upper
triangular matrix disturbed in a few subdiagonal elements. To remove the bulges,
denoted by ® in the matrix R37 we apply three Givens transformations on the right
acting on its columns 2, 3,4 and 5. As only similarity transformations are allowed
for restoring the structure also three Givens transformations have to be applied onto
the matrix Qg. This completes one step of the chasing procedure and results in the
scheme below. The similarity transformation removed the bulges but introduced
three new Givens transformations shown in positions 8,9 and 10.

( ( .
EEKEE EE T
( "
10987654321

As a result we obtain that the unwanted Givens transformations have shifted down

Q60O de
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one row, and this completes the first similarity transformation in the chasing pro-
cedure.

Let us continue now in an identical way to determine the second similarity
transformation. Rearranging the Givens transformations, by twice applying the
transformation from a V to a A-pattern gives the top scheme and then applying the
three right Givens transformations to the matrix gives us the bottom scheme.

Q00000
31
31
X
X

Q000
3
It
=’
It
It
® X
® X
® X
X

87654321

Again we have to apply a similarity transformation acting on the columns of the
disturbed upper triangular matrix to remove the bulges, denoted by ®.

This results in the upper scheme in Scheme 9.16. Rewriting all the Givens
transformations and applying them onto the upper triangular matrix reveals another
similarity transformation that needs to be performed.

Q0000 e
1
31

1110987654321
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QP00 Od®e
31

87654321

(9.16)

This chasing procedure needs to be performed as many times until the un-

wanted Givens transformations reach the bottom rows.

We see that the Givens

transformations in the positions 1 and 2 have now arrived at the bottom row. From
now on the chasing procedure is finishing, and gradually all the undesired Givens

transformations will vanish.

Scheme 9.17 denotes the result of applying the similarity transformation pro-
We see in this scheme that
the removing of the Givens transformations has started. The fusion of the Givens
transformations in positions 9 and 8 is depicted.

posed by the scheme above to remove the bulges.

(
E%EE

(NN o~ R

111098 7654321

(9.17)

We do not show the upper triangular matrix as it does not change in the
following operations. After the fusion we perform the change from the V to the
A-pattern (from the left of Scheme 9.18 to the right of Scheme 9.18). Again another

fusion is indicated.

[ [
EEE EE

10987654321

(NN~ )
31

QPOe0COde

( %EK

87654321

(9.18)

The fusion of the Givens transformations in positions 2 and 3 creates again
the possibility of changing the V to the A-pattern. This is depicted in the following

scheme.
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Q00O de
31

Qo0 de
31

[ ( ( [0

7654321 7654321

Applying the Givens transformations in positions 1 and 2 creates again bulges.
This is shown in Scheme 9.19.

(9.19)

[ (

7654321

(N o~ RO )
31
3
X

X
® X

It is clear from Scheme 9.19 that the next similarity transformation, to re-
move the bulges, involves only two Givens transformations instead of three as in
all previous chasings. Performing the similarity transformation and continuing this
procedure will remove all unwanted Givens transformations. Let us depict the main
steps in the schemes. Applying the similarity transformation creates the scheme
below on the left. The fusion is depicted. Applying the fusion and rewriting the
V-pattern leads to the rightmost scheme, in which again a fusion is depicted.

E%EE [ KK 0

987654321 7654321

Q00O de
3

Q00O d®e
3

Applying the fusion and performing this transformation onto the upper triangular
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matrix results in one bulge in the bottom row shown in Scheme 9.20.

(9.20)

QOO0 B0e
1
3
X

654321

A final similarity transformation consisting of one Givens transformation needs
to be performed. The similarity transformation, acting on the last two rows and
the last two columns, leads to the following scheme, in which one final fusion needs
to be performed.

QP60 Ode
3
1
X

£l .

7654321

After the fusion, we obtain the new Givens-vector representation of the Hessenberg-
like matrix shown in Scheme 9.21. We are now ready to apply a new step of the
multishift ) R-method.

(9.21)

QP60 Ode
3
3
X

654321

Note 9.16. There are other variations in the chasing procedure. Instead of applying
the initialization procedure, thereby performing the initial transformations on the
columns, and transforming them to Givens transformations acting on the rows, one
can just leave them on the right, acting on the columns.

The changed chasing procedure needs one swapping of the \V-pattern to the N-
pattern and then immediately applying these transformations onto the rows. The
created bulges then need to be removed by Givens transformations acting on the
columns. As there are still existing Givens transformations acting on the columns



312 Chapter 9. More on @) R-related algorithms

we have to perform another pattern change (but then on the right side of the matriz,
instead of the left side), before one knows which similarity transformations need to
be performed. Applying the similarity transformation introduces again some Givens
transformations on the left. The reader can try to develop these schemes himself. It
gets more complicated to depict the schemes because Givens transformations acting
on the columns as well as on the rows are present now.

The chasing procedure discussed above only involved Givens transformations
performed on the columns not changing the first column. This means that combin-
ing all similarity transformations into the matrix Q satisfies Qel = e;. Based on
the implicit )-theorem for Hessenberg-like matrices, we know that this procedure
corresponds with a step of the multishift @ R-algorithm on the matrix Z.

9.4.4 The real Hessenberg-like case

Especially important for real Hessenberg-like matrices is the fact that they only have
real eigenvalues and complex conjugate eigenvalues. Based on a double shift strat-
egy, we can hence restrict the computations of these eigenvalues to real operations
(see [94]).

Assume we are working with the double shift strategy and the eigenvalues
returned from the lower right 2 x 2 block B are complex conjugate eigenvalues pq
and pg. Considering Equation (9.12), we obtain the following relation:

QS QY Z = (Ry — Q¥ (R1 — 12Q7) (9.22)

in which Zy = Q1 R, and Z; = R1Q1 = Q2Rs. Rounding errors will however pre-
vent the first column of the above equation to be real. The complex part of the first
column, will however be small, with regard to the machine precision. Rearranging
the terms in the above formula gives us the following:

QY¥QYZ = (R — 11Q%) (R1 — 12Q1"),
= RyRy + pnp2Q5 Q' — 11 Q3 Ry — pa Ro Q7
= RyRy +det (B) QY Q1 — (1 + p12) @3 Ry,
= RyRy + det (B) Q¥ Q¥ — trace (B) QY R;.

Using the first column of the equation above ensures that all computations remain
in the real field.

Notes and references

The results on this section are based on the ones of the following technical report. The
report contains more details related to the implementation and many numerical experi-
ments.

= R. Vandebril, M. Van Barel, and N. Mastronardi. A multiple shift Q R-step
for structured rank matrices. Technical Report TW489, Department of
Computer Science, Katholieke Universiteit Leuven, Celestijnenlaan 2004,
3000 Leuven (Heverlee), Belgium, April 2007.
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9.5 A (QH-algorithm

In this section we will investigate a new type of iteration. We will see if it preserves
the matrix structure, how its convergence properties are and how to implement it
in an implicit way.

Let us comment a little on the origin of this iteration. Reconsider the V-
pattern for computing the Q R-factorization of a Hessenberg-like minus a shift ma-
trix Z — pul = Q2Q1 R, in which p is a suitably chosen shift. It was mentioned (see
Section 9.2) that the @QR-algorithm related to this factorization could be decom-
posed into two steps. The complete algorithm performs a similarity transformation
of the form QZHQ{{ZQlQQ this corresponds to a step of the Q) R-algorithm with
shift. The first similarity transformation Z = Q{{ Z@Q, performs a chasing step,
taking into consideration the shift. The second transformation le ZQ, performs
however a step of the QR-method without shift onto Z.

The above algorithm has, however, some kind of contradiction in it. Let us
explain this in more detail. The convergence behavior of the QR without shift and
the one of the QR with shift do not always cooperate. In some senses the second
step can destroy the good improvements made by the first step.

Therefore, one can opt to simply omit the second similarity transform. This
will give us the new method. Unfortunately one does not perform now a step of the
@ R-method anymore, but of the @ H-method.

Based on the comments above we would like to use only the factor @Q; for
performing an orthogonal similarity transformation onto the matrix Z. As Q; is
closely related to the Q H-factorization, a naive approach would be the following:

Z—ul=QZ,

which is a @ H-factorization of the matrix Z — pl. Define the new iteration as
Z=Q"2Q.

Unfortunately this will create some problems as we will see further on in the text.

9.5.1 More on the () H-factorization

The QH-factorization will be the basic step in the new @ H-method. Unfortu-
nately this @ H-factorization as proposed before, is not essentially unique. Hence
we need more constraints to be posed on this factorization, similarly as we had to
do for computing the @ R-factorization of Hessenberg matrices (see Section 5.2) and
Hessenberg-like matrices (see Subsection 6.1.1).

Since we will only focus onto the class of Hessenberg-like matrices (minus a
shift), we will discuss only the essentials related to this class.

Example 9.17 Suppose we have the following matrix:

7 =

O O =
O = O
_— o O
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This matrix is obviously already of Hessenberg-like form. Hence the factorization
7 = 17 is a QQH-factorization. But in fact one can apply an arbitrary 2 x 2
Givens transformation acting on the last two rows, without disturbing the structure.
This means that we have an infinite number of () H-factorizations for this matrix.

One can also clearly see in Schemes 9.3 and 9.4 that the first three Givens
transformations already applied to the matrix create the desired structure. This
means that in general one needs n — 2 Givens transformations to obtain a matrix
of the following form (e.g., a 4 X 4 matrix):

K x x X
X K x x
Z_®®®><
X X X K

This matrix is clearly of Hessenberg-like form and an arbitrary Givens transforma-
tion, acting on the last two rows can never destroy this low rank structure.

The freedom for computing this factorization has its direct impact onto the
(QH-method, as we cannot guarantee the preservation of the structure anymore.
Later on we will show that we can guarantee this, after having defined our QH-
factorization in a more rigid way.

Example 9.18 Suppose we have the following 3 x 3 matrix Z and a @ H-factoriza-
tion of this matrix. The given matrix Z is clearly a Hessenberg-like matrix, which
has its structure preserved under the standard Q) R-algorithm. Let us construct a
Q) H-factorization of this matrix:

0 1 0 0 -1 1 1 0 0
Z=11 0 0] = 1 0 0 -1 0 0 1
0 0 1 1 1 0 01 0

— (ChC)Z = O,

in which G1Go = Q, with G; and G5 two Givens transformations and Z a Hessen-
berg-like matrix. Performing the similarity transformation with the unitary matrix
Q, we obtain:

00 1
Z=Q"zQ=10 1 0
1 00

The new iterate Z after a step of the Q H-method with this factorization is clearly
not of Hessenberg-like form anymore. |

Hence, it is clear, that we have to pose some extra constraints onto the QH-
factorization. Let us consider the following constructive procedure. Suppose we
want to compute the Q) H-factorization of the matrix Z — ul, in which Z is a
Hessenberg-like matrix and p a suitably chosen shift, different from 0.
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The computation of the @QH-factorization consists of two steps. First we
compute the RQ-factorization of the Hessenberg-like matrix Z as follows:

Z = RQ,

in which @ consists of a sequence of Givens transformations. In fact one poses the
same constraints on the ()R-factorization as posed on the @QR-factorization of a
Hessenberg-like matrix (see Subsection 6.1.1).

We obtain now:

Z—pl = RQ—pQ"Q = (R— pQ™)Q
= QRQ,
where QR = R — uQY, which is the QR-factorization of the left factor H = R —
pQF in the product. Since the matrix @ consists of a single sequence of Givens
transformations going from left to right, it is a lower Hessenberg matrix. The
summation R — uQ¥ is hence also of (upper) Hessenberg form, and one can easily
compute its @ R-factorization subjected to the constraints from Section 5.2.
We have computed now a () H-factorization of the original matrix Z — ul:

Z —pl =QRQ = QZ,
with Z a Hessenberg-like matrix. The matrix Z = RQ has exactly the same Q-
factor in its representation from right to left as the original matrix Z = RQ, only

the upper triangular matrices R and R differ. In some sense one can pose this as
an extra constraint onto the computed factorizations.

Note 9.19. Few remarks have to be made.

o When considering an irreducible Hessenberg-like matriz Z, one can easily
prove uniqueness of the above factorization. Since the matrix Z is irreducible
it has an essentially unique RQ-factorization, in which all Givens transfor-
mations differ from I. This implies that the corresponding Hessenberg matriz
H is irreducible guaranteeing an essentially unique QR-factorization of H.
Hence we obtain an essentially unique QH -factorization of the matrixz Z.

e We posed the constraint that p needed to be different from zero. In fact one
can without loss of generality also consider p = 0. This will however always
lead to a trivial factorization of the following form:

Z=1Z=0QZ,
with Q=1 and Z = Z.

e Reconsidering now both examples above, we see that they don’t match our
constructive procedure.

The new iteration for computing the eigenvalues of a Hessenberg-like matrix
is of the following form.
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Definition 9.20. Assume a Hessenberg-like matriz Z is given and we have shift u
(with RQ an RQ-factorization of Z):

Z —pl = RQ — pQ"Q
= (R—pIQ™)Q
= QRQ
=QZ,
which gives us a specific QH -factorization of the matriz Z — pl.
The new iterate is defined as follows

ZQ +
Oz

9.5.2 Convergence and preservation of the structure

There are several ways to prove the convergence and preservation of the structure.
The report [167] discusses both a direct proof based on the formulas above and
it discusses the results via transforming the problem to the standard ¢ R-method.
Based on the results presented in [168] we can easily prove the desired results.

A QR-iteration driven by a rational function

Let us interpret the @) H-iteration in terms of a @) R-iteration driven by a rational
function. The analysis presented here is similar to the one in [179, 182, 177] and is
a special case of the results presented in [168].

As discussed in the previous section, the global iteration is of the following
form:

Z = RQ,
Z —pl = (R-pQ™)Q = QRQ,
z=Q"zq,

where Z defines the new iterate in the method.
One can rewrite the above formulas and obtain that the matrix () is the Q-
factor in the Q R-factorization of the matrix product (Z — pl)Z '

(Z—pDZ7" = (QRQ) (Q"R™)
— ORR™.
This formula illustrates that we have computed the unitary factor of a special
function in Z. Using the knowledge that we perform a similarity transformation

defined by a rational function in the matrix Z one can use most of the results known
for multishift @ R-methods. Let us see what we get.
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Preservation of the structure

When proving preservation of structure in the multishift case, one simply decouples
the different factors and shows that the multishift step corresponds to several times
performing a single shifted step. We will do the same here.
We know that
(Z —u)Z™' =QRR™.

We will prove that 7 = Q" ZQ has also the Hessenberg-like structure.
The equation above can be decomposed into two steps.

e Step 1.
Z = RQ,
Z=QZQ".

This corresponds to performing a step of the RQ-method onto the matrix Z.
This readily implies that the matrix Z inherits the structure of the original
matrix Z. Hence Z is also of Hessenberg-like form.

e Step 2.
Z=q"70.
Since Z is of Hessenberg-like form and this structure is preserved under the

QR-iteration, we know that also the matrix Z will be of Hessenberg-like form.

The only thing that remains to be proven: Is Z essentially equivalent to Z.
The following relations show that the matrices QQ and Q@ are essentially the same
and hence they determine essentially the same similarity transformation.

QRR™ = (Z —pl)Z~" = (Z — p)Q" R®
=Q"Q(Z — u)Q" R
= Q"(Z — u)R"
= Q"QRR"E.

As a result the structure of the matrix Z is preserved.

Convergence

We have the following @) R-factorization for the rational function in Z.
(Z —ul)Z™' =QRR™.

This means that the convergence properties of the iteration performed on the
matrix Z are defined by the subspace convergence properties, defined by the rational
function p(\) = (A — )AL,
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These convergence properties, and results for a general rational iteration of
the form p(A) = (A — u)(A — k)~ were discussed in [168].

Without loss of generality we can adapt Theorem 3.11 to make it suitable for
rational functions. We obtain the following.

Theorem 9.21 (Theorem 5.1 from [182]). Given a semisimple matriz A €
C™*™ with A\, Mo, ..., A\, the eigenvalues and the associated linearly independent
eigenvectors vi,Va,...,Vy. Let V. = [v1,va,...,v,] and let ky be the condition
number of V', with regard to the spectral’* norm. Let k be an integer 1 < k <
n—1, and define the invariant subspaces U = (Vig1,...,Vn) and T = (vi,...,VL).
Denote with (p;); a sequence of rational functions and let p; = p; ... pap1. Suppose
that the

pi(\j) #+oo j=k+1,...,n

for all i, and let

A — maXiri<icn [Pi(A))]

" minig<p [pi(A))]
Let S be a k-dimensional subspace of C™, satisfying

Snu ={0}.

Let §; = pi(A)So,i = 1,2,..., with So = S. Then there exists a constant C
(depending on S) such that for all 1,

d(S;,T) < C kv 7.

In particular S; — T if 7; — 0. More precisely we have that
_ d(VTisS,VTIT)
V1—d(V-18,V-1T)

Using Lemma 3.12, we can relate the convergence of the subspaces towards
the vanishing of subblocks in a matrix.

Let us compare the convergence behavior of this new iteration with regard
to the standard @ R-iteration with shift . We consider only one iteration, i.e., r
denotes the contraction rate from step ¢ in the iteration process. For the standard
@ R-algorithm we obtain the following contraction ratio:

p(QR) _ MAXkt1<i<n A — /i|. (9.23)
ming <<y [Aj — pf

We introduce the following constants:

w:HIngl?Sn{P\jl},
Q= max {|\;|}.

1<j<k

24The spectral norm is naturally induced by the ||.||2 norm on vectors.
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Calculating now an upper bound for the convergence towards the eigenvalue
closest to the shift u, for the QQ H-method gives us:

r@H) —  max A~ p
k+1<j<n| Aj

Aj ‘ o Qmaxigicn [N —nl _ @ on)
Aj—p] T w mingcr A —pl 0w
This indicates that convergence of the new iteration is comparable (up to a constant)
with the convergence of the standard @) R-method. This constant will only create a
small, neglectable delay in the convergence. This means that if the traditional Q R-
method converges to an eigenvalue in the lower right corner, the Q H-method will
also converge. Hence, to obtain convergence to a specific eigenvalue \;, we choose
w close to this eigenvalue. The convergence results prove that this eigenvalue will
then be revealed in both the @ R- and the Q H-method in the lower right corner.
Moreover we also have extra convergence, which is not present in the standard
QR-case, and which is created by the factor A~! in the rational functions.
Define the following constants:

A= -
pmax {1 = pl,

0= min {[A; — ul}.

max
1<j<k

Similarly as above, we can define the following contraction ratio, for all k.

o= A maxig<k [A]
0 mingp1<j<n [Aj]
Assume now (without loss of generality), all eigenvalues to be ordered, i.e., |A\1| <
[A2] < ... < |An|. This means that our convergence rate can be simplified as follows:

_A
r=— .
& |Asa

This means that we get a contraction for all k determined by the ratio \g/Akt1.
This is a basic nonshifted subspace iteration taking place for all k£ at the same time.
Remark that this convergence takes place in addition to the convergence imposed
by the shift u, which can force for example extra convergence towards the bottom
right element.

More information on this specific type of subspace iteration can be found in
the report [168].

Interesting is the relation between the reduction to Hessenberg-like form and
the QQ H-iteration.

Note 9.22. The unitary similarity reduction of an arbitrary matrix to Hessenberg-
like form had an extra convergence property with regard to the traditional reduction
to tridiagonal form. In every step of the reduction process also a kind of nested
nonshifted subspace iteration took place. This nested nonshifted subspace iteration
can also be found here in the new QH -iteration. The standard convergence results
of the QR-iteration are present, plus an extra subspace iteration convergence.

Let us see now how to implement this algorithm in an implicit manner.
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9.5.3 An implicit ()H-iteration

Even though the presented theoretical results might be complicated to prove, the
actual implementation is quite simple, more simple than the implementation of the
@ R-method.

In this section, we will derive the implicit chasing technique developed for
Hessenberg-like matrices.

An implicit algorithm

In this section we will design an implicit way for performing an iteration of the
QH-method onto a Hessenberg-like matrix.
Based on the results above we can compute the following factorization:

=QZ,

the matrix Q is then used for performing a unitary similarity transformation onto
the matrix Z:

Z=Q"zq.

The idea of the implicit method is to compute the unitary similarity transformation
Q" ZQ, based on only the first column of Q and on the fact that the matrix Z
satisfies some structural constraints. This idea is completely similar to the implicit
QR-step for tridiagonal matrices [129, 94] (and also semiseparable matrices [164]).

Because the matrix Q = G1Gs...G,_1 consists of a descending sequence
of n — 1 Givens transformations only the first Givens transformation G, is nec-
essary for determining the first column of the matrix Q. Having determined this
Givens transformation, it will be applied onto the matrix Z disturbing thereby the
Hessenberg-like structure. The remaining n — 2 Givens transformations are con-
structed in such a manner to restore the structure of the Hessenberg-like matrix.

After having performed these transformations, we know, based on the im-
plicit @-theorems for Hessenberg-like matrices (see Theorem 6.28), that we have
performed a step of the Q) H-method in an implicit manner.

Computing the initial disturbing Givens transformation

Similarly as in the traditional Q R-method for Hessenberg-like matrices, we assume
our matrix to be irreducible (see Subsection 6.2.1).

For the actual implementation, we assume the Hessenberg-like matrix Z to
be represented with the Givens-vector representation. This can be seen as the
Q) R-factorization of this matrix Z = QR. The matrix Q = G,,_1G,_2...G1 can be
factored as a sequence of Givens transformations, where each Givens transformation
(G; acts on two successive rows ¢ and ¢+ 1. Graphically this representation Z = QR
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is depicted as follows:

(1] [:><><><><><

(2] E X X X X

g[:[i SO (9.24)
(5] X

4321

The Givens transformations in positions 1 to 4 make up the matrix @), and the
upper triangular matrix R is shown on the right.
We have the following equations

Z—pl=QR—ul =Q(R—puQ") =Q (R~ H),

in which H is a Hessenberg matrix. For computing the Q H-factorization, we want to
apply now a sequence of descending Givens transformations onto this matrix Z — puf
such that we obtain a Hessenberg-like matrix Z. We remark that the construction of
the @ H-factorization here corresponds to the construction used before, preserving
the dependencies in the low rank part. Here however the procedure is optimized,
for working with the Givens-vector representation.

Using the graphical representation we can represent @ (R — H) as follows (the
Givens transformations making up the matrix @) are shown on the left, whereas the
Hessenberg matrix R — H is shown on the right).

(1] Kxxxxx
(2] E ® X X X X
(3] [: X X X X
0[: X X X
(5] X X
|4321

The element marked with ® should be annihilated because we want to obtain
a Givens-vector representation of a new Hessenberg-like matrix, namely Z, as in
Scheme 9.24. Removing this element by placing a new Givens transformation in

position one, and applying the indicated fusion, gives us the following result.

(1) L&Kxxxxx (1) E><><><><><
(2] K 0 X X X X (2] E 0 X X X X
(3] X X X X (3) ® X X X
9,:[: xxx_)GE[: X X X
(5] X X (5) X X
|4321 |4321

Annihilating the element marked in position (3,2), by a Givens transformation
and performing the shift-through operation at the indicated position we obtain the
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following scheme.

(1) E X X X X X (1] E‘:xxxxx
(2] E [:Oxxxx (2] [: 0 X X X X
(3] ~ 0 X X X (3] 0 X x X
GEE xxx_)e[i[: X X X
(5) X X (5) X X
|4321 |54321

(1] X X X X X

QE HﬂOxxxx

(3] E 0 x X X

) K X X X

(5] X X

[54321

We remark that the last scheme still represents the original matrix Z — pI. Due to
the rewriting of the matrix we can however clearly see that performing the hermitian
conjugate of the Givens transformation in position 5 to the left of the matrix Z — ul,
will give already a Hessenberg-like structure in the upper left corner of this matrix.
This is because this upper left part is already represented in the Givens-vector
representation.

When continuing this process, another Givens transformation annihilating the
element in position (4,3) can be dragged through the representation, and so forth.
As a result we obtain the ) H-factorization of the matrix Z — I, constructed simply
by applying few times the shift through operation. The reader can verify that
the constructed @ H-factorization coincides with the desired one from the previous
subsections. Moreover, as a result of these computations we have immediately the
matrix Z in its Givens-vector representation.

For our purposes, however, only the transpose of the initial Givens transfor-
mation, working on rows 1 and 2, and presented in position 5 on the rightmost
scheme above, is needed. Having calculated this Givens transformation, we can
apply it as a similarity transformation onto the matrix Z and then to complete the
implicit chasing procedure, restore the structure of this matrix, never interfering
anymore with the first column and row. We illustrate how to restore the structure
of this matrix based on an initial disturbing Givens transformation.

Restoring the structure

We have a Hessenberg-like matrix Z. We know that after a step of the Q H-method
our resulting matrix will be a Hessenberg-like matrix Z.

After having computed the initial disturbing Givens transformation, we will
apply this transformation onto the matrix Z. Let us apply the transformation onto
the matrix Z = Zj, which is represented by its Givens-vector representation.

In the following schemes we show the effect of performing the similarity trans-
formation G acting on the matrix Zy. For simplicity reasons we assume our matrix
to be of size 5 x 5. Let us name Z; = G’fIZOCh.
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(1] (1]

Sl Lriiiiioelt sriin
(3) [:K X X X (3] [:[: X X X
(4] ,: X x 0 [: X X
(5) X (5] X
|54321 |654321

The transformation Gy applied to the right creates the bulge, marked with ®,
whereas the Givens transformation G{ applied to the left can be found in position
5. The bulge marked with ® can be annihilated by a Givens transformation as
depicted above.

In the following scheme, we have combined the Givens transformations in
positions 1 and 2, by a fusion. We have moved the transformation from position 6
to position 3 and we depicted where to apply the shift-through lemma. The right
scheme shows the result after having applied the shift-through lemma and after
having created the bulge, marked with ®.

(1) EmExxxxx (1) [: X X X X X
(2] E X X X X (2] [:[: X X X X
9[: X X X (3] [: X X X
0[: XX*)@,: X X
(5] X (5} X
|4321 |54321

(1] [:><><><><><

(2] [: X X X X

_)9 E ® X X X

0[: X X

(5] X

|4321

We see clearly that we get the traditional chasing pattern, which is also present
in the standard @ R-method. See for example Subsection 8.1.2 in which the chasing
is presented for the right left representation and Subsection 8.1.3 in which the
chasing is presented for semiseparable plus diagonal matrices.

Applying similar techniques as in these sections provides us the chasing step in
the Q H-method. The only thing which is significantly different is the computation
of the initial disturbing Givens transformation.

To conclude this section we will show another interesting relation between the
Q@ H-iteration and the @Q R-iteration.

9.5.4 The (QR-iteration is a disguised () H-iteration

Even though it was not discussed, one can also apply similar techniques onto
Hessenberg-like plus diagonal matrices. The convergence analysis gets a little more
complicated, but essentially the same results remain true. Based on the fact that
it is valid for Hessenberg-like plus diagonal matrices we can state the following.
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In the previous part of the section we constructed a QQ H-factorization to make
the Q H-method suitable for working with Hessenberg-like (plus diagonal) matrices.

Let us see now how we can easily construct a () H-factorization of a Hessenberg
matrix.

Let us compute now the Q) H-factorization of a Hessenberg matrix, based on a
sequence of descending Givens transformations. Remark that a Hessenberg matrix
has already the strictly lower triangular part of semiseparability rank 1. Hence the
descending sequence of Givens transformations will be constructed in such a way
to expand the strictly lower triangular rank structure, to include the diagonal into
it. Let us first consider the structure of the involved Givens transformations.

Corollary 9.23. Suppose the row [e, f] and the following 2 x 2 matriz are given
a b
=[5 ]

Then there exists a Givens transformation

GLH ‘H (9.25)

V14 [t?

such that the second row of the matriz G* A, and the row [e, f] are linearly depen-
dent. The value t in the Givens transformation G as in (9.25), is defined as

af — be

=
cf —de’

under the assumption that cf — de # 0, otherwise one could have taken G = Is.

Proof. The proof involves straightforward computations. (See also Corollary 9.43
in Volume I.) O

Hence, we want to apply a sequence of successive Givens transformations onto
the Hessenberg matrix H, to obtain the @ H-factorization. Denote the diagonal
elements of the Hessenberg matrix as [a1,...,a,] and the subdiagonal elements
as [b1,...,b,—1]. The first Givens transformation acts on rows 1 and 2 and only
the first two columns are important, we have the following matrix A (as in the
corollary):

A= { Zi h;j } : (9.26)

and we want to make the last row dependent of [0,b2]. A Givens transformation
with ¢ defined as t = % = ‘;—I, is found (assuming by and b2 to be different from
7€ero).

Computing the product G A gives us the following equalities:

GHA — 1 t 1 ar b | _ [ x x
V14+t2 -1 t b1 a2 0 x ’



9.5. A QH-algorithm 325

One can continue this process, and as a result we obtain the following equa-
tions:

H=QZ=QR.
The Hessenberg-like matrix Z will become an upper triangular matrix. Hence in
this case the new Q) H-factorization coincides with the traditional @ R-factorization

and therefore also the @ R-algorithm for Hessenberg (as well as tridiagonal) matrices
fits perfectly into the framework.

9.5.5 Numerical experiments

In this section we will illustrate the speed and accuracy of the proposed method in
case of symmetric semiseparable matrices.

Experiment 9.24. In the following experiment we constructed arbitrary symmet-
ric semiseparable matrices, and computed their eigenvalues via the traditional QR-
method for semiseparable matrices (the implementation from [166] was used). These
eigenvalues were compared with the algorithm described in this section. The eigen-
values computed by the MATLAB routine EIG were used to compare both solutions
with. The following relative error norm was used: denote the vectors containing the
eigenvalues as A, Agp and Agr for, respectively, EI1G, the QH and the QQ R-method.
The plotted error value equals

A — Aqull [A — Agrl|
and ,
A A

for both methods. Five experiments were performed, and the line denotes the average
accuracy of all five experiments combined. The z-axis denotes the problem sizes,
ranging from 100 to 700, via steps of size 50. The cut-off criterion was chosen
equal to 1078, In the Figures 9.2 and 9.3, the o’s denote the results of individual
experiments of the QR-iteration, whereas the x’s denote these of the QH -iteration.

It can be seen in Figure 9.2 that the QH -iteration is a little more accurate
than the Q R-method.

Figure 9.3 shows the average number of iterations per eigenvalue and the
cputimings in seconds for both methods, we see that the new method needs in average
much less iterations.

Notes and references

The results presented in this section are a condensed form of the ones presented in the
technical report.

= R. Vandebril, M. Van Barel, and N. Mastronardi. A new iteration for com-
puting the eigenvalues of semiseparable (plus diagonal) matrices. Technical
Report TW507, Department of Computer Science, Katholieke Universiteit
Leuven, Celestijnenlaan 200A, 3000 Leuven (Heverlee), Belgium, October
2007.
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Figure 9.3. Timings and iterations

This report contains a more detailed analysis of the method presented here. Various
interpretations are given, including different proofs for the preservation of the structure
and the convergence of the proposed method. The presented results are also not restricted
to the class of Hessenberg-like matrices, but results related to Hessenberg-like plus diagonal
matrices are also proposed.
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9.6 Computing zeros of polynomials

In this section we will discuss the computation of roots of polynomials. This prob-
lem is closely related to the computation of eigenvalues of specific structured rank
matrices.

The section is subdivided into different parts. In the first subsection we
will link the computation of roots of polynomials to eigenproblems for structured
rank matrices. Since some of these eigenproblems involve unitary matrices, Sub-
section 9.6.2 discusses the Givens-weight representation for unitary matrices and
shows how to interpret the @ R-algorithm of unitary Hessenberg matrices in this
case. Subsection 9.6.3 discusses how to compute the eigenvalues of Hessenberg ma-
trices, which are of unitary plus low rank form. Finally some references related to
this subject will be discussed.

9.6.1 Connection to eigenproblems

In this section we will provide a general theory on the connection between zeros of
polynomials and eigenvalues of structured matrices. These results will lead directly
to the definition of companion and fellow matrices. More information related to
this subject can be found in [13].

We will start by investigating the relation for polynomials represented in the
classical basis.

The classical basis

Suppose we are working with a polynomial p(z) either in R,[z] or C,[z]. The
subscript n in R, [z] and C,[z] denotes that the considered polynomials have degree
less than or equal to n.

For simplicity we will start by working in the classical basis. Assume our basis
polynomials ¢g(2),¢1(z),... are chosen equal to 1,z,22% ... which is the classical
basis.

An arbitrary polynomial p(z) can be written as follows:

p(2) =po +p1z+p22® + ...+ pp2”
= powo(z) +p1p1(2) + papa(2) + ... + Prn(2).

Without loss of generality we can assume p,, to be different from zero. Clearly the
zeros of p(z) equal the zeros of p(z)/p,, therefore we can assume in the remainder
the polynomial p(z) to be monical.
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The following relations are obtained for the classical basis:

z [(PO(Z), $1 (Z)a B @n—l(z)}

"0 -
1 0
0 1 0
= [@0(2)7 (,01(2), EEE) 9071*1(2)7 ‘pn(z)] -
0 1
| 0 . 0 1 |
[
= [(,00(2),(,01(2),--.,(,On_l(z),(Pn(Z)] el
= [p0(2), 1(2)s- - 1 (2), on(2)] . (9.27)

The matrix J is a rectangular matrix having n+1 rows and n columns and a square
leading principal submatrix J of size n x n.

Rewriting the polynomial p(z) in matrix formulation we obtain the following
(assume p, = 1):

Pbo
P

p(z) = [wo(2), 91(2), ..., on(2)] =
DPn—1

—
H"‘U>
(I

= SOO:n(Z)Tp-
. . . . T T
We will use the following notation p = [pT, 1] = [P0, P1s---sPn—1,Dn] , for any
kind of polynomial p(z) and @,.;(2)" = [pi(2), @i1(2),...,¢n(2)]. The formula
above can easily be expanded, using Equation (9.27), to obtain a relation in which
[00(2), .+, 0n—1(2)] = @o.n(2)T and p(z) are shown on the left-hand side:

[ 1 Po
1 D1
[‘pO:nfl(z)Tﬂp(Z)] = SOO:n(Z)T
1 Pn—1
i 1
— pon” [512]

= (PO:n(Z)TRp' (928)

The matrix Rp, is an invertible upper triangular matrix, associated to the polynomial
p(z). It is fairly easy to determine the inverse of this matrix, which we will naturally



9.6. Computing zeros of polynomials 329

denote as R_p:
1 —Po
1 4!
Ry = : =R_,. (9.29)

1 —pna
1

Equation (9.27), can be rewritten in the following way:
QOO:n(Z)T = [SDO:n—l(Z)T7p(Z)] R*P'

Substituting this in Equation (9.27) gives us to the following important relations,
which will lead to the companion matrix:

zSDO:n—l(Z)T = [‘PO:n—l(z)T’p(z)] R—PJ

= [orna () 00)] |1 l o ]

 [Pana (e [ 2% ]

= [@on-1(2)7,p()] - ech : (9.30)
in which €, = PR_,J = J - peg is the companion matrix associated to the

polynomial p. The matrix P is the projection matrix P = [I,0] having n + 1
columns and n rows.
More precisely one can define a companion matrix formally as follows.

Definition 9.25. Given a polynomial p(z) = po + p1z + p222 + ... + ppz™, with
(pn, = 1) the associated companion matriz is an n X n matriz of the following form:

0 —Po
o=t R (9.31)
1 —Pn-1

Note 9.26. One can fairly easy see that the eigenvalues of the companion matriz
coincide with the zeros of the associated polynomial p(z), because p(z) = det(C), —
zI). Nevertheless, the construction provided here is much more general as will be
shown later on.

Theorem 9.27. Suppose a monic polynomial p(z) is given, with associated com-
panion matriz Cp. Then we have that A is a zero of p(z) if and only if X is an
eigenvalue of the companion matriz Cp.
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Proof.
Consider a zero A of the polynomial p(z). Evaluating the Expression (9.30) for z
equal to A, gives us the following simplification:

)‘(PO:nfl(/\)T = [QOO:nfl()‘)Tvp()‘)} [ szz ‘| )
= [(IOO:n—l(A)T7O:| [ Sg ‘| )

= Pon—1 ()‘)Tczr

The last equation clearly shows that A is also an eigenvalue of the companion matrix
Cp with ¢,.,,_1(2)T as the corresponding left eigenvector. Hence, we have proved
in a more general fashion that the zeros of the polynomial p(z) are the eigenvalues
of the companion matrix C),. If all zeros of the polynomial are simple, one has n
zeros of p(z) and n eigenvalues of C}, and hence the statement is proved.

Suppose p(z) to have zeros of higher multiplicity. In this case one has to use
derivatives and so forth and one will obtain Jordan chains. Nevertheless the results
remain valid. We leave the proof of this more general statement to the reader.

The above technique can be generalized to other bases. This is the subject of
the upcoming text.

Generalization to other bases of polynomials

The theoretical results deduced in the previous subsection admit extension of the
results to other types of bases. The previous section focused on companion matrices.
In this section we will introduce the so-called congenial matrices. The class of
congenial matrices covers the confederate, comrade and colleague matrices. All
these matrices are associated with a specific type of basis.

Assume we have now the following arbitrary basis ¢o(z), ¢1(2), ..., ¢k(2), for
which deg(¢x(2)) < k. For this basis we get the following equality

z [(Po(Z), 901(2)7 SR @n—l(z)] = [900('2)’ <p1(z)7 AR Son—l(z)’ @n(z)} H,

in which H depicts a rectangular Hessenberg matrix. The role of the matrix J in
the previous subsection is now replaced by the matrix H.

Similarly as before one can deduce the relations, obtaining now C}, = PR_,H.
In general, this matrix is now called the congenial matrix.

Definition 9.28. Given a polynomial p(z) = powo(z) + p1p1(2) + ... + Pupn(2)
(pn, = 1), with the following relation between the polynomials of the basis p(z):

Z‘PO:nfl(Z) = SOO:n(Z)Hv (932)
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the associated congenial matriz, with R_p as in Equation (9.29) is the following
matrix

Cp=PR_,H, (9.33)
with P = [I,0] the projection matriz, having n rows and n+ 1 columns.
Similarly as Theorem 9.27 one can prove the following statement.

Theorem 9.29. Suppose a polynomial p(z) is given, with associated congenial
matriz Cp. Then we have that X is a zero of p(z) if and only if A is an eigenvalue
of the congenial matriz Cy,.

Depending on the case of orthogonal polynomials considered, the matrix H
and the associated congenial matrices R_pH will change. Let us consider some
important classes of bases and the associated matrices.

Orthogonal basis on the real line

Suppose the polynomials ¢k (z) to be orthogonal on the real line. In this case the
matrix H becomes a real tridiagonal matrix 7. Let us consider this in more detail.

Suppose we have the following three terms recurrence relation between the
polynomials of the basis:

‘»00(2) 1a
p1(z) = a1z + by,
wi(2) = (a;z + b;) pi—1(2) — cipi—a(z), fori>2.

Using the above recurrence relations, we obtain the following real tridiagonal matrix
T=H:

- _b_l C_2 -
ay asz
1 _b ca
ax az as
1 _ by Cit1
T = ai—1 a;  ait1

One can construct a diagonal matrix D, rescaling the columns of the matrix T, such
that 7 = T'D and PT = T (with P = [I,0]) is a real symmetric tridiagonal matrix.
Assume our matrix T to have diagonal elements @; and subdiagonal elements b;.
The matrix D = diag([d1, .. .,d,]).

Let us investigate the structure of the associated congenial matrix C),, using
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all previous relations:

Cp=PR_,T
= PR_,TD™*
- C:“ 51 ) .
1 —Po b1 &2 b2
1 —P1 ~
b
o : ? ) D!
1 —Pn—1 ~ bn—l
1 bnfl dn
| 0 0 by |
D A
sl k
T — b,pel
—p|——="P | p
bpel
[ a by ) —Pol:?n |
b1 &2 b2 7p1bn
= 62 B : D71
bn72
@nfl bnfl _Pn—gbn
L bn—l dn - pn—lbn

This matrix is also called the comrade matrix. The comrade matrix is, up to
a scaling, a symmetric tridiagonal matrix perturbed by a rank 1 matrix.

It is clear that the comrade matrix is a generalization of the companion matrix.
Assuming a; = 1 and b; = ¢; = 0 for all ¢, we obtain the companion matrix.
Considering a; = 1,b; = 0, and ¢; = 1 for all ¢, than we obtain the colleague matrix.

Note 9.30. The name congenial matriz, covers the complete class of comrade, com-
panion and confederate matrices. A confederate matriz is identical to a congenial
matriz, with the only restriction that the considered polynomials are real.

Orthogonal basis on the unit circle

Suppose the polynomials ¢ (z) to be orthogonal on the unit circle. These poly-
nomials are called Szegé polynomials (see [144]). Based on the coupled two-term
recurrence relation for these orthogonal polynomials, it can be shown that the ma-
trix H (see Equation (9.32))

=[]
ae,
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will have orthonormal columns. This means that we obtain the following relations:
[ﬁH,@eﬁ] [ H ] =1
aeny

Rewriting the equation above leads to

0 0 0
AE—g |

0O ... 0 O

0 ... 0 o

with |a| < 1. Hence one can multiply the last column by a factor such that H
becomes a unitary matrix. This means that the matrix H is an almost unitary
matrix.

Let us take a closer look now at the matrix C,, = PR_pH associated to this

problem. In this context, one names the matrix a fellow matrix.

Cp,=PR_,H
—p H
sunirs
0 1 ael
T T
_p afen ]
ae;,
= H — apel.

Important is the fact that only the last column of the Hessenberg matrix H
does not exactly satisfy the unitary structure. Adding the nonunitary part into the
right term we can rewrite C), as follows:

Cp=H+uv”,

with v = el and u chosen such that H becomes unitary.

In this section we will present results on the solution of eigenproblems related
to the matrices presented above. Since unitary matrices will play an important role
in these results we will first present some results related to unitary matrices.

9.6.2 Unitary Hessenberg matrices

We will design here an implicit QR-algorithm for unitary Hessenberg matrices.
Before doing so, we will provide the Schur parameterization of a unitary Hessenberg
matrix.

Representation

Assume we have a unitary matrix U, which is of Hessenberg form. Such a matrix
can easily be represented by a sequence of Givens transformations. This is the
so-called Schur parameterization.
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Suppose the unitary matrix U to be of the following form:

X X X X X X

X X X X X X

U— X X X X X
X X X X

X X X

X X

We will exploit now the fact that the product of two unitary matrices is again a
unitary matrix, for creating the factorization of the matrix into Givens transforma-
tions.

In the following scheme we use a similar notation as throughout previous
sections. In the first step we annihilate the subdiagonal element marked with ®:

X X X X X X (1] 1
® X X X X X QE X X X X X
X X X X X (3] ® X X X X
X X X X — O X X X X
X X X (5] X X X
X X (6 X X
1

The fact that zeroing out the first subdiagonal element creates many more zeros
is proved by the statement above: the product of two unitary matrices remains
unitary.

The next element is already marked for deletion. Again a Givens transforma-
tion is performed, and also a third one is depicted in the following scheme. Since the
Givens transformations can be scaled by a factor w, with |w| = 1 (see Section 9.1),
one can choose them in such a way to obtain ones on the diagonal.

(1) 1 (1] 1

QEE 1 QE\: 1

(3] X X X X (3] E 1

(4] ® X X X — O X X X

(5 X X X (5] X X X

(6] X X (6] X X
21 321

The process can be continued fairly easy and two more Givens transformations give
us the following scheme. The right scheme is just a compact representation.

E (9.34)

Q0000 Q
3
R
[t
Q0000 e
3

) o
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The remaining value « has norm |a| = 1. Since we have factored the matrix as a
product of Givens rotations each having determinant equal to 1, it is logical that
there is a value « remaining in the lower right corner. In fact the factorization above
is the Givens-vector representation of the unitary matrix U. In the remainder of
this section we will always neglect this parameter o until it appears. In most cases
we will not see the influence of this parameter as the leading principal submatrix
on the left of order (n — 1) x (n — 1) equals the identity matrix.

Note 9.31. In Section 9.1 it was mentioned that we could also replace the role of
2 x 2 Givens rotations by 2 X 2 unitary matrices. Suppose we do so, then we can
remove also the factor .

We can construct a 2 x 2 unitary diagonal matriz such as to make also the
last element a equal to zero. Applying then a fusion between the first and second
unitary transformation gives us the following scheme.

OE 1 OE 1

(2} E 1 (2] E 1

(3] E 1 (3] E 1

(4] E 1 — O [: 1

(5} 1 (5] 1

o L | e [ |
654321 54321

We have constructed now a sequence of n — 1 descending Givens transforma-
tions annihilating all subdiagonal elements of the unitary Hessenberg matriz. Since
this final scheme is identical to the unitary Hessenberg matriz, we have provided
now a factorization of the unitary Hessenberg matriz. In fact we have the following
scheme representing our matriz.

00000
3

54321

This is a representation of the unitary matriz, based on 2 X 2 unitary matrices.

Hence we can represent a unitary Hessenberg matrix by a descending sequence
of Givens transformations and a parameter « or by a descending sequence of n — 1
unitary transformations.

Since the difference between these two representations lies in the parameter
«, the following implicit ) R-algorithm is almost identical for both representations.
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Implicit Q R-algorithm for unitary Hessenberg matrices

We have now a suitable representation for the unitary Hessenberg matrix. It is
known that the unitary as well as the Hessenberg structure is maintained under a
step of the QR-algorithm. Based on this information, we will design an implicit
method, acting on the representation as presented in Scheme 9.34.

Suppose we want to perform a step of the @) R-method with shift p onto the
matrix H:

Determine the Givens transformation such that the first column of H — pl is trans-
formed into a multiple of e;. Suppose GG; is the Givens transformation such that
the following equation is satisfied:

GY'(H — pl)er = ey,

with f = £|[(H — pl)e1||2. Since H is a unitary Hessenberg matrix, we know,
that based on the implicit Q-theorem this first Givens transformation determines
uniquely the QR-step. Assume in the remainder that the Hessenberg matrix is
unreduced.

Let us construct the chasing procedure, based on the graphical schemes. Ap-
plying the first disturbing Givens transformation onto the matrix H = Hy, we
obtain H; = G¥HyG;. Remark that in previously discussed chasing algorithms
the operation G performed on the right of the matrix Hy appeared in the matrix
on the right in several schemes. Here this transformation, will simply appear in
position 0. We put this transformation in position 0, to stress that this Givens
transformation is coming from the similarity transformation. We obtain the fol-
lowing scheme (we have compressed the complete right-hand side, only « is still
depicted)?®.

00000Q
3

6543210

The Givens transformation in position 0, corresponds to G;. The transformation
in position 6 corresponds to G, the Givens transformations in position 1 up to 5
depict Hy. Let us rewrite the scheme above and apply a fusion between the Givens
transformations in positions 6 and 5. Interchange also the positions of the Givens

25In case one uses the unitary representation, one can consider a = 1 and leave it out from the
schemes.
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transformations, such that we can apply the shift through lemma.

(1] (1] N (1]

{ R TR L[

(4] K - O E . o E

(5] EE (5] I: (5] E\:
2 6543210a 6654321a 6654321a

Since we want to obtain again a scheme similar to the one in Scheme 9.34 we have
to remove the Givens transformation in position 6. Hence we determine the Givens
transformation G5 such that applying the transformation G4 Hy, will remove this
transformation. Applying the similarity transformation G4 H; G5 results therefore

in the following scheme.

%EEEE
(

00000Q

[

76543210

The transformation G is shown in position 7, the transformation G is shown in
position 0 and the matrix H; is represented by the transformations in position 1
to 6. The fusion is already depicted. Applying the fusion will remove both Givens
transformations in position 6 and 7. Reshuffling the matrix and applying the shift

through lemma gives us the following schemes.

Q0000 Q
—
)
—
Q0000 Q

65 4321

654321

Clearly the bulge has shifted down one position. In this way one can easily continue
until the bulge is completely removed. Suppose we have the matrix Hy4, which will

be of the following form.

EEE
(

Q00000

( [ .

654321
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The Givens transformation GZ is determined such as to annihilate the Givens trans-
formation in position 6. Applying the similarity transformation G HyG5 gives.

EE EE
[

(2]
[ e [
L L0 oll L0,

7654321 0 6543210

e

0000C

Before being able to apply a fusion on the right, one should slightly interchange the
order of the Givens transformation and the parameter c. This results in another
parameter and a different Givens transformation. This final step is slightly different
from the previous ones. Applying the fusion to the Givens in positions 7 and 6 will
remove both Givens. Applying the fusion to the Givens in positions 1 and 0 leads
to the following scheme.

Q00000
3
31

54321

This scheme represents another unitary Hessenberg matrix, which is the result of
applying one step of the shifted @ R-method.

9.6.3 Unitary plus rank 1 matrices

In this section we will develop a @ R-method for computing eigenvalues of Hessen-
berg matrices, which can be written as unitary plus rank one matrices. This is an
important class of matrices as the companion and the fellow matrix are both of
this form. Moreover the corresponding () R-algorithms are based on techniques for
working with structured rank matrices, discussed in this book. Hence the prob-
lem of computing the zeros of polynomials can be translated to the eigenproblem
of a unitary plus rank one matrix. Let us divide this subsection into small parts
discussing all ingredients for developing an implicit () R-method.

Structure under a ) R-step
Let us denote the Hessenberg matrix we are working with as follows

H=U+uv"?, (9.35)

with H a Hessenberg matrix, U a unitary matrix and two vectors u and v.
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Suppose we have a shift © and we would like to perform a step of the QR-
iteration onto the matrix H. We have the following formulas

H—-ul=QR
H=RQ+ ul =Q"HQ.

Applying now the similarity transformation onto the terms of Equation (9.35) we
obtain the following relations:

H=Q"HQ=Q"UQ+Q"uv"Q
=U +av".

Hence the unitary plus rank 1 structure of the Hessenberg matrix is preserved under
a step of the @ R-iteration. This is essential for developing an efficient implicit Q R-
method exploiting the matrix structure.

A representation for the unitary matrix

Since the unitary matrix in the splitting of the Hessenberg matrix is a dense matrix,
we want to represent this matrix as efficient as possible. Even though the matrix is
full, it has a structured rank part.
Consider
U=H—uvl,

since the matrix H is Hessenberg and has zeros below the subdiagonal the matrix
U needs to be of rank 1 below the subdiagonal. The matrix U is therefore of the
following form and the elements X make up the structured rank part (rank 1) in
this 6 x 6 example:

XXNMK X X
XXKMX X X
XK X X X X
X X X X X X
X X X X X X
X X X X X

X

We will construct the representation of this matrix in a graphical form, sim-
ilarly as we did for the unitary Hessenberg case. In the first scheme we already
annihilated some elements in the last row of the matrix U, by a single Givens trans-
formation. Three elements are annihilated by one Givens transformation, since they
make up a low rank part in the matrix U.

Q0000 e
Q@ XX X X
® K X X X
KX X X X
X X X X X X
X X X X X X
X X X X X X
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The elements to be annihilated by the second Givens transformation are marked
with ®.

Q0000 e

®@ K x X

K X X X
X X X X X
X X X X X X
X X X X X X
X X X X X X

EE

21

After the Givens transformation acting on row three and four, we have completely
removed the low rank part. The matrix remaining on the right is now a generalized
Hessenberg matrix, having two subdiagonals.

(1] X X X X X X
(2} X X X X X X
(3] E®><><><><><
(4] E ® X X X X
®E ® X X X
(6 ® X X
321

Peeling of the second subdiagonal, removing successively all elements marked with
®, will give us a descending sequence of Givens transformations.

EEE

S

7654321

Q00O Q
® X X
® X X X
® X X X X
® X X X X X
X X X X X X

In this final step we will remove the remaining subdiagonal from the Hessenberg
matrix on the right. This will be done by a descending sequence of five Givens
transformations. Moreover, because the matrix on the right is a unitary matrix, we
can choose the Givens transformations such that the matrix becomes almost the
identity matrix. Again there is a value a remaining in the bottom right corner with
|a| = 1. We obtain the following scheme.

00000
1
31

[ [ [ &

1211 1098 76 54321
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Denoting the sequence from 12 to 10 by V', the sequence from 9 to 6 by W and
the sequence from 5 to 1 by X, we have factored the unitary matrix U as the
product of four unitary matrices U = VW X D, in which D is the diagonal matrix
D = diag([1,...,1,a]). We use four different symbols for the unitary matrices,
because the use of too many sub- and superscripts would make the forthcoming
implicit method difficult to read.

The above unitary matrix VW X can be written in a compressed way to obtain
the following.

[
EEEEEE
( [

9876514

C (9.36)
(
)

Q00000

2

This will be the representation of the unitary matrix in the sum H = U+uv?’.
Due to the relation between the matrices uv? and U, we obtain the following
representation for the vector u.

(
EE

987

(9.37)

Q0000
O O O X X X

Important to remark is that the Givens transformations in position 9, 8 and 7
in Scheme 9.37 can be chosen exactly the same as the ones in the corresponding
position of Scheme 9.36.

This means that we get the following equalities:

H=U+uv?
=VWXD +uv”
=V (WXD+ VTuv")
=V (WXD +av'"),

where the vector 01 has only the first three elements different from zero.

This representation, depicted here is the one we will use when developing an
implicit @ R-method for unitary plus low rank matrices.

There is a lot of flexibility in the choice of representation. Moreover the chosen
representation determines quite often the used implicit approach. Different choices
and alternative algorithms will be discussed later on.
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The implicit method

There exist several variants for performing an implicit ) R-method onto the uni-
tary plus low rank matrices. Unfortunately all these algorithms are not capable of
preserving both the unitary, the low rank and the Hessenberg structure. Numerical
roundoff creates loss of the low rank structure, loss of unitarity or loss of the Hes-
senberg structure and hence compression is needed. This compression can create
undesired results.

In the following method, we exploit all involved structures and the chasing
method is constructed such that no compression to preserve the structure is needed.

Since an implicit QR-step performed on a Hessenberg matrix is only deter-
mined by the first Givens transformation, we have to determine it explicitly. De-
termine (G such that the following equation is satisfied:

GY(H - pl)e, = £ H - pl|er.

We will now perform the similarity transformation G HGy, exploiting the
factorization of the matrix H. Important in the following algorithm is that we
would like to keep in each step of the algorithm a factorization similar to the initial
one:

H=V (WXD+uv').

Of course after each step the structure will not be exactly as desired and a sequence
of Givens transformations needs to be constructed to restore the structure. This
will be the chasing.
Let us perform the first similarity transformation onto the matrix H = Hj
with
Hy =V, (W()X()Do + uové{) .

We obtain (with Dy = D)

H1 = G{I‘/o (WOXOD1 + ugvé{) G1
= G{'Vo (WoXoG1D1 +uov{' G1)
= G{{Vo (WOXOG1D1 + uov{i) s

with v = v{!G;. In the remainder of the derivations, all intermediate variables will
be depicted with * or *. The final values for representing H; will be V3, W1, X1, 1y
and vi.

Since the Givens transformation G¥ acts on the first two rows, and V; acts
on the rows 3 up to 6, they commute and we obtain the following:

H{ =V, (G{IWOX()G1D1 + G{{uovf)
= Vo (G WoXoG1Dy + tyvy'),

with @7 = G ug, having only the first three elements different from zero.

It seems that the matrix H; is already in the good form, except for the unitary
matrix G{I WoXoG1. Let us see how to change this matrix. The Givens transforma-
tion G is shown in position 10, the transformations in position 9 up to 6 represent
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Wo, the ones in position 5 up to 1 represent Xy and position 0 is reserved for G;.
The undesired Givens transformations are marked with a —.

Q0000 0Q

ﬁE EE £
EE EE
[ [

109876543210

We will start by removing the Givens transformation in position 10. Reordering
permits the application of the shift through operation.

00000

£l f

10 9 876543210

This leads to the following scheme. We have marked another Givens transformation

now with —.

Q00000

EEf [ k
EE EE
[ [

109876543210

Rewriting gives us the possibility to apply again the shift through operation.

00000Q

EEﬁ”K k
E KEE
[0

1098 76543210

This results after rewriting in the following scheme.

Q00000

109876543210
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The undesired Givens transformation moves down, creating a new sequence,
starting in positions 10 and 9 and removing the sequence in positions 3 up to 1.
Continuing this procedure, and applying two more times the shift through operation
gives us the following scheme.

[ £

EE Kﬁﬁ

109876543210

00000
3
3

One can easily fuse the undesired Givens transformation with the Givens transfor-
mation in position 1. Hence we have removed already 1 undesired Givens transfor-
mation. We obtain the following scheme.

00000
31
1

9876543210

This corresponds to the following relation:

Hi =V (W1X1G1D1 +1~11Vfl) ;

where the unitary matrices W, and X; are two descending sequences of transfor-
mations.

The only remaining undesired Givens transformation is G7 in the middle of
the formula. The idea is now to drag this Givens transformation completely through
the other matrices such that it appears before the matrix Vy and moreover acts on
row 2 and row 3. It has to act on row 2 and row 3, so that choosing the next
Givens transformation G, determining the following similarity transformation, can
be chosen such as to annihilate this transformation.

Let us continue and remove the second undesired Givens transformation, the
one in position 0. One can fairly easy apply two times the shift through operation
to obtain the following scheme.

£ ( (9.38)

Q00000
31
1

10987654321
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Now there is an unwanted transformation in position 10. Denote this trans-
formation with G;. In formulas we obtain now

H, =V, (G1W1X1D1 +l~11V{{) ,

in which the sequences of Givens transformations Wl and X; have changed again.
This gives us the following relations:

Hy = VoG4 (W1X1D1 + Gf[fllV{{) )
= VoG4 (W1X1D1 + ﬁ1V{{) ,

Two terms are of importance here: Voél and C;‘{{ u; = ;. The vector 1; will loose
one of his zeros. The vector will have now four nonzero elements.

The matrix product VoG does not essentially change the Givens pattern of
the matrix Vj. A single fusion of two Givens transformations removes the undesired
transformation Gy, without destroying the structure of the matrix V;. In the scheme
below, the undesired Givens transformation can be found in position 0, whereas the
Givens transformations in positions 3 up to 1 make up the matrix V4.

tt

00000Q
00000Q
3

EEZ

3210 321

The resulting matrix ‘71 = Voél has the same Givens pattern than the matrix Vj.
We obtain the following relations:

H, = f/l (WleDl + ﬁlvfi) . (939)

We are however not yet satisfied. We want to obtain a similar factorization as of
the original matrix H. Hence, the four nonzero elements in the vector i; need to
be transformed into three nonzero elements.

To do so, we need to rewrite Equation (9.39). Denote the Givens transfor-
mation in Scheme 9.38 in position 9, with GY. We denote this with -/ to clearly
indicate that one extra Givens will move to the left, outside the brackets. Until we
move the Givens back to the right we will indicate this on the affected elements.
We can rewrite the formulas above as follows:

H, = VlGllGllH (WleDl + lAllV{I)

VlGll (GllHW1X1D1 + GllHlAllv{i)

Vi (W{lel + ﬁgvf)
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in which Gl @; = 0 still has four elements different from zero, the matrix Viis
now a sequence having one more Givens transformation than V;, and GiW, = Wl
has lost a single Givens transformation.

Graphically V/W} = V, W, is depicted as follows.

[

[
E E is equal to
[ ( :

[ €
[ EE KE

7654|321 76514321

00000
00000Q

The matrix V; consists of the Givens in position 7 to 5, whereas the new f/ll consists
of the Givens transformations in position 7 up to 4. Similarly we have that the
matrix W, consists of the transformations in positions 4 up to 1 and Wf consists of
the transformations in positions 3 up to 1.

Construct now a Givens transformation acting on row 3 and 4 of the vector i}
and annihilating the element in position 4. Let us denote this Givens transformation
by Gr:

GHul - ul17

in which u is a vector having only the first three elements different from zero. Let
us plug this in into the formulas.

= ‘71[ (WleDl + GlGl u1V1 )
= Vll (Glé{[WleD1 + élullvfl)

= VG ((GW) XuDy + vl

Let us take a closer look now at é{{ Wll Graphically this is depicted in the
scheme below. The Givens transformations from 1 up to 3 make up the matrix Wll
and the Givens é{{ is shown in position 4. Applying one fusion, removes the Givens
transformation in position 4.

B
g

4321 321

Q00000Q
Q0000Q
v 31

This results in a sequence of Givens transformations denoted as G“lq Wy = Wi.
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The matrix product f/llél is of the following form. Applying the shift through
lemma gives us the following scheme.

E e E — [: (9.40)

Q00000Q
00000Q
31

EE

543 21 54321

This scheme can be written as G2V}, in which V] incorporates the Givens from
position 1 to 4 and G5 is shown in the fifth position.
Plugging all of this into the equations above gives us:

Hy = GoVl (WX Dy +ulv).

Rewriting now the formula above by bringing the Givens transformation in position
1 of the matrix V] inside the brackets does not change the formulas significantly.
We obtain:

Hi =GV (WleDl + ulv{{) .

The reader can verify that the number of nonzero elements in the vector u; is still
three, as desired. The product depicted here is almost of the desired structure. Only
the Givens transformation G5 is undesired. We will remove this transformation, by
applying another similarity transformation with Gs.

We have now performed the initial step. We will continue the algorithm, in
an implicit way. Only one step is depicted as the other steps are similar. Since we
want our Hessenberg matrix H to become again of unitary plus low rank form, we
want to remove the disturbance Go. Performing the similarity transformation with
this Givens transformation results in the following (with Do = Dy):

Hy, = G H, G,
= GGy (Wi X1Dy +wiv]') Go
= Vi (W1 X1D1G2 + uivy Gs)
= Vi (W1X1G2Ds + uyvy),

where vo = v1Go.
Similarly as in the initial step we can drag G through W; and X;. We obtain
W1X1G2 = GQWQXQ. This giVQS us
Hy=V; (GQWQXQDQ + 111V2) ;
=W (G'QWQXQDQ + ézégulw) ;

= Vlég (WQXQDQ + é§U1V2) .
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Since the Givens transformation G4 acts on row 4 and row 5, ézH u; = u;. Applying
a final shift through operation for VG5 we obtain G3Ve = V1G4, giving us:

Hy = G3Vo (WoXoDo +uyva)
= G3Vo (W2 X2D3 + ugva).

Clearly we have performed now a step of the chasing method since the first Givens
transformation G3 has shifted down one position. We remark that in the remaining
chasing procedure the vector us will not change anymore.

One can easily continue this chasing procedure. Only the last similarity trans-
formation GG,,—; can unfortunately not be determined based on the procedure above.
To construct this transformation, we have to compute explicitly the (n — 1)-th col-
umn of the matrix H, _5. Based on the representation above, this can however be
done in an efficient way. Only when performing this final similarity transformation,
the matrix D1 = D,,_5 will change.

Note 9.32. Some remarks have to be made.

e The procedure above only shows how to perform the initial step and the chasing
step. Important issues such as the deflation criterion and how to perform
deflation were not discussed.

o When considering real polynomials it might be convenient to stick to real com-
putations. In order to do so a double shift technique is desired.

9.6.4 Other methods

Let us discuss some other variants for computing the eigenvalues of unitary plus
low rank matrices. Since these papers use other terminology, some extra definitions
are needed. These definitions can be found in more elaborate form in Volume I.

Definitions

Most of the structured rank matrices discussed in this book were of easy form,
having semiseparability rank 1. In case of the unitary plus low rank problem also
higher order structured rank matrices appear.

Definition 9.33. Ann xn matriz A is called a {p, q}-quasiseparable matriz, with
p >0 and g > 0, if the following two properties are satisfied (fori=1,...,n—1):

rank (A +1:n,1:4)) <p,
rank (A(1:4,i+1:n)) <q.

In the upcoming text also the sub(super)diagonal rank is mentioned.
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Definition 9.34. An n x n matriz A has subdiagonal rank p if
max { rank (A(i + 1:n,1:4)) ’ Vie{l,...,n—1}} =p.
The matriz A has a superdiagonal rank q if

max { rank (A(1:i,i+1:n)) | Vie{l,...,n—1}} =q.

Hence, a {p, ¢}-quasiseparable matrix A has subdiagonal rank less or equal to
p and a superdiagonal rank less or equal to q.

Different approaches

Recently several algorithms were described to solve the unitary plus low rank eigen-
value problem. These algorithms are very similar as the algorithm developed in
Subsection 9.6.3.

= D. Bindel, S. Chandrasekaran, J. W. Demmel, D. Garmire, and M. Gu. A
fast and stable nonsymmetric eigensolver for certain structured matrices.
Technical report, Department of Computer Science, University of Califor-
nia, Berkeley, California, USA, May 2005.

= D. A. Bini, F. Daddi, and L. Gemignani. On the shifted QR iteration ap-

plied to companion matrices. FElectronic Transactions on Numerical Anal-
ysis, 18:137-152, 2004.

Independently of each other Bindel et al. and Bini et al. proved that the Q) R-iterates
Hj, have {1, 3}-quasiseparable structure when Hy = U+uv* is a Hessenberg matrix
that is unitary plus rank 1. Hence, each Hessenberg matrix Hy can be represented
using O(n) parameters. Based on this fact, several algorithms where developed that
performed @ R-iteration steps on the Hessenberg matrices Hy. These algorithms
differ in the way the Hessenberg matrix is represented, in the way the Hessenberg
as well as the unitary plus rank 1 structure is tried to be maintained and in the
explicit or implicit way of performing each @ R-iteration step.

In the article by Bini et al., the following relationship between C, of (9.31)
and its inverse C,! is used (when py is different from zero):

C,=C,+uvh,
with Uy, Vi, € C**2. This relationship remains valid for the QR-iterates Hy,
Hy,=H 7+ U VH,

with Uy, Vi € C"*2. Because the upper triangular part of H & H is the lower trian-
gular part of the inverse of an (unreduced) Hessenberg matrix, this lower triangular
part is the lower triangular part of a rank 1 matrix xkka . In the article the
authors give five different methods to compute these vectors x; and yx. The QR-
iteration step with shift is implemented in an explicit way where the @) R-iterates
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Hj, are represented by their subdiagonal elements, the vectors x; and yj and the
n X 2 matrices Uy and Vj. It turns out that for a Hessenberg matrix Hj, which is
{1, 3}-quasiseparable, the Q) and Ry factor of the @ R-factorization of Hy — ayl
are {1,1} and {0,4}-quasiseparable, respectively. The experiments described in
the article show that the implementation of the algorithm has numerical difficulties
(overflow /underflow, no convergence).

In the article of Bindel et al. a larger class of matrices is considered, more pre-
cisely, the symmetric, skew symmetric or orthogonal matrices plus a low rank mod-
ification. The authors call a matrix A rank-symmetric if rank (As;) = rank (A12)
for any 2 x 2 block partitioning of the square matrix A

A A
A=
[ Ao Az ] ’

with Ay; and Ass square. Consider the matrix A + L with rank (L) = k, and then
it is shown that the ranks of the subdiagonal and superdiagonal blocks of A + L
can differ by maximum 2%k, i.e.,

[[rank (A1o + L12) — rank (Ag1 + Loy) || < 2k.

The symmetric, skew symmetric or orthogonal plus low rank structure is maintained
when performing a @ R-iteration step (with shift). Let H be the Hessenberg matrix
that is orthogonally similar to the matrix A+ L, i.e.,

H=Q"(A+L)Q

=QTAQ+Q"LQ

=A+L
The structure (symmetric, skew symmetric, or orthogonal) of A is the same as that
of A. Also the rank of L is still the same as the rank of L. However, because we
know now that H has Hessenberg structure, the subdiagonal rank is 1 and, hence,
the superdiagonal rank is not greater than 1 + 2rank (L). The Hessenberg matrix
is block partitioned and the strictly upper block triangular part of it is represented
by a (block)-quasiseparable representation. Each step of the @ R-iteration involves
applying a sequence of Givens transformations to the left of H to obtain the R-
factor. Applying the similarity transformation based on this Givens sequence to
the Hessenberg matrix using the quasiseparable representation involves the merging
and the splitting of the blocks. To split the blocks a rank-revealing decomposition
has to be computed. A similar compression technique is needed in several other
algorithms.

= D. A. Bini, Y. Eidelman, L. Gemignani, and I. C. Gohberg. Fast QR eigen-
value algorithms for Hessenberg matrices which are rank-one perturbations
of unitary matrices. SIAM Journal on Matriz Analysis and Applications,
29(2):566-585, 2007.

In this article Bini et al. developed an alternative algorithm to solve the Hessenberg,
unitary plus rank 1 case Hy = Uy + ukka . The authors showed that the matrix
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Uy can be written as a product of three sequences of 2 x 2 unitary transformations
as represented in (9.40). Hence, each of the matrices Uy has {2, 2}-quasiseparable
structure. The representation that is the input for the (k + 1)-th iteration step of
the @ R-algorithm contains the diagonal entries and a quasiseparable representation
of the strictly upper triangular part of the unitary matrix Uy, the subdiagonal and
diagonal entries of the Hessenberg matrix Hy and the two vectors uy and vy. First
the sequence of Givens transformations Gi1,Gs,...,Gy_1 is computed such that
Ry =GH | ... GH(H), — piI) is upper triangular (with uy a suitably chosen shift).
The next iterate Hy11 could be computed as the product of quasiseparable matrices
Ry and Gy - - - G,,—1 and then adding gl to this product. However, if this is done,
the resulting matrix would have a {1, 4}-quasiseparable structure while we know
it should have a {1, 3}-quasiseparable structure. Hence, a compression strategy is
needed. This is done as follows. From the {1, 4}-quasiseparable representation, one
can determine a {2, 3}-quasiseparable representation for Uy,i. However, we need
a {2,2}-quasiseparable representation. To obtain this representation, the unitary
matrix is written as a product of three sequences of 2 x 2 unitary transformations
as indicated above. This guarantees that the corresponding unitary matrix has the
{2, 2}-quasiseparable structure again. However, instead of the almost identity ma-
trix I that is the R-factor of the QQ R-factorization of the matrix Ug41 = U;H_lf%k“,
we will obtain Rk+1 =1+ Rk+17 in which Rk+1 is an upper triangular matrix. To
avoid amplification of errors, we continue working with the Hessenberg matrix

H—1 F; H—1
Hyp1 Ry = Uk + Wi Vi1 By

= S. Chandrasekaran, M. Gu, J. Xia, and J. Zhu. A fast QR algorithm
for companion matrices. Operator Theory: Advances and Applications,
179:111-143, 2007.

As in the article of Bindel et al., a bulge chasing procedure is designed. In con-
trast to the previous articles this is done for a single as well as for a double shift.
The representation that is used for the Hessenberg matrix Hy in each step is its
@ R-factorization, i.e., Hy = QrRg. The unitary matrix @y consists of one se-
quence of Givens transformations while the upper triangular matrix Ry has a {0, 2}-
quasiseparable structure. Each step in the bulge chasing consists of chasing the
bulge in the lower triangular part of Rj and shifting the Givens transformation
(two of them in case of a double shift) to remove this bulge, through the sequence
of Givens transformations representing Q. However, during this bulge chasing the
superdiagonal rank of Ry is increased by two in the single shift case and by four
in the double shift case. Hence, compression is needed to recover a compact rep-
resentation for Ri41 again. Using the fact that Riy; is the sum of a unitary and
a rank 1 matrix, we know that Ry, can be represented by computing the sum
of this unitary and rank 1 matrix. The corresponding similarity transformation is
performed on the rank 1 part. A {2,2}-quasiseparable unitary approximation is
then computed for the difference between Rji; and this rank 1 part. The final
{0, 3}-quasiseparable representation for Ry is then computed as the sum of this
{2, 2}-quasiseparable matrix and rank 1 part. Note that instead of the minimal
superdiagonal rank 2 during this algorithm a rank of 3 is used.
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= D. A. Bini, L. Gemignani, and V. Y. Pan. Fast and stable QR eigenvalue
algorithms for generalized companion matrices and secular equations. Nu-
merische Mathematik, 100(3):373-408, 2005.

All the previous articles handled the case H = U +uv¥ | i.e., when the Hessenberg
matrix H is the sum of a unitary U and rank 1 matrix uv?. Only the article
of Bindel et al. considered the more general class of symmetric, skew symmetric,
or unitary plus rank 1 case. In the article by Bini et al. of 2005, the matrices
A = (ai;)i,; considered have the following form:

aii = d; + zW; (9.41)
ajj = uit;;0;  when i > j
aij = Tjt350; + 205 — Zjw; when 7 < 7,

with tixj =t;_1ti—2---t;4+1 and given vectors u, v,t,z, w,d?0. This set is called the
set of generalized companion matrices. It includes the arrowhead matrices, comrade
matrices (symmetric tridiagonal plus rank 1), diagonal plus rank 1 matrices ....
Note that each matrix of this set is {1, 3}-quasiseparable. The authors prove that
this set is closed under the application of each step of the @ R-algorithm. Each
step of the QQ R-algorithm is performed in an explicit way, i.e., the Q) R-factorization
of Ay — pgl is computed and then the two factors multiplied in reverse order are
added to url. Computing the @QR-factorization of Ay consists of applying two
sequences of Givens transformations. The first one transforms Ay into an upper
Hessenberg matrix while the second one transforms this Hessenberg matrix into
an upper triangular one. This upper triangular matrix is a {0,4}-quasiseparable
matrix but is not represented as such but as a sum of four matrix terms in which
two of those are products of two matrices. This representation is used to compute
the representation of Ay41 in the form (9.41).

Notes and references

The different classes of matrices to represent polynomials as presented in Subsection 9.6.1
were named according to the following book.

ww S. Barnett. Polynomials and Linear Control Systems. Monographs and
Textbooks in Pure and Applied Mathematics. Marcel Dekker, Inc., New
York, USA, 1983.

Some other references related to unitary Hessenberg matrices are the following ones.

v .. Gemignani. A unitary Hessenberg QR-based algorithm via semisepara-
ble matrices. Journal of Computational and Applied Mathematics, 184:505—
517, 2005.

Unitary Hessenberg matrices have the upper triangular part in the matrix of semisepa-
rable (quasiseparable) form. In this article by Gemignani the quasiseparable structure of
the unitary Hessenberg matrix is exploited to develop a @ R-algorithm. Moreover the pre-
sented algorithm is also valid for unitary Hessenberg plus rank 1 matrices. The presented

26This representation is called the quasiseparable representation. It is discussed in Volume I.
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method transforms the matrix into a hermitian semiseparable plus diagonal matrix via
the Mé&bius transform, then a @ R-method is applied for computing its eigenvalues. This
article contains also lots of references related to the @ R-algorithm for unitary Hessenberg
matrices.

Unitary Hessenberg matrices are matrices having a very specific structure. First of
all they are of Hessenberg form, and second they have the upper triangular structure of
semiseparable form.

More information on eigenvalue problems related to unitary matrices can be found
in the following articles.

w G. S. Ammar and W. B. Gragg. Schur flows for orthogonal Hessenberg
matrices. In A. M. Bloch, editor, Hamiltonian and Gradient Flows, Al-
gorithms and Control, volume 3, pages 27-34. American Mathematical
Society, Providence, Rhode Island, 1994.

w G. S. Ammar, W. B. Gragg, and L. Reichel. On the eigenproblem for
orthogonal matrices. In Proceedings of the 25th IEEE Conference on De-
cision € Control, pages 1963-1966. IEEE, New York, USA, 1986.

w G. S. Ammar, L. Reichel, and D. C. Sorensen. An implementation of a
divide and conquer algorithm for the unitary eigenproblem. ACM Trans-
actions on Mathematical Software, 18(3):292-307, September 1992.

ww R. J. A. David and D. S. Watkins. Efficient implementation of the multi-
shift QR algorithm for the unitary eigenvalue problem. SIAM Journal on
Matriz Analysis and Applications, 28(3):623-633, 2006.

w W. B. Gragg. The QR algorithm for unitary Hessenberg matrices. Journal
of Computational and Applied Mathematics, 16:1-8, 1986.

ww W. B. Gragg and L. Reichel. A divide and conquer algorithm for the
unitary eigenproblem. In M. T. Heath, editor, Hypercube Multiprocessors
1987, pages 639-647. STAM, Philadelphia, Pennsylvania, USA, 1987.

w M. Stewart. Stability properties of several variants of the unitary Hes-
senberg QR-algorithm in structured matrices in mathematics. In V. Ol-
shevsky, editor, Structured Matrices in Mathematics, Computer Science
and Engineering, II, volume 281 of Contemporary Mathematics, pages 57—
72. American Mathematical Society, Providence, Rhode Island, USA, 2001.

w T. L. Wang, Z. J. and W. B. Gragg. Convergence of the shifted QR
algorithm, for unitary Hessenberg matrices. Mathematics of Computation,
71(240):1473-1496, 2002.

w T. L. Wang, Z. J. and W. B. Gragg. Convergence of the unitary QR
algorithm with unimodular Wilkinson shift. Mathematics of Computation,
72(241):375-385, 2003.

For more general unitary structured rank matrices, the reader is referred to [57, 55]. In
the first report [57], the authors developed an efficient representation for these matrices,
based on the Givens-weight idea. Based on this representation an implicit Q) R-algorithm
for these matrices was developed in [55].

Some other related references.

w G. S. Ammar, D. Calvetti, W. B. Gragg, and L. Reichel. Polynomial
zerofinders based on Szegd polynomials. Journal of Computational and
Applied Mathematics, 127:1-16, 2001.
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= G. S. Ammar, D. Calvetti, and L. Reichel. Continuation methods for
the computation of zeros of Szeg® polynomials. Linear Algebra and its
Applications, 249:125-155, 1996.

w G. S. Ammar, W. B. Gragg, and C. He. An efficient QR algorithm for a
Hessenberg submatrix of a unitary matrix. In W. Dayawansa, A. Lindquist,
and Y. Zhou, editors, New Directions and Applications in Control Theory,
volume 321 of Lecture Notes in Control and Information Sciences, pages
1-14. Springer-Verlag, Berlin, Germany, 2005.

We conclude by mentioning that there are a lot of other references devoted to ap-
proximating the zeros of a polynomial. Because these methods are not directly related to
the algorithms described above, we will not consider these references here.

9.7 References to related subjects

In the previous chapters references were discussed directly related to the implicit
@ R-algorithms or related to the reduction algorithms. There exist however more
references related to structured rank matrices and eigenvalue/singular value prob-
lems. These references do not necessarily fit directly into the notes and references
discussed before.

Few references are investigated in more detail and discussed in separate sub-
sections.

9.7.1 Rational Krylov methods

Let us first discuss the article by Fasino.

= D. Fasino. Rational Krylov matrices and QR-steps on hermitian diagonal-
plus-semiseparable matrices. Numerical Linear Algebra with Applications,
12(8):743-754, October 2005.

There is a well-known relation between the unitary matrix ) in the tridiagonal-
ization procedure, and the @Q-factor in the @ R-factorization of a suitably chosen
Krylov matrix. This relation is further investigated and results are obtained con-
cerning the reduction to semiseparable plus diagonal form and the Q) R-factorization
of a rational Krylov matrix. Let us discuss these results more in detail and start
with the traditional, sparse matrix case.

Assume a symmetric n X n matrix A is given. Suppose an arbitrary vector v
is chosen and we have the following Krylov matrix:

K=K(A,v)= [V,AV,AQV, .. .,A"_lv} .

In case the matrix K is nonsingular, we have that for K = QR, the Q R-factorization
of the matrix K:
T =Q"AQ,

is an irreducible tridiagonal matrix T'. We remark that this statement is also valid
in the other direction. If A is reduced via orthogonal similarity transformations to
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an irreducible tridiagonal matrix Q” AQ = T, then we have that
QHK(Aa Qel) = R7

is a nonsingular upper triangular matrix R.

This is closely related to the Lanczos tridiagonalization procedure. These
theorems state in some sense also that a reduction to an irreducible tridiagonal
matrix 7T is uniquely determined by the first column. This is also the contents of
the implicit Q-theorem for tridiagonal matrices. Note that in some sense one can
also interpret the Q R-algorithm, which transforms a tridiagonal matrix to another
tridiagonal matrix by orthogonal similarity transformations, can be interpreted in
this context.

Suppose A = VAV H to be the spectral factorization of the matrix A, having
eigenvalues A1, ..., \,. Denote w = Vv, we also obtain the following relations:

K(Av) = [V, Av, A%v, ..., A”flv] .

=V [w7 Aw,A’w,. .., A"flw]
TP VIRUURD Vit
= lea’g([wluw277wn])
D D
The latter matrix F = [)\Z(-j _1)]1-, ;j is a Vandermonde matrix. Let us remark that the
matrix K is nonsingular when all eigenvalues \; are pairwise distinct and all the
elements of the vector w are different from zero.

Let us show now the related results for generator representable diagonal plus
semiseparable matrices. These results are studied in the article [72] and all proofs
are provided.

Let us assume that in the remainder of the discussion a symmetric matrix

A is considered, having eigenvalues Aj,...,A,. Moreover, take a fixed diagonal
D = diag([dy, ..., d,]). Assume that for every element d; the following condition is
satisfied

det(A — d;I) # 0,

this means in fact that the matrix A — d;I is nonsingular for every d;, i.e., d; is not
an eigenvalue of A. We need to define some rational functions:

o1(0) = (A= dy)™"
(V) =A=di)" (A =da)”

k
o0 =[[(A—d)!

i=1
We will denote the rational Krylov matrix K (A4, v) as follows:

Kr = Kgr(A,v) = [p1(A)v, d2(A)v,..., dn(A)V].
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Considering the following generalized Vandermonde matrix we can obtain a
similar factorization to characterize the matrix Kgr(A, v):

F=[6;(M)],,

p1(\1)  d2(M1) o dn(A)
p1(A2)  d2(A2) ... dn(A2)

(bl()‘n) (152()‘71) ¢n(/\n)

Suppose A = VAV H is the spectral factorization of the matrix A, with eigenvalues
Al,. .., An. Denoting w = VHv, then we obtain the following factorization:

KR(A’ V) = [¢1 (A>V’ P2 (A)V’ ¢3 (A)Va s 7¢7L(A)V] :
=V diag([wy, wa, ..., wy])F.

This means that the matrix Kr(A, v) is nonsingular if all eigenvalues A; are pairwise
distinct and moreover all entries of the vector w are nonzero.

The most important results is formulated in [72, Theorem 1]. Suppose the
matrix Kr(A,v) is nonsingular, and @ is the orthogonal matrix, coming from the
Q R-factorization of the matrix Kr(A4,v). Then we have that the matrix Q¥ AQ
is a symmetric generator representable semiseparable plus diagonal matrix S + D,
for which the diagonal matrix D = diag([dy,dz, ..., d,]). Also the converse of this
statement holds.

This article [72] further exploits this theorem to prove an implicit Q-theorem
for semiseparable plus diagonal matrices. Furthermore results concerning orthogo-
nal similarity transformations to semiseparable plus diagonal form and on ) R-steps
performed on these matrices are included.

9.7.2 Sturm sequences

In this subsection we will describe in an easy manner the bisection method and the
combination with Sturm sequences to compute specific eigenvalues.

First we will deduce most of these results for tridiagonal matrices, and af-
terwards we will see how to apply them towards semiseparable (plus diagonal)
matrices.

Bisection method

The bisection method is an easy and almost straightforward method for computing
roots of polynomials (and other functions). Suppose a polynomial p()) is given with
simple roots, and we would like to compute the single root A in the interval [a, b].
Considering ¢ = (a + b)/2 and comparing the sign of the function values p(c)
and p(a), we can simply determine whether the root is located in [a, ¢] or in [c, b].
This halves the interval and one can repeat the procedure.
We obtain the following algorithm.
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Algorithm 9.35 (Bisection method).
Input: a,b, the polynomial p(\) and a threshold e.
Output: A = ¢ up to a predefined precision.

While |a — b| > €(Ja] + |b]) do
1. c=(a+b)/2;

2. If p(a)p(c) <0

endif;

endwhile;

Based on this bisection method one can determine specific eigenvalues of a
tridiagonal matrix in linear time, using a recurrence relation for its characteristic
polynomial. Essential in this analysis is the fact that the considered tridiagonal
matrix is symmetric and irreducible, as this guarantees that all considered roots are
simple. For a proof of this statement we refer to [94, 129].

Recurrence relation for the characteristic polynomial of a tridiagonal matrix

Consider the following irreducible symmetric tridiagonal matrix 75, of the following
form:

ay bl
b1 ag bg
T, = by a3
) . bnfl
bnfl Gn,

Let us use the following notation:
pn(N) = det(Ty, — AI).

It is easy to verify that for a tridiagonal matrix T, the following relation holds for
poAN) =1, p1(A) =a1—Aand i=2,...,n:

pi(A) = (@i — Api—1(A) — b7 _1pi—a(N).

Based on this recurrence relation, one can evaluate the polynomial p,(A) in linear
time O(n). Hence, one can use the bisection method to compute approximate roots
of p,(XA), which are eigenvalues of the matrix 7). The method converges linearly
since the error is approximately halved by each iteration.
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Recurrence relation for the characteristic polynomial of a symmetric semisepa-
rable matrix

Similarly as in the tridiagonal case we can develop a recurrence relation between
the characteristic polynomials of leading principal submatrices of a semiseparable
matrix. In order to have a well separated spectrum of eigenvalues, the symmetric
semiseparable matrix needs to be of irreducible form.

Suppose we have an irreducible symmetric semiseparable matrix2” of the fol-
lowing form:

U1v1 UgV1 u3zv1 Lo. UpUy

U201 U2vV2 uzv2 coe UpU2
Sy = U3v1  U3V2 U3V3

UnpV1 UpV2 URV3 ... UpUp

Based on some simple techniques for computing determinants we can derive
the following recurrence relations. We use a similar notation as above, i.e., p,(\) =
det(S,, — M) and po(N) = 1.

We have p1(A) = u1v1 — A. Let us compute now pa(A):

p2(A) = det(S2 — AI)

U1V — A U2V1
= det
U2V1 UV — A

= (ugv2 — A)p1(A) — (u2v1)’po(N).

For computing ps(A), we rewrite the matrix determinant slightly (by substi-
tuting row 3 by a linear combination of rows 3 and 2. A similar operation is used
for the columns 3 and 2):

pg()\) = det(5’3 — )\I)

i U101 — A U2V1 uzv1
= det UV UgVg — A U3V
u3zv1 u3zv2 uzvz — A
[ ugvg — A U2V1 U3y
= det UV U2 — A U3V
2
us N — Y
L 0 o A uzvs A e (%)
[ U1V — A U2V1 0
— us
= det U2v1 U2vV2 A Ua A
2 2
us )\ — %34, — Y3
i 0 e A uU3v3 A Ua (%) u% A
2 2 2
u u u
3 3 3
= | Usvs — A — — Vg — —2>\ p2(>\) — [ =X pl(A)
U (5 U

27For simplicity we assume to be working with a semiseparable matrix. The quasiseparable or
semiseparable plus diagonal case is similar.
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Generally we can write down the following recurrence relation, since only the last
row and column change in the formulas above:

u? u? w o \2
pi(A) = <Uﬂli — A= ——vi_1 — 2—1)\) Pi—1(A) — ( )\> Pi—2(A).

Uj—1 U;_q Uj—1

The above formula gives a three terms recurrence relation, which can also be
evaluated in O(n). As a consequence one can also use the bisection method for
irreducible symmetric semiseparable matrices.

Sturm sequence methods

Suppose we have a sequence of characteristic polynomials of a symmetric matrix A =
A, (A; is the principal leading submatrix of A), with strictly separating eigenvalues,
i.e., that the eigenvalues of p;(\) strictly separate those of the polynomial p;11(\).
The matrix A,, can, for example, be irreducible symmetric tridiagonal or irreducible
symmetric semiseparable. Consider the following sequence:

{Po(A),p1(A), -+ pn(N)},

with pg(A) = 1. Consider an arbitrary real number ¢ and the sequence:

{pO(C),pl(C), ce 7pn(c)}'

If s(¢) denotes the number of sign changes in the sequence above, then we
have that s(c) is the number of eigenvalues of the matrix A,,, smaller than c. (The
proof can be found in [185].)

Based on this knowledge, one can deduce the following algorithm for comput-
ing the k-th largest eigenvalue.

Algorithm 9.36 (Sturm sequences).
Input: a,b, the polynomials p;(\) and a threshold e.
Output: The k-th largest eigenvalue A\, = ¢ up to a predefined precision.

While |a — b| > €(|a|] + |b]) do
1. c=(a+b)/2;

2. If s(c) >n—k

b=c;
else

a=c¢;
endif;

endwhile;
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We remark that the initial input values of a,b are important. One needs to
start with a not too large interval. In case of a tridiagonal matrix, one can choose
a and b based on the Gershgorin theorem (see [94].) Similarly one can construct
bounds for semiseparable (plus diagonal) and quasiseparable matrices.

The results presented here are a condensed form of the ones discussed by
Eidelman, Gohberg and Olshevsky in the following article:

= Y. Eidelman, I. C. Gohberg, and V. Olshevsky. Eigenstructure of order-
one-quasiseparable matrices. Three-term and two-term recurrence rela-
tions. Linear Algebra and its Applications, 405:1-40, 2005.

The general class of quasiseparable matrices is considered, recurrence relations for
the characteristic polynomials are provided as well as statements guaranteeing the
simplicity of the eigenvalues. Also formulas on how to compute the corresponding
eigenvectors are presented.

9.7.3 Other references

Let us discuss some other references related to the subject but not mentioned before.

ww R. Bevilacqua, E. Bozzo, and G. M. Del Corso. Transformations to rank
structures by unitary similarity. Linear Algebra and its Applications,
402:126-134, 2005.

The authors Bevilacqua, Bozzo and Del Corso prove in this article, via the Krylov
methods, the existence of unitary similarity transformations of square matrices to
structured rank matrices. The matrices are characterized by low rank blocks and
can hence be of band, semiseparable or of semiseparable plus band form.

w B. Plestenjak, M. Van Barel, and E. Van Camp. A cholesky LR algorithm
for the positive definite symmetric diagonal-plus-semiseparable eigenprob-
lem. Linear Algebra and its Applications, 428:586—-599, 2008.

This article by Plestenjak, Van Camp and Van Barel discusses another technique
for computing the eigenvalues of positive definite semiseparable plus diagonal ma-
trices. The approach is based on the L R-factorization of the involved matrix. This
factorization consists of an upper triangular factor R and a lower triangular factor
L. Positive definiteness of the involved matrix is necessary to guarantee existence
of this factorization. In fact this factorization fits also into the general framework
of GR-algorithms as provided by Watkins (see [179]). To make sure that the shifted
version of the semiseparable plus diagonal matrix remains positive definite a special
kind of shift has to be taken, e.g., Laguerre’s shift.

w V.Y. Pan. A reduction of the matrix eigenproblem to polynomial rootfind-
ing via similarity transforms into arrow-head matrices. Technical Report
TR-2004009, Department of Computer Science, City University of New
York, New York, USA, July 2004.
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In this article Pan discusses a method for transforming matrices via similarity trans-
forms into diagonal plus rank 1 matrices. First a unitary similarity transformation is
performed on an arbitrary square matrix for reducing it to triangular plus rank one
form. Next, nonunitary similarity transforms are needed for bringing this matrix
to diagonal plus rank 1 form.

The authors Delvaux and Van Barel generalized many of the concepts known
for semiseparable (plus diagonal) and quasiseparable matrices to higher order vari-
ants. Let us summarize some results related to spectral methods for these higher
order structured rank matrices. The PhD text of Delvaux contains all these results.
Also a generalization of the Givens-weight representation towards the unitary weight
representation is presented.

ww S. Delvaux. Rank Structured Matrices. PhD thesis, Department of Com-
puter Science, Katholieke Universiteit Leuven, Celestijnenlaan 200A, 3000
Leuven (Heverlee), Belgium, June 2007.

To represent general structured rank matrices the authors adapted the Givens-
vector representation [165] to the Givens-weight representation [53], discussed in
Chapter 1, Section 1.3. In the article [56], discussed in Chapter 6, Section 6.1,
the authors discuss an effective way of computing the @ R-factorization of these
matrices. The preservation of the structure under the Q R-method is discussed in
[52, 50], see also Chapter 6, Section 6.1. An explicit version of the @) R-algorithm
for structured rank matrices of higher order was presented in the technical report
[49], see Chapter 6, Section 6.3. As it is not always advantageous, in terms of
complexity, to perform the @) R-method onto higher order structured rank matrices
the authors also developed a technique to reduce an arbitrary structured rank matrix
as efficiently as possible to Hessenberg form [54], see Chapter 2, Section 2.6.

9.8 Conclusions

In this chapter we discussed several techniques closely related to @) R-algorithms for
structured rank matrices. It was shown that different types of QR-factorizations
exist, resulting also in variants of implementing the @ R-algorithms. The QR-
algorithms for companion and quasiseparable matrices were discussed, as well as
the multishift @ R-algorithm. Finally also a new type of QH-iteration for struc-
tured rank matrices and some other references were presented.

In this chapter several new techniques were presented. But, not all details for
all classes of structured rank matrices and for all algorithms were given. For exam-
ple: The multishift ) R-algorithm was only discussed for Hessenberg-like matrices,
what about quasiseparable and the Hessenberg-like plus diagonal cases. Is there
a multishift version of the QQH-method? What are the convergence properties of
the @ H-method related to Hessenberg-like plus diagonal matrices? Some of these
problems can be solved rather easily, whereas others will require a lot of effort and
research.

In the next part a divide-and-conquer technique and a Lanczos semisepa-
rabilization are presented. Furthermore details on how to use the reduction to
semiseparable form for rank-revealing purposes are also given.
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In the first two parts of this book the standard algorithms for computing the
eigendecomposition of matrices were discussed. Reduction algorithms to structured
rank matrices were discussed, as well as the accompanying @ R-methods. In this
part we will discuss some topics that are slightly more general than the ones from
the first two parts. We will discuss an iterative method for reducing the matrices
to structured rank form, a rank-revealing method will be presented and finally we
will discuss a divide-and-conquer method for computing the eigendecomposition of
quasiseparable matrices.

Chapter 10 discusses divide-and-conquer methods for computing the eigende-
composition. Important for the development of these methods are the interlacing
properties of eigenvalues for arrowhead and diagonal plus rank one matrices. This
property is first studied in Section 10.1. Section 10.2 proposes two methods for com-
puting the eigendecomposition of tridiagonal matrices. One method is based on the
use of arrowhead matrices whereas the other method makes use of diagonal plus
rank one matrices. Section 10.3 discusses four different divide-and-conquer methods
for computing eigenvalues and eigenvectors of quasiseparable matrices. Finally also
numerical experiments are provided.

Chapter 11 discusses two topics. Firstly, in Section 11.1, an iterative method
for reducing matrices to semiseparable form is presented. The classical Lanczos
method for tridiagonal matrices is discussed first, followed by the algorithm for
transforming matrices to semiseparable form. Section 11.2 discusses some details to
exploit the convergence properties of the reduction algorithms. It is shown how to
adapt the reduction method to be able to use it as a rank-revealing factorization.

N This part contains extra material that is not essential anymore for fur-
ther understanding of the book. Nevertheless, Chapter 10, discussing the divide-
and-conquer methods is very interesting as it provides a fast and accurate method
for computing the eigendecomposition of quasiseparable matrices. In Chapter 11,
Section 11.1.2 contains the iterative Lanczos-like version for reducing a matrix to
semiseparable form.
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Chapter 10
Divide-and-conquer
algorithms for the
eigendecomposition

This chapter will be devoted to the description of divide-and-conquer techniques to
compute the eigendecomposition of some special symmetric structured rank matri-
ces. More precisely we will describe divide-and-conquer methods for both tridiago-
nal and quasiseparable matrices. The divide-and-conquer techniques for structured
rank matrices as they will presented here originate from [40, 28].

The main idea of the algorithm is to divide the original problem into two
similar independent subproblems (divide step). Once the latter subproblems have
been solved, they are glued together to solve the original one (conquer step). This
procedure can be recursively applied on the two independent subproblems until
their size is sufficiently small to be handled by standard techniques, like the QR or
the @ L-methods, previously described.

A special role in the conquer step of the divide-and-conquer algorithms is
played either by symmetric arrowhead matrices or diagonal plus rank one matrices.
Section 10.1 emphasizes the properties of the latter matrices. Attention is paid to
the interlacing property of the eigenvalues and to the computation of the eigenvec-
tors of these matrices. It will be shown that the eigendecomposition of both these
matrices can be computed fast and accurately.

In Section 10.2 the main ideas of the divide-and-conquer algorithms for com-
puting the eigendecomposition of symmetric tridiagonal matrices are described.
Two types of decompositions in smaller subproblems are presented. The first
method uses the arrowhead matrix properties in the conquer step. The second
method exploits the diagonal plus rank 1 properties.

The main ideas of the divide-and-conquer algorithms for quasiseparable matri-
ces developed in [40, 117] are described in Section 10.3. Several types of divide-and-
conquer methods are discussed. A direct splitting method is developed in which the
original matrix is immediately split up, a method in which a rank 1 matrix is sub-
tracted before splitting the problem and two methods involving initial orthogonal
similarity transformations.

In the last section of the chapter some numerical experiments concerning tim-

367
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ings and accuracy are presented.

N This chapter is an important one. The eigenvalue decomposition as pre-
sented in this chapter has proven to be very fast and very accurate. Section 10.1
discusses some general properties of arrowhead and rank 1 perturbations of diag-
onal matrices. These properties are not essential for a thorough understanding of
the divide-and-conquer methods. Section 10.2 discusses the traditional tridiago-
nal case, one can also skip this part. The important results of this chapter are
contained in Section 10.3. This section contains four different types of divide-and-
conquer methods and contains the basic ideas of these methods. It is worth reading
all four different methods as they differ significantly. Section 10.4 discusses the
complexities as well some numerical experiments related to the different methods.

10.1 Arrowhead and diagonal plus rank 1 matrices

The kernel of the divide-and-conquer algorithms to compute the spectral decompo-
sition of symmetric matrices proposed in the literature is either the computation
of the spectral decomposition of symmetric arrowhead matrices or the computation
of the spectral decomposition of symmetric diagonal plus rank 1 matrices, that are
both special cases of symmetric quasiseparable matrices!. In the next subsections
we describe the spectral properties of these matrices.

10.1.1 Symmetric arrowhead matrices

In this subsection we describe the main properties of symmetric arrowhead matrices
and how the spectral decomposition of such matrices can be retrieved in a stable
way. Symmetric arrowhead matrices have entries different from zero on the main
diagonal, in the last row and in the last column,

Qi B
A= o, (10.1)
Qp—1 ﬁn—l
Br o Baor Y
by using pivoting, one can assume o3 > ag > ... > «a,—1. Obviously, arrowhead

matrices are special quasiseparable matrices.

Let \;, i =1,...,n be the eigenvalues of A. By the Cauchy interlacing prop-

erty [94, 129], the eigenvalues of A(1:n—1,1:n—1) =D, ie., {a; ?:_11, interlace

those of A, this means that
AMZ>ar > >0 > ... 2 A1 2 Qpot 2 Ap. (10.2)
In the following cases some eigenvalues of A are explicitly known.

1. If 3; = 0, then A\; = a;, with corresponding eigenvector e;, were e; is the j-th
vector of the canonical basis of R”.

n fact they have even more structure. They are of semiseparable plus diagonal form.
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2. If a; = aj41, for some j, then A\; = «;. In this case, a 2 x 2 orthogonal
similarity transformation is applied to the arrowhead matrix in order to make

B; =0.

The other eigenvalues can be computed deleting the j-th row and the j-th column
from A. This process is called deflation [64].

After the deflation, the problem is to compute the spectral decomposition of
an arrowhead matrix A, named irreducible now, with oy > as > ... > «a,_1, and
|B;] >0, for j =1,...,n— 1. The eigenvalues of symmetric arrowhead matrices are
the zeros of a secular equation. In fact the following lemma holds.

Lemma 10.1. Let

D b
4= { b’y }
be a symmetric arrowhead matriz of order n, with D = diag([aq, ..., an—1]), a1 >

Qg > > an_1, b=[B1,...,8._1]F. Then the eigenvalues \;, i = 1,...,n of A
interlace the diagonal entries of D, i.e.,

A >ar>Xd > > > A1 > Qpo1 > Ape (10.3)

Moreover, \; are the zeros of the secular equation

(10.4)

The eigenvector of A corresponding to \; is given by

V; =

B1 B2 Brn-1 ’ — H
-1 1 —_— 10.5
a — N ag — N i’ / +;(%‘—>\i)2 (105)

Proof. Since §; # 0, 7 = 1,...,n — 1, the eigenvalues of A cannot be equal
to o, j = 1,...,n — 1. Therefore, taking the Cauchy interlacing property (see
Equation (10.2)) into account, Equation (10.3) holds.

To prove (10.4), let us define b = (D — AL,_;)~'b. Since?

[D—)\In_1| b ]
A=Al =

b” "y—)\

RN D— M, | [1 b}
RESE |7y —A—bTb 1]

2The identity matrix of size n is denoted by Ip,.
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with A # a4, i = 1,...,n — 1, the characteristic polynomial of A is given by

D=\, 4 |
det(A — AI,,) = det

|y =A—b(D -, 1)"'b

Since «; are not eigenvalues of A, an eigenvalue of A is a zero of (10.4).
Equation (10.5) can be checked easily. O

A straightforward way to compute the zeros of (10.4) is the bisection method.
Some other efficient and reliable algorithms to compute the zeros of the secular
Equation (10.4), based on Newton, Halley and rational interpolation are available
in the literature [44, 64, 113, 27, 28, 63].

10.1.2 Computing the eigenvectors

Computing the approximation Ai of \; in some way, the corresponding eigenvec-
tor can be computed in a simple manner via Equation (10.5). Suppose we have
computed

Q
—

\
&
Q
)

\
&
Q
3
L

\
>

. B B2 Bn-1 ]T - &
P DR S S S| (NI S —
Y : i / ;(Oéj*&V

Even though J\; is close to );, the approximate ratios B/ (e — 5\1) could be very
different from the exact ratios §;/(a; — A;), and the resulting eigenvector matrix
may not be numerically orthogonal. Each difference, each ratio, each product, and
each sum in (10.5) can be computed to high relative accuracy, if A; is given exactly
and the corresponding approximation of v; can be computed to componentwise
high relative accuracy. However, in practice we can only hope to compute an ap-
proximation A\i to A;. To overcome this problem, we consider the following Lemma
[25].

Lemma 10.2. Given two sets of real numbers {\i}7_, and {a;}"=}, satisfying the
interlacing property

5\1>a1>;\2>a2>-~->5\n,1>an,1>5\n,

|

whose eigenvalues are {5\1}?:1 The vector b = [ﬁl, .. .,Bn]T and the scalar 4 are

there exists a symmetric arrowhead matriz

. D

2> T
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given by

=1 (aj ;) 1 (aj+1 — )
~ n71 ~
i=1

where the sign of Bi can be chosen arbitrarily.

After having computed the approxnnate eigenvalues {)\ 1, of A, we can
construct a new symmetric arrowhead matrix A whose exact eigenvalues are {)\ o,
by means of Lemma 10.2. Then the corresponding eigenvectors can be computed
by Equation (10.5). We point out that each difference, each product, and each
ratio in (10.6) can be computed to high relative accuracy, and the sign of ﬂAz can be
chosen as the sign of §;. Thus Bl can be computed to componentwise high relative
accuracy. Replacing the exact eigenvalues {j\i}?zl and the computed b into (10.5),
each eigenvector of A can be computed to componentwise high relative accuracy
resulting in an eigenvector matrix that is numerically orthogonal. Then the spectral
decomposition of A replaces the spectral decomposition of A. Since

D b . 0 b-b
A: :A A~
[b 7} +{bTbT y=4 1’

it turns out . )
[A—All2 <[5 —7]+[b—Dbl2.

Hence, such substitution is stable as long as 4 and b are close to ~v and b, respec-
tively. The problem is to compute the eigenvalues of A accurately.

10.1.3 Rank 1 modification of a diagonal matrix

The class of matrices described in this subsection arises in some divide-and-conquer
algorithms to compute the spectral decomposition of symmetric matrices. In fact,
some divide-and-conquer algorithms require, as a conquer step, the computation of
the spectral decomposition of symmetric diagonal plus rank 1 matrices, i.e., another
special kind of quasiseparable matrices.
Let A = D + zz', with D = diag([d1,d2,...,d,]) and z = [21,22,...,2,]7

Without loss of generality, we assume that di < ds < -+ < d,. In the following
cases some eigenvalues of A are explicitly known.

1. If z; = 0, for some j, then \; = d;, with corresponding eigenvector e;, were
e; is the j-th vector of the canonical basis of R".

2. If dj = dj41, for some j, then A; = d;. In this case, a 2 x 2 orthogonal similarity
transformation is applied to the diagonal plus rank 1 matrix in order to make
Zj = 0.
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The other eigenvalues can be computed deleting the j-th row and the j-th column
from A. This process is called deflation. If d; # dj, i # j and z; # 0, j =
1,...,n, the diagonal plus rank 1 matrix is said to be irreducible. After the deflation,
the problem is to compute the spectral decomposition of an irreducible symmetric
diagonal plus rank 1 matrix.

The following lemma holds [101].

Lemma 10.3. Given a diagonal matriz D = diag([d1,da, . ..,d,]) and a vector
z = [21,29,...,2,]T. Assume that

di <dy <---<dp,

and z; # 0, j = 1,...,n. Then the eigenvalues {\;}_; of D + zz" satisfy the
interlacing property

di <M <do <Ao<+ < A1 < dp < Ay, (10.7)

and are the roots of the secular equation

<o

i

Qi (10.8)

The eigenvalues \;, i = 1,...,n, are efficiently computed by algorithms based
on rational interpolation [101, 27, 28]. For each eigenvalue )\;, the latter algorithms
find a numerical approximation \;. The corresponding approximation of the eigen-
vector computed by Equation (10.8) is

- Z1 Zn
q; = — ..., =
o ld =\ dp — N\

where the exact \; is replaced by the computed approximation Ai. Similar to what
happens to arrowhead matrices, although \; is very close to \;, the approximate
ratio z;/(d; — A;) can be very different from the exact ratio z;/(d; — A;), resulting
in a computed eigenvector very different from the true eigenvector. When all the
eigenvectors are computed, the orthogonality among the columns of the resulting
eigenvector matrix is lost. To retrieve the orthogonality among the computed eigen-
vectors similar techniques considered for arrowhead matrices, can be used also in
this framework.

Each difference, each ratio, each product, and each sum in (10.8) can be com-
puted to high relative accuracy, if A; is given exactly. Therefore, the corresponding
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approximation of q; is computed to componentwise high relative accuracy. However,
in practice we can only hope to compute an approximation i to Ai. Nevertheless,
suppose that we could find an approximation z; to z;, j = 1, ..., n, such that {5\1}:’:1
are the exact eigenvalues of the new rank 1 modification matrix A = D +zz”. Since

A=D +zzT
=D+7z" +z2z" — 22"
=A+(z-2)2" +2(z—2)" —(z—2)(z—2)".

The matrix A will be close to A as long as z is close to z. Moreover,

(10.9)

gives the exact eigenvector corresponding to the eigenvalue X of A. As already
observed, q; can be computed to componentwise high relative accuracy. Thus,
when all the eigenvectors of A are computed, the resulting eigenvector matrix will
be numerically orthogonal.

We show how the vector z can be computed. We observe that, since d;, j =

1,..., are not eigenvalues of A,

det(A — XI) = det(D — X +zz")
=det(D — \I)det(I + (D — \I)"'zz")

_ 1 _—J
= [ =x e Z (dj = A)
Jj=1 j=1
On the other hand,
det(A — AI) H (A=),

Combining the following two representations of the determinant of the characteristic
polynomial of A, and setting A = d;, we get

~ H;‘L:1 (5‘3 - di)

5= — . (10.10)
' HjL:I:I,j;éi(dj - di)
Therefore, assuming that the interlacing property for Ni=1,... ,n, is preserved,
d1<:\1<d2<>~\2<"'<dn<;\n,
the right-hand side of (10.10) is positive and
i—1 /3 n Y
. 5 (A —di) (A —di)
Zi= | (A —dyi) — —_ (10.11)
jEII (dj = di) 273, (dj1 — di)
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On the other hand, if each Z; is given by (10.11), then the eigenvalues of D + zz”
are 5\1-, 1 = 1,...,n. Each difference, each ratio, each product, and each sum in
(10.11) can be computed to high relative accuracy. Therefore, z; is computed to
componentwise high relative accuracy. Replacing the computed z; in (10.9), g; can
be computed to high relative accuracy. Consequently, when all the eigenvectors are
computed, the resulting eigenvector matrix Q = [@1,42,---,4Qn] turns out to be
numerically orthogonal.

Notes and references

A first algorithm to compute the eigenvalues of symmetric arrowhead matrices, based
on the bisection algorithm to compute the zeros of the involved secular functions, was
proposed by O’Leary and Stewart.

w D. P. O'Leary and G. W. Stewart. Computing the eigenvalues and
eigenvectors of symmetric arrowhead matrices. Journal of Computational
Physics, 90(2):497-505, October 1990.

More efficient algorithms based on rational interpolation for computing the zeros of
secular functions were proposed in the following articles.

ww J. J. M. Cuppen. A divide and conquer method for the symmetric tridi-
agonal eigenproblem. Numerische Mathematik, 36:177-195, 1981.

w J. J. Dongarra and D. C. Sorensen. A fully parallel algorithm for the
symmetric eigenvalue problem. SIAM Journal on Scientific and Statistical
Computation, 3(2):139-154, March 1987.

= R.-C. Li. Solving secular equations stably and efficiently. LAPACK Work-
ing Note 89, April 1993.

A reliable algorithm based on the Newton method was proposed by Diele, Mas-
tronardi, Van Barel and Van Camp.

= F. Diele, N. Mastronardi, M. Van Barel, and E. Van Camp. On comput-
ing the spectral decomposition of symmetric arrowhead matrices. Lecture
Notes in Computer Science, 3044:932-941, 2004.

Other efficient algorithms to compute the zeros of the secular equations were pro-
posed by Melman.

= A. Melman. Numerical solution of a secular equation. Numerische Math-
ematik, 69:483-493, 1995.

= A. Melman. A numerical comparison of methods for solving secular equa-
tions. Journal of Computational and Applied Mathematics, 86:237—249,
1997.

= A. Melman. A unifying convergence analysis of second-order methods for
secular equations. Mathematics of Computation, 66(217):333-344, January
1997.

= A. Melman. Analysis of third-order methods for secular equations. Math-
ematics of Computation, 67(221):271-286, January 1998.



10.2. Divide-and-conquer algorithms for tridiagonal matrices

375

The recapture of the orthogonality of the computed eigenvector matrix of diagonal
plus rank 1 matrices was studied independently by Borges and Gragg and by Gu and

Eisenstat.

C. F. Borges and W. B. Gragg. Divide and conquer for generalized real
symmetric definite tridiagonal eigenproblems. In E.-X. Jiang, editor, Pro-
ceedings of ’92 Shanghai International Numerical Algebra and its Appli-
cations Conference, pages 7T0-76. China Science and Technology Press,
Beijing, China, October 1992.

C. F. Borges and W. B. Gragg. A parallel divide and conquer algorithm
for the generalized real symmetric definite tridiagonal eigenproblem. In
L. Reichel, A. Ruttan, and R. S. Varga, editors, Numerical Linear Algebra
and Scientific Computing, pages 11-29. de Gruyter, Berlin, Germany, 1993.

M. Gu and S. C. Eisenstat. A stable and efficient algorithm, for the rank-
one modification of the symmetric eigenproblem. SIAM Journal on Matriz
Analysis and Applications, 15(4):1266-1276, October 1994.

M. Gu and S. C. Eisenstat. A divide-and-conquer algorithm for the sym-
metric tridiagonal eigenproblem. SIAM Journal on Matriz Analysis and
Applications, 16(1):172-191, January 1995.

10.2 Divide-and-conquer algorithms for tridiagonal

matrices

In this section we show how the computation of the spectral decomposition of
symmetric tridiagonal matrices is reduced either to the computation of the spec-
tral decomposition of symmetric arrowhead matrices or to the computation of the
spectral decomposition of symmetric diagonal plus rank 1 matrices, in the divide-

and-conquer techniques.

10.2.1 Transformation into a similar arrowhead matrix

In the first approach, the symmetric tridiagonal matrix T of order n is partitioned
in the following way (without loss of generality we can assume the matrix T to be

irreducible):
(a1 b
by
Ak bk
T = br | apt1 | a1

br41
Ap—1 bnfl
L brn-1 (279}

(10.12)
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T1 bke,(fk)
T T
= bkeék) k41 bk+1egn k=1) ) (10'13)
karlegn—k—l) T2
with egn_k_l) and e,(f) the first and the k-th columns of the identity matrices of

order n — k — 1 and k, respectively, 1 < k < n. Let

T = Q121Q7, To=Q20:Q7

be the spectral decompositions of T7 and T5, respectively, with @)1 and Q)2 orthog-
onal matrices and

Ay = diag(AV AN AN, Ay = diag(WP AP, AB ).
The matrix T can be written in the following way:

(k)

[ Q1A.QT brey,
T = bke;(f)T Apt1 bk+le§n_k_1)T
L brsref" Y Q20:Q3
[ @ A bV Q1 g
= Ar | bgve
L Q2 bis1bevy | bpvy | ay @

with v; and vo the last row of ()1 and the first row of @2, respectively. Therefore,
knowing the spectral decomposition of 77 and T5, the problem of computing the
spectral decomposition of the tridiagonal matrix 7T is reduced to computing the
spectral decomposition of an arrowhead matrix. The same procedure can be applied
recursively to T and T, until the considered blocks are sufficiently small and their
spectral decompositions can be easily retrieved.

10.2.2 Transformation into a diagonal plus rank 1

Another approach to compute the eigendecomposition of a symmetric tridiagonal
matrix via divide-and-conquer methods is described in the sequel, whose conquer
step is the computation of the spectral decomposition of a diagonal plus rank 1
matrix.
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Let T be a symmetric tridiagonal matrix of order n

S -
by
T= a | Ok (10.14)
br | a1
bn—l
L bn—1 an |
r T
T ‘ bkegﬂ)egnfk)
= T
e |

and with egn_k) and e,(f) the first and the k-th columns of the identity matrices of
order n — k and k, respectively, 1 < k <n — 1. Let

) P .
Ty =Ty —breVe)) Ty =T, — brel" Mel" ™"

Then the tridiagonal matrix T can be written as
k 1 AV,

egnfk)

Ty

T= + bi,

2

Denote by

Ti = QiAQT,  Tr = Q28207
the spectral decompositions of Ty and Tg, respectively, with Ql and Qg orthogonal
matrices and

A = diag([ﬁgl), S\gl), ce 5\;1)}), A, = diag([ﬁgm, ;\52), e )\f_)k]),
the matrix 7' can be written in the following way:

- Q1A QT | el ] [e,i’”T egnfk)T}

+ by,

Q20207

e

egnfk)

AT
)]
2

A | atel? |

o T Qrelr®

with
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Therefore, known the spectral decomposition of 7} and Tg, the spectral decomposi-
tion of 7" is reduced to compute the spectral decomposition of a diagonal plus rank
1 matrix. The same procedure can be applied recursively to Ty and Th to compute
their spectral decomposition, until the size of the involved matrices is small enough
to be handled by standard methods, like the QR or the @) L-method.

Notes and references

A first divide-and-conquer algorithm to compute the eigenvalues and eigenvectors of sym-
metric tridiagonal matrices was proposed by Cuppen [44] (see notes and references of the
previous section).

Other divide-and-conquer algorithms for computing the spectral decomposition of
symmetric tridiagonal matrices can be found in the following articles (see also [28, 102],
discussed in the previous section):

= D. A. Bini and V. Y. Pan. Practical improvement of the divide-and-conquer
eigenvalue algorithms. Computing, 48(1):109-123, 1992.

w C. F. Borges, R. Frezza, and W. B. Gragg. Some inverse eigenproblems for
Jacobi and arrow matrices. Numerical Linear Algebra with Applications,
2(3):195-203, 1995.

Divide-and-conquer algorithms are very suitable for implementation on parallel com-
puters. Nevertheless, the performance of divide-and-conquer algorithms for the symmetric
tridiagonal eigenproblem are comparable to those of classical algorithms for such prob-
lems, like the QR and the QL-methods, even on serial computers (see [64] in the previous
section).

10.3 Divide-and-conquer methods for quasiseparable
matrices

In this section we consider some different divide-and-conquer approaches to com-
pute the eigendecomposition of symmetric generator representable quasiseparable
matrices.

Consider a symmetric n X n generator representable quasiseparable matrix of
the form

[ di viu2  V1U3 ViUn—1  ViUn
U2V1 do V2U3  V2U4 V2Un
u3v1 uU3v2
A= (10.15)
U4V
Un—-101 dnfl Un—1Un
L Un V1 Un V2 UnUn—1 dn J
. _ T _ T
Let D = diag([d1,...,dn]), u = [u1,ug, ..., Un_1,us]", v = [v1,02,03,...,0,] . A

can be written as the sum of three matrices:

A = D + tril(uv”,

—1) + triu(vu®, 1).
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In the remainder of this section, we will assume that v; # 0. This is not a
restriction because if v; = 0, then d; is an eigenvalue and the matrix can be reduced
into a matrix with the first component of v different from 0.

Note 10.4. Even though the mathematical descriptions depicted in this chapter are
restricted to the class of symmetric generator representable quasiseparable matrices,
the deductions stay also wvalid in case one is working with a general symmetric
quasiseparable matriz. It is easy to check that these results remain valid for the more
general class of symmetric quasiseparable matrices, including thereby semiseparable
plus diagonal matrices and so forth. Moreover an implementation of the divide-
and-conquer method based on the Givens-vector representation for semiseparable
plus diagonal matrices is available. We chose however to present the algorithms for
the generator quasiseparable case, instead of the general quasiseparable case, as this
was in our opinion the clearest to present. The general case uses exactly the same
ideas but would be unnecessarily complicated to present.

We will now describe four different types of divide-and-conquer algorithms.

10.3.1 A first divide-and-conquer algorithm

Divide-and-conquer algorithms have been used to compute the eigendecomposition
of symmetric tridiagonal matrices. The first divide-and-conquer approach for com-
puting the spectral decomposition of quasiseparable matrices was proposed in [40].
We shortly describe this algorithm in this subsection.

Let k = |5 ]. Define the following vectors

w=u(l:k), uu=ulk+1:n), vi=v(1:k), vo=v(k+1:n),

Ay = diag([dy, . .., dy]) + tril(u;v], —1) + triu(vyui , 1),

and
Ay = diag([dis1, - - -, dp)) + tril(ugvi, —1) 4 triu(voul, 1).

The Matrix (10.15) can be rewritten as

Ay v1u2T
A= 10.1
|:112V¥1 A2 ( 0 6)

A — T
_ |: 1 PV1V1 A2 _pu2u%" :| +pWWT (1017)

where

— — | V1
p==1, W—|: s }

We observe that the matrices
A — pvlvf and Ay — quuQT,

are in quasiseparable form, because
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Ay — pvivi =diag([di — pvi, ..., dy, — pv])

= +triu(vy(u; — pvi)T, 1) + tril((ug — pvy)vl, —1),
Az — puouy = diag([d+1 — pujpy, ..., dn — puy))

= +triu((vy — puz)vi , 1) + tril(ug(vy — pug)’, —1).

Hence, the initial quasiseparable matrix A has been transformed in (10.17) as the
symmetric rank 1 modification of a 2 x 2 block diagonal matrix, whose blocks have
a quasiseparable structure. Therefore, to compute the spectral decomposition of A,
a diagonal plus rank 1 eigenproblem needs to be solved.

This procedure can be recursively applied on the blocks until the size of the
subblock is sufficiently small to compute their spectral decomposition via standard
procedures, i.e., for instance, QR or ) L-methods.

10.3.2 A straightforward divide-and-conquer algorithm

Now we derive a straightforward divide-and-conquer algorithm in order to compute
the eigenvalues and eigenvectors of a symmetric quasiseparable matrix.
The matrix A is divided in the following way,

A[A”| ]+

| Ago

| A12
AT |

= Al +A27

with A7; an s X s matrix and Ass an (n — s) X (n — s) matrix. The matrices Aqq
and Ago are still symmetric quasiseparable matrices and Aps is a rank 1 matrix.
Hence As is a symmetric rank two matrix. The best way to split the problem is to
divide it into two parts of about the same size, so s = |n/2], where || denotes the
largest natural number not exceeding x.

This is the case considered in the remainder of this chapter.

The next lemma shows that As can be written as the sum of two rank 1
matrices.

Lemma 10.5. Let a € R™* b € R™*! be two nonzero vectors. Define a = a/||al|2

and b =b/||bl|y. Hence
i ab”
| ba”

A=pqiq” - paaqy” (10.18)

has rank 2 and

~ T “ T
where p = ||a||a|bl2, a1 = 1/v/2 [éT,bT} and qz = 1/v/2 [éT, be}

Proof. Substitute the values of p,q; and g in (10.18). O
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Consequently, a symmetric generator representable quasiseparable matrix as
defined in (10.15) can be written as follows:

A
A= {411’147} +paiai” — pazq2”
22

: o1 T . T
with p=||[v(1:s)|[|lu(s+1:n)|,q1 = \}— VTal]", qo = % [vT,—aT]", where

V2
o= v(l:s)
lv(1: )’
q— u(s+1:n)
(s +1:n)]

So, let
A =Q1A1Q]  and Az = Q2A2Q75

be the eigendecompositions of Aj; and Ass, respectively. Then

T
A= [ Q1|Q2 } ({ = I A } +pq1q?pq2q§> { = o2 ]

with

Hence the problem of computing the spectral decomposition of a quasisepara-
ble matrix is reduced to the problem of computing the spectral decomposition of a
diagonal matrix plus two rank 1 modifications. The spectral decomposition of the
latter matrix can be computed as follows. Let

QAQT = {%} + pand;

A, ] + panal — paeds = Q (A - pQQQ2T> QT,

then
=

with g2 = QTq.. Hence, when the eigendecomposition of the latter problem is
computed:

(A~ pazaf ) = QAQT,
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the spectral decomposition of the original matrix A is known,

_ . T

Q1 ([ A1| ] ~ ~T ~ ~T)[Q1 }
A= + _
QQ ] | A2 pA1q; PA292 Q2
] T

Q1 ~ <~ ~ ~T\ AT [ Q1 ]

_ A— )
I QQ | Q Pd293 Q Q2

_ ] OOAOTOT { Q1 ]T
Q2 | Q2

- [ eea (g )
Q2 | Q2 '

So, this divide-and-conquer algorithm reduces the problem of computing the spec-
tral decomposition of a quasiseparable matrix into computing the spectral decom-
position of two matrices having the diagonal plus a rank 1 modification structure.

Note that in the implementation of this algorithm, the normalization used in
Lemma 10.5 is crucial for the numerical stability.

The divide-and-conquer algorithm just described requires to solve two rank 1
modifications at any conquer step. The divide-and-conquer algorithms introduced
in the next subsections require either to compute the spectral decomposition of an
arrowhead matrix or to solve a rank 1 modification at each conquer step. The price
to pay for the advantage of only one modification in the conquer step, is that more
computations are required in the divide step.

10.3.3 A one-way divide-and-conquer algorithm

In this subsection we derive a one-way divide-and-conquer algorithm that reduces
the eigendecomposition of a symmetric quasiseparable matrix to the spectral de-
composition of an arrowhead one.

Starting from the original quasiseparable matrix, to derive the divide step,
we consider a simple algorithm that, at the k-th step annihilates the elements of
the k-th row (and k-th column) from the (k + 2)nd column (row) up to the last
column (row) of the involved matrix. Hence this algorithm divides the original
quasiseparable structure into a kind of block quasiseparable structure, a top left and
a bottom right block. At each step the dimension of the top left block grows with
one, while the dimension of the bottom right block decreases with one. Moreover,
the blocks made by the first £ rows and n — k + 1 columns and the first k£ columns
and the last n — k + 1 columns, respectively, are zero.

Algorithm 10.6.
Input: Let A be the quasiseparable matriz defined in (10.15).
Output: A changed matriz, ready for applying a divide-and-conquer method.

Define 91 = v1 and AY) = A.
Fork=1,...,n—2, do:
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1. Compute
cx —S8
G — { Ko Sk } ’

Sk Ck

; S S S
with ¢, = Gra Sk = G

which is the Givens rotation such that

o = | e =L ][]
Vkt1 o2 +vi, Sk Ck Vkt1 |
2. Perform A*+D) = GLAWGT | with Gy = diag([Tx_1, Gr, In—k—_1])-

endfor;

It is easy to prove by induction that each step of the latter algorithm leads to
a division of the original symmetric generator representable quasiseparable matrix
A into two submatrices with similar structure in the upper left corner and in the
lower right corner, respectively. More precisely, after k steps of the algorithm, the
matrices ATV (1 : k41,1 :k+1) and A*TD(k +3 :n, k+ 3 : n) are generator
representable quasiseparable:

AGe41) | g let1)

A — | L) T | et | )T

b

Zz(k+1) | A(k+1)

with A®+D of dimension k x k and A*+Y of dimension (n —k — 1) x (n —k —1),

k+1) (k+1)

( _ .
where « = 41 k4 and the matrices

AR — ARD (g 11 k41), AFHD = A®D (k430 k+3:n) (10.19)

are generator representable quasiseparable, too.

The best way to split the original problem is into two parts of about the same
dimension. Hence, take k = [(n — 1)/2| steps of Algorithm 10.6. It can be eas-
ily checked that the matrices A®*+1) and A*+1 have the quasiseparable structure.
The preservation of the structure allows to construct a divide-and-conquer algo-
rithm because computing the eigendecompositions of A®*+1D and A*+1) are similar
problems as the original one, but of dimension about half the dimension of the
starting matrix A.

Knowing the eigendecomposition of the two subproblems A®+1) and AK*+1)
we solve the spectral decomposition of A by transforming the remaining problem
into the eigenproblem of an arrowhead matrix.

Let

AR+ — OAQT,  AUHD = QAQT,
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be the eigendecompositions of A and A, respectively. Define
G®) =Gy, - GaGh,
where G;,i =1,...,k are the matrices as defined in Algorithm 10.6.

A= a®T 4k+1) Gk

A lw
—ao®™T 1T T o T | a®
RN
e A |w o) g
:G(k)T 1 wllalz? 1 Gk
I Q 7| A Q

where R
w = QTW, Z = QTZ.
Let P be the permutation matrix such that

A lw A W
P Wl | a2l | P= Alz (10.20)
7z | A wl ZT | «

Hence the computation of the eigendecomposition of the symmetric quasiseparable
matrix A is reduced to the computation of the eigendecomposition of the arrowhead
matrix in (10.20).

10.3.4 A two-way divide-and-conquer algorithm

In this section we derive a two-way divide-and-conquer algorithm which reduces the
eigendecomposition of a symmetric quasiseparable matrix to the spectral decompo-
sition of a diagonal matrix plus a rank 1 modification.

In this case, the Givens rotations used in Algorithm 10.6, are simultaneously
applied to the top left and the bottom right of the matrix in order to annihilate
elements in the first rows and columns, respectively, in the last rows and columns.
If the dimension n of the original matrix A is even, we apply the same number
of steps for the two groups of Givens rotations. If n is odd, we apply one extra
Givens rotation of the kind we used in Algorithm 10.6. The details are given in
Algorithm 10.7, where [x] denotes the smallest natural number m such that m > z.

Algorithm 10.7.
Input: Let A be the quasiseparable matriz defined in (10.15).
Output: A changed matriz, ready for applying a divide-and-conquer method.

Define o1 = v, AY = A, ny = (5] and ng =n1 +3
Fork=1,...,n1 do:
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Compute
Gk‘ = |: Tk :| )

Sk Ck

Vk+1

with ¢ = \/W’ the Givens rotation such that

0o | _ 0 | sk U,
Vkt1 /% + Vi Sk Ck Vkt1 |’
endfor;

Forl=nn—-1,n—2,...,ny do:
Compute

C S
Hl = |: :| ’
—Sr

. _ Up—1 _ Uy
with ¢; = 77%%2 = s = 751%_“[2 =

the Givens rotation such that
Uy | _ |y Ja? +u? | _ Cr Sk U1
0 0 U ’

endfor;

For k= [*] — 2, do:
1. Gy, = diag([Ix—1, G, In—o2k—2, Hpt—1, I5—1]).
2. AU+ = GLAWGT.

endfor;

F2x (2] #n,
For k=[] — 1,
(a) Gy = diag([Ix—1, Gk, In—k-1]).
(b) A*+D = G AWGT.
endfor;
endif;
Algorithm 10.7 leads to a new way to divide a symmetric quasiseparable matrix

into two submatrices similar to the original one and of about half the dimension
and some additional structure.
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It can be easily proven by induction that the matrix A is transformed by
Algorithm 10.7, in the following form,

A 1 1 T
Alm+1) | am+De, ;€]

where A1) g RIuADx(m+1) gpg A(m+1) g R(n=n2t1)x(n=n2+1) yre quasisepa-
rable matrices, e,, 1 the (ny + 1)-th vector of the canonical basis of R™ %1 e; the

first vector of the canonical basis of R"~"2%2 and a("+1) = afﬁfﬁilﬂ.
Define
G =@, - GyGy,
where G; are defined in Algorithm 2. Then
A= Gn)T g(ni+1) q(n1)
AA(n1+1) ‘ a(’n1+1)e 1eT
_ )T mte (n1)
G (n1+1) T A(ni+1) G
o ee, ‘ A
_ gt Alna+1) _ amtle, el ‘ 0
0 | At — q(mthe, el
T T
—|—04(n1+1) €n,1+1€5, 11 ‘ €n1+1€1 G(nl)
elegﬁl ‘ ele{

The subtraction of the element a(™*+1) from the last diagonal element of
A+ and from the first diagonal element of A+ is done in order to cre-
ate a rank 1 modification. The quasiseparable structure is not affected by these
subtractions.

Knowing the eigendecomposition of the symmetric quasiseparable matrices
At _g(mtle, el | and A+ —a(m+De el only the spectral decom-
position of a diagonal matrix plus a rank 1 modification must be calculated in order
to know the eigendecomposition of the original matrix A. During the remainder of
this subsection we omit the superscript ny + 1.

Let

A—ae, qiel = QAQT,
A— aerel = OAQT,
be the eigendecompositions of the adapted A and A, respectively.
The matrix A can be transformed into:

Q

a=e [ (P

AT
y = [u] . (10.21)

with
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Hence, the eigenproblem of A is reduced to compute the eigendecomposition

of a rank 1 modification of a diagonal matrix —| + ayy”. The way to

A
solve this latter problem was mentioned in Subsection 10.3.2 on the straightforward
divide-and-conquer algorithm.

Notes and references

The literature on divide-and-conquer methods to compute the eigendecomposition of qua-
siseparable matrices is very recent. The first divide-and-conquer algorithm for computing
the eigendecomposition of symmetric quasiseparable matrices proposed in this section has
been introduced by Chandrasekaran and Gu.

w S. Chandrasekaran and M. Gu. A divide-and-conquer algorithm for the
eigendecomposition of symmetric block-diagonal plus semiseparable ma-
trices. Numerische Mathematik, 96(4):723-731, February 2004.

The last three divide-and-conquer algorithms described in this section have been
presented by Mastronardi, Van Barel and Van Camp. The results in this section are
mostly based on their article (see also [155]).

= N. Mastronardi, M. Van Barel, and E. Van Camp. Divide-and-conquer
algorithms for computing the eigendecomposition of symmetric diagonal-
plus-semiseparable matrices. Numerical Algorithms, 39(4):379-398, 2005.

Moreover, in the article by Fasino and Gemignani, the authors present a procedure
that transforms by a congruence transformation the matrix pencil (A — AI) into (T'— AV)
where T and V are both symmetric tridiagonal and V' is positive definite is described. The
authors suggest solving the latter generalized eigenvalue problem by a divide-and-conquer
technique proposed in [28].

= D. Fasino and L. Gemignani. Direct and inverse eigenvalue problems, for

diagonal-plus-semiseparable matrices. Numerical Algorithms, 34:313-324,
2003.

10.4 Computational complexity and numerical
experiments

In this section we will present firstly a comparison in computational complexity of
the different methods for computing the eigendecomposition of structured rank ma-
trices. Secondly we will propose a numerical experiment related to these methods.

We compare the computational complexity of the four proposed divide-and-
conquer algorithms described in this chapter. Let us assume that we apply the
algorithms on a symmetric n X n quasiseparable matrix.

For the one-way divide-and-conquer algorithm we have to solve the eigenprob-
lems of arrowhead matrices. Hence two vectors and a scalar must be constructed
(referred to as step 1) and the zeros of a secular equation must be solved (referred
to as step 2). For the latter, we use an algorithm implemented by Gragg, based on
[26, 28]. This algorithm has a computational complexity (denoted by a(n)) of order
n?. In the last step (referred to as step 3), the eigenvectors need to be updated.
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The first divide-and-conquer algorithm proposed (referred to as first divide-
and-conquer algorithm), the straightforward algorithm and the two-way divide-and-
conquer algorithm require to solve the eigenproblem of a diagonal matrix plus a rank
1 modification. Also here two vectors and a scalar need to be constructed (step 1)
and the zeros of a secular equation must be computed (step 2). Last, also here the
eigenvectors need to be updated (step 3).

As shown in [26], the matrix of eigenvectors computed by the algorithm of
Gragg, and hence also by the slightly adapted algorithm, can be reduced into the
product of a diagonal matrix times a Cauchy matrix times another diagonal ma-
trix. This special structure reduces the computational complexity of the matrix of
eigenvectors times a vector (denoted by b(n)) to order nlog?(n) (see [91, 92]).

Using these notations, the Table 10.1 shows the computational complexity of
the four divide-and-conquer algorithms at one level (so one divide step and one con-
quer step). Table 10.1 indicates that the computational complexity of the algorithm
proposed in [40] is less than that of the one-way divide-and-conquer algorithm, which
itself is less than the computational complexity of the two-way divide-and-conquer
algorithm. However, the difference in computational complexity between these three
algorithms only occurs at the second highest order term and hence their compu-
tational complexity is very comparable. The straightforward divide-and-conquer
algorithm we proposed, clearly has the largest computational complexity because
even the highest order term is larger than for the other algorithms.

First Straightforward | One-way Two-way

Divide 14n 0 28n 58n
Conquer

— Step 1: "2—2 +2n | n?+4n+b(n) n? 5
— Step 2: a(n) 2a(n) a(n) a(n)

— Step 3: | 2nb(g) | nb(n) +2nb(5) | 2nb(
3
+§Tl

NS

) | 2nb(%) + 3n?

)

Table 10.1. Comparison in complexity.

Experiment 10.8 (Computational complexity). Figure 10.1 shows the cputime
(in seconds) computed in MATLAB for problems of dimensionn = 27,5 =2,...9, for
the three divide-and-conquer algorithms we present. Also this figure shows that the
one-way divide-and-conquer algorithm slightly needs less cputime than the two-way
algorithm for increasing dimension. The straightforward algorithm is much slower.

In the following two experiments we investigated the accuracy of both eigen-
values and eigenvectors. For the three divide-and-conquer algorithms, we built
symmetric generator representable quasiseparable matrices of dimension n = 27,
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Figure 10.1. Cputime of the straightforward, the one-way and the two-way
divide-and-conquer algorithm.

j=2,...,9 and for each dimension matrices that have condition number equal to
103,10%,10° and 10'2. For each of these 32 classes of test matrices we took 100
samples.

The test matrices were built as follows: starting from a diagonal matrix A =
[, a?, ..., a"] with a the (n — 1)-th root of the requested condition number, we
applied (n — 1) random Givens rotations G; # I to the left, such that G; works on
the i-th and (i + 1)-th row, and GT to the right of A. Hence A was transformed into
a matrix A = GAGT. This matrix A is a generator representable quasiseparable
matrix because the i-th Givens rotation G; makes the elements of row ¢ and 7 + 1
proportional. The transpose G7 does the same with column i and i + 1, so we
created a semiseparable structure except on the diagonal.

Experiment 10.9. First we applied the straightforward divide-and-conquer algo-
rithm on the quasiseparable matrixz A in order to calculate the eigenvalues /\El) and
the eigenvectors Ui(l) of A. Then the accuracy of the eigenvalues was tested by calcu-
YY)
lri;x{A\}q}l;
matriz A and max{|A|} is the mazimum of the absolute values of the diagonal ele-
ments of A. The mazimum r of all these fractions r; was divided by the machine
precision € == 2.22-10716 and the dimension of the matriz and — was defined as the
relative error of the straightforward algorithm for the considered example. Remark
that this error contains the error caused by the latter divide-and-conquer algorithm
but also the errors caused by the application of the Givens rotations G;.

lating r; = 1=1,...,n, where \; are the diagonal elements of the diagonal
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Figure 10.2. Plots of the relative errors of the eigenvalues computed by
the straightforward, the one-way and the two-way divide-and-conquer algorithm.

The same was done for the one-way and the two-way algorithm. The tests
didn’t indicate any dependency of accuracy on the condition number, so only a
separation according to the dimension is performed.

As shown in Figure 10.2, the straightforward divide-and-conquer algorithm,
the one-way and the two-way algorithm compute the eigenvalues of the test matrices
in an accurate way. The relative error also increases with the dimension of the
problem.

Experiment 10.10. Nezt the accuracy of the eigenvectors of our examples was
tested by looking at the relative residual norm

|AT — UM diag(AW)]
Nel|Alloo

where A is the test matriz of dimension n, U the matriz of the computed eigenvec-
tors and A the eigenvalues computed with the straightforward divide-and-conquer
algorithm. The same was done for the one-way and the two-way divide-and-conquer
algorithm. As shown in Figure 10.3, the relative residual norms for the three algo-
rithms are small.
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Figure 10.3. Plots of the relative residual norms computed by the straight-
forward, the one-way and the two-way divide-and-conquer algorithm.

Also here the error caused by the divide-and-conquer algorithm as well as the
errors caused by the application of the Givens rotations G; are included in the rel-
ative residual norms of Figure 10.3.

10.5 Conclusions

In this chapter we discussed divide-and-conquer algorithms for computing the eigen-
decomposition of structured rank matrices. We have described four divide-and-
conquer algorithms that all reduce the eigendecomposition of the original quasisep-
arable matrix to two problems of the same structure and approximately half the
size and some extra structure. For the straightforward algorithm this extra struc-
ture is a diagonal matrix plus two rank 1 matrices, for the two-way algorithm only
one rank 1 adaptation is needed and for the one-way algorithm the extra structure
consists of an arrowhead matrix.
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Chapter 11

A Lanczos-type algorithm
and rank revealing

In this chapter we will present two main topics. First we will present a Lanczos
version for constructing a semiseparable matrix similar to a given symmetric matrix,
and secondly we will show how one can exploit the rank-revealing properties of the
transformation to semiseparable form.

Tridiagonalization of a symmetric matrix can be done in two different ways.
One can perform similarity Householder transformations in order to create zeros in
the matrix, or one can apply the Lanczos tridiagonalization process. The Lanczos
tridiagonalization process is based on matrix vector products to compute the ele-
ments on the diagonal and subdiagonal of the tridiagonal matrix. The fact that
the matrix vector product is the most heavy computational step in the Lanczos
tridiagonalization process, makes this technique suitable when this vector product
can be computed in an efficient manner, e.g., in the case of structured matrices
such as Hankel, Toeplitz, band matrices and so forth. In the first part of the book
we already designed a way to obtain a semiseparable matrix, based on orthogonal
similarity transformations using thereby Householder and Givens transformations.
In the first section of this chapter we will show how to obtain a Lanczos semisepa-
rabilization process.

In the second section we will propose a rank-revealing algorithm based on the
reduction to semiseparable form, which, of course, exploits the specific convergence
behavior of this reduction. Some numerical experiments are provided.

®\ This chapter contains two main ideas, namely the Lanczos semiseparabi-
lization algorithm and how to exploit the rank-revealing properties of the reduction
algorithm.

Both sections are in some sense extra topics, which are only relevant for the
interested reader.

393
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11.1 Lanczos semiseparabilization

An algorithm that transforms symmetric matrices into similar semiseparable ones
has been proposed in Chapter 2. The latter algorithm works without taking into
account the structure of the original matrix. In this section we propose a Lanczos-
like algorithm to transform a symmetric matrix into a similar semiseparable one
relying on the product of the original matrix times a vector at each step. Therefore
an efficient algorithm is obtained if the original matrix is sparse or structured.

The matrices handled in this section are symmetric. However, there is no
loss of generality, because similar techniques can be applied to real unsymmetric
matrices, as well. Moreover, the extension of this algorithm to reduce rectangular
matrices into upper triangular semiseparable ones in order to compute the singular
value decomposition is quite straightforward, just as the adaptation to obtain a
semiseparable plus diagonal matrix, with a free chosen diagonal.

The section is organized as follows. In Subsection 11.1.1 the basic steps of
the classical Lanczos algorithm are described followed by the Lanczos algorithm for
reducing symmetric matrices into semiseparable ones in Subsection 11.1.2.

11.1.1 Lanczos reduction to tridiagonal form

The Lanczos algorithm is a simple and effective method for finding extreme eigen-
values and corresponding eigenvectors of symmetric matrices since the part already
reduced has the Lanczos-Ritz values as eigenvalues. Because it only accesses the
matrix through matrix vector multiplications, it is commonly used when matrices
are sparse or structured. The algorithm can be summarized as follows.

Algorithm 11.1 (Lanczos reduction to tridiagonal form).

Input: A symmetric matric A € R"*™ and ro € R™ as a starting vector.

Output: The diagonal entries a; and the subdiagonal entries b; of the tridiagonal
matriz, similar to A. The orthogonal similarity transformation is determined by the

matriz Q = [q1, 9z, - -]

Initialize by = ||roll2 and qo = 0.
Fori=1,2,...

1 qi=ri1/[ri—1l]2
2. p=Aq;
3. ai=qlp
4. Ti=p—a;iq; —bi—1Qi—1
5. b = ||rqll:
endfor;
The values a; and b; define the diagonal and subdiagonal of the tridiagonal

matrix, and [q1,qs,...,] is the corresponding orthogonal matrix determining the
similarity transformation to the tridiagonal form.
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Let Qk - [qlaq27 .. '7qk] and

al b1
b1 ag b2
Tk = b2 - . B . R

an—1 br—1
br—1  ax

and let Ty, = Uk@kUg its spectral decomposition, with ©; = diag(61,02,...,6k)
and Uy, € RF** orthogonal. Then

A(QrUyr) = (Q1Uyx)Oy + brayr1et Uk,

where ey, is the last vector of the canonical basis of R¥. It turns out (see, e.g., [94,
p. 475]) that
min |6; — p| < |bgllugil, i=1,... k.
HEXN(A)

Hence by, and the last components of the eigenvectors of T}, associated to 6; give an
indication on the convergence of the latter eigenvalues to the eigenvalues of A.

To prevent the loss of orthogonality in the computation of the Krylov basis Q,
a lot of techniques have been developed (see, e.g., [94] and the references therein,
[127, 130, 137, 139]).

Note 11.2. [t seems that the algorithm as presented above always runs to com-
pletion.  Unfortunately this is not always the case. When computing the vector
r;, it can occur that this vector equals zero. One calls this a breakdown of the al-
gorithm. This means that we have found an invariant subspace consisting of the
vectors qi,-..,qi—1- 10 finalize the procedure for tridiagonalizing the matriz, one
has to restart the algorithm, but now choosing a new initial vector rqy, which is or-
thogonal to the vectors qi,...,q;,—1. Due to the orthogonality, the algorithm will
now generate another set of vectors. The breakdown corresponds in fact also to a
value of b; = 0. This means that our tridiagonal matrix will become of block diagonal
form, in which all blocks are irreducible tridiagonal matrices.

11.1.2 Lanczos reduction to semiseparable form

The Lanczos-like algorithm for semiseparable matrices is based on the classical
Lanczos algorithm for reducing symmetric matrices into similar symmetric tridiag-
onal ones, as described in the previous subsection. We have to adapt the reduction
to semiseparable form slightly in order to use it for the Lanczos-like version of the
algorithm.

Another version of the reduction to semiseparable form

The standard algorithm for transforming a symmetric matrix into a similar semi-
separable one was described in Chapter 2 of this book. This algorithm started by
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annihilating elements in the last column and last row of the matrix. The standard
Lanczos procedure (see also the previous section) starts by annihilating elements in
the first row and in the first column, therefore, we will also reconsider our algorithms
in this section as starting in the top left corner.

In order to be able to derive a Lanczos-like algorithm for obtaining a semisep-
arable matrix, we have to change our standard algorithm slightly. In the original
algorithm as discussed in Chapter 2, the intermediate matrices are of the following
form (assume the reduction started at the top left position):

X X X X K
X X X X K
K K x x x |. (11.1)
X K x x x
K X x x x

The bottom right 3 x 3 block is still of unreduced form, whereas the first two rows
and the first two columns satisfy already the semiseparable structure. In fact we
have the upper left 2 x 2 block already of semiseparable form.

A slightly changed version of the algorithm, consists of having intermediate
matrices of the following form:

(11.2)

co o XX
X X X XX

X X X X ©
X X X X ©
X X X X ©

Similar as above, we have the lower 3 x 3 matrix unreduced and the upper left
2 x 2 block of semiseparable form. The only difference is the fact that in this
intermediate step, the first two columns and the first two rows are not includable
in the semiseparable structure.

Let us briefly present the second algorithm in more detail and let us point out
the difference with the original algorithm. Assume we are working on a symmetric
matrix A(()l) = A, of size 5 x 5. We start by annihilating elements in the first column

and row, by using a Householder transformation matrix H 1(1) (the elements marked
with ® will be annihilated):

X X ® & ® X X
X X X X X T X K x x x
® X X x X Hl(l) A(()l)Hl(l) X X x X
® X X X X X X X X
® X X X X X X X X
(;
nT (1) (1
o BV )
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The standard algorithm (see Theorem 2.6) would now perform already a single
Givens transformation in order to obtain the matrix as depicted in Figure (11.1).
In this case however, we will not yet start the chasing procedure as our matrix is of
the form shown in Figure (11.2). Hence step 1 of the slightly changed algorithm is
finished and we have A = Agl).

We continue now by immediately performing another Householder transfor-

mation H 1(2) such as to annihilate elements in column 2 and row 2.3

X X X X
X X x ®& ® T X X x
X X X X Hl(Q) A((JQ)HP X X X X
® X X X X X X
® X X X X X X
i)
@7 42 72
H” AH
A((J2) 1 0 1 A§2)

In the standard algorithm one would start the chasing procedure acting on
rows (columns) 2 and 3. Here, however, we will only perform a single Givens
transformation on rows (columns) 1 and 2. Similarly as in the standard case one
can compute this Givens transformation acting on rows (columns) 1 and 2, such
that we obtain the following result:

X X X X X
X K x . X X X
x x x x [GPAPEP | R B B x x
X X X X X X
X X X X X X
)
@7 42 ~(2)
0 GV AY G 9
A® G2 4TG0

This finishes the second step.

Defining now AE)B) = A§2>, we will perform another step. First a Householder
transformation matrix is constructed such to annihilate elements in the third row
and column.

3Even though the procedure has slightly changed, the Householder transformations chosen in
Theorem 2.6 and the ones here are essentially the same.
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N X K X K K
N X K N X K
T
N KK x @ |HYV APEP | 8 8 ® «x
X X X X X X
® X X X X
)
(3) H1(3)TA(()2)H£3) (3)
AP T o T (¢

Now we have to update the already existing semiseparable part. To do so we
first perform a Givens transformation acting on rows (columns) 2 and 3.

X X KX X X
X X X . X X X K
N B R x G APGP N K KX
X X X X X X x
X X X X
i
T
G(3) A(Q)G(s)
3 3
a® G2 ATCG e

Finally a Givens transformation acting on rows (columns) 1 and 2 is necessary to
obtain the desired structure.

N K N K K X

N B X K . N B K KX

N K X GV AP R B R K
N KK x|~ | ®R KKK x
X X X X

)
3T (2) ~(3
Aés) Gg) Aé)Gg) A§3).

To obtain a complete semiseparable matrix, a final step of the chasing should be
performed.

Hence, it is clear that the flow of this algorithm is quite comparable to the flow
of the original reduction. In every step first zeros are created by a Householder or
Givens transformation, and secondly the existing semiseparable structure is enlarged
by a sequence of Givens transformations.

Note 11.3. We remark that the slightly changed version for reducing the matriz to
semiseparable form can be adapted to the nonsymmetric case and to the reduction
to upper triangular semiseparable form in a straightforward way.
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Also important is the fact that the specific convergence behavior of the first
algorithm is also present in this case. The theoretical results predicting the con-
vergence behavior change slightly as the chasing is performed now on a matriz of
smaller size. Nevertheless the results remain valid.

An algorithmic description of the reduction

We will present now an algorithmic description of the new reduction method. For
a change the algorithm is depicted with the generator representation instead of the
Givens-vector representation. For the Lanczos case there is no loss of generality as
a breakdown, i.e. b; = 0 corresponds to the deflation of a block. Since we know
that a semiseparable matrix is block diagonal with all diagonal blocks of generator
representable form, we can simply assume that in this Lanczos algorithm all blocks
are of generator representable form. Unfortunately as mentioned before, the gener-
ator representation can give rise to numerical problems. But, to get another kind
of implementation we will describe it here with the generator representation.

Given A € R™*™ the slightly changed algorithm to reduce a symmetric matrix
into a symmetric semiseparable one can be summarized as follows.

Algorithm 11.4 (Alternative reduction to semiseparable form).
Input: A symmetric matrix A € R™ ™.
Output: An orthogonally similar semiseparable matriz Ap—_1.

Let A©) = A,
Fori=1,...,n—1,

1. C’ompute the Householder matriz H(i_l)T in order to annihilate the entries
of AU~V in the i-th column below the (i + 1)-th row.

2. Compute HGDT g6-1) g(i-1)

3. Compute the orthogonal chasing matriz U(i’l)T, working on rows 1, ...t such
that the leading principal submatriz of order i 4+ 1 of

g7 =0T 461 g6
is symmetric semiseparable.
4. A® = =0T ga-nT 461 g -1 -1
endfor;
Note 11.5. The leading principal submatrices of order i of HE-DT AG-1 =1
already have the symmetric semiseparable structure. Therefore step 8 in the latter

algorithm can be interpreted as an updating step, i.e., increasing by one the order
of the leading principal semiseparable submatriz.
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The matrix U® in the above algorithm is a combination of all Givens trans-
formations needed to perform the chasing, and thereby enlarging the structure of
the semiseparable part in the matrix.

Let S € RF** be a symmetric semiseparable matrix. We describe now in a
mathematical manner how the augmented matrix

S =5y = 0
by,
0 -~ 0 by |akes

, (11.3)

with bx # 0, can be updated, i.e., reduced in symmetric semiseparable form by
orthogonal similarity transformations working on the first k& rows (and columns).
For simplicity, let us suppose k = 4,

Viur ViU ViU3  Viug
ViU VU2 V2U3 V2U4
U1uz  V2U3  V3U3 V3Ug
VU4 UoUg V3UL V4Uyg | by
0 0 0 b4 |a5

o O O

So

Define 64 = by. Let
:;Tl |: C1 51:|SC]t]t:;T1|:zsj| |:U3:|
4

and let

I

where I is the identity matrix of order k. Then,

ViUl ViU vViuz ViU4g 0
ViU V22U VU3 Va2U4g 0
AT R R -
Gl S() = viu3z VU3  UV3Uus P3 5154
0 0 0 63 6154
0 0 0 04 as

with
P3| _ (c1v3 + $104) Uy
03 (—81’03 + 81124)U4
Therefore
viup  viug  vilUs 0 0
R . ViUug VU2 ’U2’LAI,3 0 0
S1=GTSoGy = | viiz wvelis 7m3  s103 s161 |,

0 0 s$103 103 104
0 0 8154 61(54 as
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with 73 = vstigcr + pss1. The subblock matrices S1(1:3,1:3) and S1(3:5,3:5)
turn out to be of symmetric semiseparable form.

Let
GQT:{ 2 52} such that GZT[?Q ] :[Wy
—S82 (2 Uus 0
and
A Il
Gy = GY

Multiplying S7 to the left by GQT and to the right by Go, it turns out that

viul  v1lo 0 0 0
vitla M2 5203 525103 25104
52 = égé{SOG1GQ = 0 82(52 0252 6251(53 028154 s
0 8251(53 623153 6153 0154
0 5281(54 623154 61(54 as

. . Cov2li3 + $27)3
with 1o = vatiaco + p2ss and P2 b .
12 = 0222 T P22 [ 02 — 8023 + 273

Therefore the subblock matrices Sa(1 : 2,1 : 2) and S2(2 : 5,2 : 5) are of
symmetric semiseparable form. To end the updating, let us consider the Givens

rotation ar
ai-1 % |
with
GT = { o } such that G?[Z; ] - [ " }
Then

Sy = GTCTGT 840 (i

m 5301 535202 53525103 53525104
5301 c301 c35202 3525103 €3525104
= 535202 35202 c202 25103 25104
53525103 3525103 (25103 163 €104
53525104 (3525104 C25104 104 as

is a symmetric semiseparable matrix with

R p1 c3v1U2 + S3Mm
= v1l1cs + p1s3 and = 0 )
m 1U1€C3 T P1S3 [ &1 ] [ —S3v1U2 + c3M ]

Hence the generators of Ss are

n é [ T
— 1 1 92
u = |: $38281° S281° s1° 637 54 i| ’
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as

T
VZ[8382817 €35251, (€251, Ci, g} .

The updating of a symmetric semiseparable matrix of order k has O(k) computa-
tional complexity and needs O(k) storage.

Having shown how the semiseparable structure in the Matrix (11.3) can be up-
dated, it turns out quite straightforward how the Lanczos algorithm can be modified
in order to compute semiseparable matrices.

A Lanczos reduction to semiseparable form

Combining the standard Lanczos algorithm, with the reduction presented above,
we obtain a Lanczos algorithm for reducing matrices to semiseparable form. In the
following algorithm the involved semiseparable matrix S will grow in size in each
step of the method.

Algorithm 11.6 (Lanczos reduction to semiseparable form).
Input: A symmetric matric A € R™*™ and ro € R™ as a starting vector.
Output: An orthogonally similar semiseparable matriz S™=1)

Let by = ||roll2, @0 = 0 and Sy the empty matriz.
Fori=1,2,...

1 qi =ri—1/||ric1]2
2. p= Aq;
3 a;=qip
4. Ifi=1

SO = [a4]
else

Compute SO | i.e., reduce into semiseparable form the augmented matriz
SG=D | b;_1ei

with e; = [0,...,0,1]7,

el | a ——
endif;

S ri=p—aiqi —bi—1qi—1

6. by = ||rill:

endfor;

Once the initial guess rq is fixed the Krylov subspace generated by the Lanc-
zos reduction to tridiagonal form is the same as the one generated by the Lanczos
reduction to semiseparable form because the Givens rotations to perform the up-
dating step 4 do not change this subspace. The Lanczos reduction to tridiagonal
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matrices halts before complete tridiagonalization if the initial guess rq is contained
in a proper invariant subspace. In this case, one of the b;, j € {1,...,n — 1} is
equal to zero. However, the Lanczos reduction to tridiagonal form can be contin-
ued choosing a vector r; orthogonal to the already computed Krylov basis yielding
a block diagonal matrix with tridiagonal blocks [94]. The Lanczos reduction to
semiseparable form with the same initial guess ro has a similar behavior, breaking
down at the same step j. Also in this case the algorithm can be run to completion
choosing a vector r; orthogonal to the already computed Krylov basis. The final
reduced matrix is, in this case, a block diagonal matrix with generator representable
semiseparable blocks.

The step 4 in the Lanczos reduction to semiseparable matrices corresponds
to applying one iteration of the QR-method without shift to the matrix S¢—1.
This is accomplished applying ¢ — 2 Givens rotations. Step 4 could be replaced
by applying one step of the implicitly shifted @ R-method, with the shift chosen in
order to improve the convergence of the sequence of the generated semiseparable
matrices towards a similar block diagonal one (see the reduction to semiseparable
plus diagonal form in Chapter 2).

We observe that it is not necessary to compute the product of the Givens
rotations at each step. The Givens coefficients are stored in a matrix and the
product is computed only when the convergence of the sequence of the semiseparable
matrix to a block diagonal form has occurred. As a consequence, the Krylov basis
is then updated multiplying Q) by the latter orthogonal matrix.

The Lanczos reduction as we proposed it here generates all possible orthog-
onally similar semiseparable matrices to a given symmetric matrix when varying
the starting vector (or starting vectors when there is a breakdown in the Lanczos
reduction, i.e., when one of the by, is equal to zero). We will only give the proof for
nonsingular matrices.

Theorem 11.7. Let A be a given nonsingular symmetric matriz. Then each
semiseparable matriz S that is orthogonally similar to A can be found by applying
the Lanczos reduction as described in this section for a certain starting vector (or
starting vectors when the Lanczos algorithm has found an invariant subspace).

Proof. One can prove the above theorem directly by using the implicit Q-theorem
for semiseparable matrices (see Subsection 6.2.3). O

In case of a singular matrix A, to generate all possible orthogonally similar
matrices S, we have to use another degree of freedom in the algorithm. In this
case, when performing the updating procedure, it can happen that the Givens
transformation is not uniquely determined. When taking this degree of freedom
into account, also all semiseparable matrices orthogonally similar to a symmetric
singular matrix can be generated.

The reduction of a symmetric matrix into a similar semiseparable one pro-
posed in this section has the same properties as the algorithm proposed in Chap-
ter 2. Therefore, if gaps are present in the spectrum of the original matrix, they are
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revealed” after some steps of the algorithm (see next section) making the matrices
numerically block diagonal with generator representable semiseparable blocks. This
property makes the proposed algorithm suitable for computing the largest eigen-
values and the corresponding eigenvectors of sparse or structured matrices, if the
large eigenvalues are quite well separated from the rest of the spectrum. Indeed,
the most computationally expensive part, at each step of the proposed algorithm,
is a matrix by vector product, which can be efficiently performed if the matrix is
sparse or structured.

Notes and references

The results presented in this section are based on the following article.

= N. Mastronardi, M. Schuermans, M. Van Barel, R. Vandebril, and
S. Van Huffel. A Lanczos-like reduction of symmetric structured matrices
into semiseparable ones. Calcolo, 42(3-4):227-241, 2005.

The article contains also an extended section with numerical experiments showing the
viability of the presented approach. Moreover the algorithm is applied to Hankel matrices,
which allow an easy multiplication with a vector. The algorithm is not run to completion
as one is only interested in the dominant eigenpairs, which are revealed by the subspace
iteration properties of the reduction.

11.2 Rank-revealing properties of the orthogonal
similarity reduction

The computation of the symmetric rank-revealing factorization of dense symmetric
matrices is an important problem, e.g., in signal processing, where accurate com-
putation of the numerical rank, as well as the numerical range space and the null
space, is required [81, 104].

A family of algorithms for computing symmetric rank-revealing decomposi-
tions has been presented in [81, 104]. The choice of the algorithm depends on the
definiteness of the matrix and the indefinite case seems to be the most difficult to
handle.

In this section, we will exploit the convergence properties of the reduction to
semiseparable form.

First, in Subsection 11.2.1 we will shortly introduce the definition and prop-
erties of a symmetric rank-revealing factorization. Secondly, the rank reduction
decomposition based on semiseparable matrices is described in Subsection 11.2.2.
Numerical tests can be found in Subsection 11.2.3.

11.2.1 Symmetric rank-revealing factorization

The symmetric rank-revealing decomposition of A = WAWT = Yo Nww?
where \; and w;, i = 1,...,n are the eigenvalues and the corresponding eigenvectors
of A, respectively, with || = o1 > |A2| = 02 > -+ |\n| = on, {0i}1; the singular
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values of A, is defined in the following way* [104],
A=WeCOWg,

where

Ci1 Chz
C =
Eaat

with C1; € R¥** W¢ an orthogonal matrix, the condition number of the matrix
Ch1: cond(Cr1) = o1/0k, ||Cr2||3+]|Coz||F ~ 071+ - 02, with ||-||  the Frobenius
norm.

Of course, if the singular value decomposition of A is known, the symmetric
rank-revealing decomposition is readily obtained. Unfortunately, the singular value
decomposition is expensive to compute if A is quite large. Hence, it is suitable to
derive cheaper methods for computing the symmetric rank-revealing decomposition.

We now show that the reduction of a symmetric matrix into semiseparable
form, described in Section 2.2, can be used as a preprocessing step of a symmetric
rank-revealing algorithm. In many cases this step is sufficient. If not, few steps of
the @ R-method without shift can be efficiently applied to the computed symmetric
similar semiseparable matrix in order to reveal the numerical rank.

11.2.2 Rank-revealing via the semiseparable reduction

In order to clearly understand the rank-revealing algorithm, we will introduce
some notation. Suppose we start by reducing the matrix A to semiseparable
form, similarly as in the previous algorithms, we obtain a sequence of matrices
A0 = A AN AR AB) | Remember that each matrix A®) has a submatrix of
size i x i of semiseparable form. This submatrix appears in the lower-right corner if
the algorithms from Chapter 2 are used or in the upper-left corner if the exposition
of the previous section is followed. Nevertheless let us denote the part of the matrix
AU of semiseparable form by S(?. Hence SV is of semiseparable form and of size
1 X 4.

The algorithm consists of two important steps. First one starts by reducing
the matrix A to semiseparable form. In every step of this reduction, the Frobenius
norm of the semiseparable matrix S is computed. As soon as the Frobenius norm
of S is close enough to the one of A, we stop the reduction algorithm, as this indi-
cates that all dominant singular values of the matrix A are captured in the matrix
S Secondly one continues working on the semiseparable matrix S). Quite often
in case the gap is large enough, the convergence behavior of the reduction to semi-
separable form already reveals the numerical rank of the matrix S and thereby
also of the matrix A. In case the numerical rank is not yet accurate enough, one can
continue by performing few steps of the QQ R-method without shift onto the matrix
S If this description is not yet clear enough, after the algorithm an example is
presented, stating more clearly why step 2 in the algorithm is necessary.

4This definition is similar to the one used in [114], except that |[triu(Ca2)||% instead of ||Ca2||%
is used in [114].



406 Chapter 11. A Lanczos-type algorithm and rank revealing

The global rank-revealing algorithm based on the reduction into a semisepa-
rable matrix, can now be formulated.

Note 11.8. We remark that the method presented here is based on the full reduction
to semiseparable form and not on the Lanczos variant. One can however easily adapt
the algorithm below in order to use the Lanczos reduction to semiseparable form.

Algorithm 11.9 (Rank-revealing factorization).

Input: A symmetric matric A € R™*™, 11 the threshold for the rank revealing,
the threshold used in the QR-algorithm applied onto the semiseparable matrix.
Output: A symmetric rank-revealing factorization of the original matriz A.

1. Compute the Frobenius norm of A: ||AllF.
2. Until |Alr — ISP r < 7

e Perform another step of the reduction to semiseparable form, and obtain
AW and SO,

enduntil;

3. Apply few steps, lets say | steps of the QR-method without shift onto the matriz
S and obtain S,

4 Fork—i—1,i—2...1
e Compute ||SO(k+1:i,k+1:4)||p and SO (k, k).
endfor;

5. Use the above information to deflate parts of the matrix S corresponding to
the singular values below the threshold To.

The second step of the algorithm is the most expensive one. Indeed, the
computational complexity is O(in? + i%). Moreover, it requires O(in) memory to
store the involved Householder vectors and the Givens coefficients. Each iteration
of the @ R-method without shift in step 3 requires O(i) computational complexity
and storage. The choice of | depends on the handled matrix. Often [ is very low
compared to the size of the matrix. Step 4 is also computed in O(i) flops. See
Subsection 8.2.4 on how to compute the Frobenius norm effectively.

Example 11.10 Let us briefly illustrate with an example, why step 2 in the above
method is necessary. Suppose we have three clusters in the spectrum of the ma-
trix A. These clusters are depicted as Ay, Ay and Asz. Assume that the cluster
A3 contains only the small eigenvalues. Hence, we would like our rank-revealing
method to return to us both clusters A; and As. Assume now, that we start the
reduction to semiseparable form as described in the previous section, and we omit
step 2. We will stop the reduction procedure if a block diagonal matrix is formed
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in the reduction, assuming thereby that the revealed block contains the dominant
eigenvalues. Unfortunately the reduction procedure first finds the cluster A; and
part of the cluster Az. After the eigenvalues of these clusters are approximated
well enough, the subspace iteration can start working and reveal a block. Unfor-
tunately the revealed block will not contain both clusters A; and As, but only an
approximation to As.

If step 2 in the algorithm is checked, however, we would not have stopped the
algorithm because the eigenvalues in As are large and therefore the condition posed
in step 2 will not be met. |

It is well known that a single vector Lanczos algorithm can compute multiple
eigenvalues of a symmetric matrix, but the multiple eigenvalues do not necessarily
converge consecutively one after another. More precisely, if max{|A|}, with A as the
spectrum of A, is a multiple eigenvalue with maximum modulus of a symmetric ma-
trix A, then usually a copy of max{|A|} will converge first, followed by several other
smaller eigenvalues of A. Then another copy of max{|A|} will converge followed
again by smaller eigenvalues of A, and so on. The consequence of this convergence
behavior is that only fewer copies of the largest eigenvalues of A are also eigenvalues
of T®) where T is the intermediate generated tridiagonal matrix. The semisepa-
rable reduction behaves similarly to the Lanczos reduction to tridiagonal matrices.
Therefore, in case of multiple eigenvalues of A, the symmetric semiseparable matrix
computed by the reduction is block diagonal, with each block having max{|A|} as
eigenvalue. A multivector semiseparable reduction can be considered in such cases
[153].

Steps 4 and 5 of the latter algorithm are applied to order the diagonal entries
of these blocks. If tiny eigenvalues are present in the blocks, they appear as the last
entries of the blocks. In this case, we proceed removing the corresponding rows and
columns from the matrix.

11.2.3 Numerical experiments

Some of the matrices used in [81, 104] are considered to test the proposed rank-
revealing factorization.

For the matrices considered in the examples, the rank-revealing factorizations
are computed correctly, and the numerical ranks are always equal to the desired
ones. The results of the proposed rank-revealing factorization based on semisepara-
ble matrices are compared to the results obtained by using the MATLAB functions
hvsvsd (semipositive definite case) and hvsvid L (indefinite case) of the MATLAB
toolbox UTV [83, 82]. The number of steps of the @ R-method without shift in the
proposed algorithm is fixed to 10 for all the examples. As in [81, 104], the symmet-
ric semidefinite test matrices are computed as QX.QT, with @ random orthogonal
matrices and ¥ diagonal matrices with the desired singular values. For the indef-
inite case, the diagonal matrices are replaced by the product of diagonal matrices
of the desired singular values by diagonal random sign matrices. It can be noticed
that the proposed algorithm is the fastest one. Moreover, it is as accurate as those
available in the literature. The choice of threshold 75 is crucial for the accuracy of



408

Chapter 11. A Lanczos-type algorithm and rank revealing

Positive definite case

max max max max
n | |k2(A) — k2(Hi)| | [k2(A) = k2(S11)| | [[Hi2llF (|12l
64 6.88.107° 1.00-1078 8.33-10"1 | 2.14.10738
128 4.49-107° 1.17-10~8 1.22-10710 | 1.66- 10737
256 8.26-1077 3.48-108 1.24-10710 | 3.26-10-36
average average
#flopst) | # flops)
64 | 6.0390- 106 | 2.7410 - 106
128 | 5.9928 - 105 | 2.4800 - 10°
256 | 3.8894-10° | 1.6242- 106
Indefinite case
max max max max
no | |k2(A) — k2(Hi)| | [k2(A) = k2(S11)| | [[Hi2llF [|S12]l ¢
64 4.86-107° 1.07-10~8 5.48-10~13 | 3.18- 10739
128 2.99.1077 2.34-107° 2.66-10"13 | 8.15-10~38
256 3.52.1077 3.74-107° 4.53-10713 | 2.82.10737
average average
#flopst™) | # flops)
64 | 1.1771-10° | 2.7478 - 10*
128 | 1.4552-10° | 2.4793 - 10°
256 | 1.0641-107 | 2.9243- 106
Table 11.1. Results obtained applying the rank-revealing algorithms

hvsvsd (semipositive definite case), hvsvid L (indefinite case) and the proposed
one to 100 sycmetric random matrices with prescribed singular values, constructed
as described in Fxperiment 11.11.

the results. In all the examples, 7o = ne||A| r, where n is the order of the matrix,
| - ||F is the Frobenius norm, and € ~ 2.2204 - 10~1¢ is the machine precision.

Experiment 11.11. The matrices considered in this example are randomly gen-
erated test matrices of size n = 64,128,256, (100 matrices for each size), each
with n — 4 singular values geometrically distributed between 1 and 107, and the
remaining four singular values given by 1077, 1078, 1072, and 10710, such that the
numerical rank with respect to the threshold 7 = 1072 is k =n — 4.

Experiment 11.12. The proposed rank-revealing factorization is now applied to
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compute the numerical rank of four classes of matrices considered in [81]. The size
of the considered matrices is n = 20 (100 matrices for each class), and the desired
numerical rank is k = 15. The singular values are geometrically distributed between
o1 and o, and also between o1 and o,,. Moreover o1 = 1 and o, = 10710,

The classes of considered matrices are constructed according to Table 11.2.

Cl | 01(4) on(A) o, (S) 0, (S)/okt1(A)
1 1.0 |1.0-1079 |1.0-1073 2
2 1.0 |1.0-1079 |1.0-1073 10
3 1.0 | 1.0-1079 | 1.0-10°6 2
4 1.0 | 1.0-1079 | 1.0-10°6 10

Table 11.2. Features of the singular values of the classes of matrices
considered for Experiment 11.12. With o;(A) the i-th singular value of A is meant.

The results are depicted in Table 11.1. We assume that the reduction to semi-
separable form generated a semiseparable part in the matriz in the upper left corner.
The size of the matrices is given in the first column. In column 2, the mazximum,
over 100 matrices, of the difference between 52(/1), the condition number of the
leading submatrices of order k of the symmetric generated matrices and ra(Hi1),
the condition number of the leading submatrices of order k of the rank-revealing ma-
trices H computed by the functions hvsvsd or hvsvid L of the UTV toolbox [83, 82]
is reported and, in column 3, the mazimum, over 100 matrices, of the difference be-
tween HQ(A) and k2(S11), the condition number of the leading submatrices of order
n — k of the rank-revealing matrices S computed by the proposed algorithm.

In column 4 and 5, the maximum of the Frobenius norm of submatrices Hio =
H(l:kk+1:n) and S12=5S(1:k k+1:n), respectively, are depicted. Finally,
in column 6 and 7 the average number of flops, over the 100 matrices, for the
algorithms of the UTV toolbox [83, 82] and the proposed algorithm, respectively,
can be found.

The considered positive definite and indefinite symmetric matrices are con-
structed as in the previous example. The results are reported in Table 11.58. In the
first column, the class of considered matrices is indicated. The legend of column 2
up to 7 is similar to the corresponding one of Table 11.1. For all these matrices,
the threshold is 71 = (oK + ok+1)/2.

Notes and references

This section is based on the results presented in a more elaborate way in the following
report.

w N. Mastronardi, M. Van Barel, and R. Vandebril. Computing the rank
revealing factorization by the semiseparable reduction. Technical Report
TW418, Department of Computer Science, Katholieke Universiteit Leuven,
Celestijnenlaan 200A, 3000 Leuven (Heverlee), Belgium, May 2005.
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Positive definite case

max max max max
ClL | |ko(A) = k2(H11)| | |k2(A) — Kk2(S11)| | [[HizllF (|12l
1 5.70 - 10~ 11 7.7875- 10711 2.25-107* | 1.08-10~24
2 6.65-10~11 1.4450-10~10 9.45-107% | 5.34.10723
3 6.37-107° 6.7613-107° 246-10"7 | 2.34-10"18
4 5.97-107° 5.5703-107° 7.44-1079 | 2.19- 10715
average average
CL | #flops™) # flops'®
1 6.6502 - 10* | 2.7737-10*
2 6.6962 - 10% | 2.7737 - 10*
3 6.6831-10% | 2.7737 - 10%
4 |6.6962-10% | 2.7737-10*
Indefinite case
max max max max
ClL | |k2(A) = ko(H11)| | |k2(A) = k2(S11)| | [[HizllF [ S12ll 7
1 9.37-10~11 5.85-10~11 7.19-10"%* | 1.08-10~2°
2 5.34 .10 11 5.60 - 10~ 11 2.28.1077 | 3.19-10~2*
3 1.01-10~4 4.51-107° 6.27-10"7 | 6.41-10"18
4 4.90-107° 4.66-107° 3.14-1079 | 2.56- 1016
average average
CL | #flops'™) | #flops'S)
1 | 1.2417-10° | 2.7737 - 10%
2 1.2443-10° | 2.7737-10*
3 1.2708 - 10° | 2.7737 - 10*
4 1.2758 - 10° | 2.7737 - 10*
Table 11.3. Results obtained applying the rank-revealing algorithms

hvsvsd (semipositive definite case), hvsvid L (indefinite case) and the proposed
one to 100 symmetric random matrices with prescribed singular values, constructed
as described in Experiment 11.12.

11.3 Conclusions

In this chapter we showed that it is possible to adapt the reduction to semiseparable
form, such that it becomes suitable for applying a so-called Lanczos semiseparabi-
lization process. Secondly an algorithm was presented for computing the rank-
revealing factorization of matrices, based on the reduction to semiseparable form.
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Orthogonal (rational) functions
(Inverse eigenvalue problems)
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Eigenvalue problems and inverse eigenvalue problems for structured rank ma-
trices are connected to several other domains of mathematics. In this part, we
show the relationship between the inverse eigenvalue problem involving different
structured rank matrices and orthonormal functions. The orthonormality is de-
fined based on a discrete inner product, i.e., an inner product involving a finite
number of nodes z;.

This part is organized as follows. Chapter 12 handles the polynomial case. For
orthonormal polynomials, the rank structure is upper Hessenberg. If the nodes z; are
all real, this becomes a symmetric tridiagonal matrix. When all nodes z; are on the
unit circle, the Hessenberg matrix is unitary. Hence, it can also be represented by
O(n) parameters with n the size of the unitary Hessenberg matrix. For orthonormal
polynomial vectors, discussed in Chapter 13, the rank structure turns out to be a
generalization of an upper Hessenberg matrix. For rational functions, as studied in
Chapter 14, the rank structure is Hessenberg-like. Also in these last two chapters,
depending on the details of the discrete inner product, e.g., the nodes z; are all real
or all on the unit circle, the upper triangular part of of the structured rank matrix
can also be rank structured. Besides giving algorithms to solve the different inverse
eigenvalue problems, it is also explained how to solve the corresponding least squares
approximation problems based on the knowledge of the recurrence coefficients for
the different types of orthonormal functions.

ESN Reading this part is not necessary to understand the rest of the book.
However, it shows a nice application of structured rank matrices in inverse eigen-
value problems related to orthonormal polynomials, polynomial vectors and ratio-
nal function. When one is interested in using orthonormal functions to solve least
squares approximation problems, this part gives a concise introduction in solving
this problem.
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Chapter 12

Orthogonal polynomials
and discrete least squares

Let {z,}7, be a set of complex nodes with corresponding weights {wy}7* ;. Note
that up to now, we worked with real numbers. For the sake of generality, complex
numbers are also allowed in the problem setting.
In this chapter, we shall solve the problem of finding the least squares poly-
nomial approximant in the space with positive semidefinite inner product
m
=2 fG

k=1

k)| we*g(zr), (12.1)

with f and g functions belonging to some vector space. Note that this is a posi-
tive definite inner product for the space of vectors [f(z1),..., f(zm)] representing
the function values at the given nodes for all possible functions f from the vector
space considered. In the case that interests us here, this space will be the space of
polynomials of degree less than m. This space will be denoted as Pp,_1.

The polynomial p € P,, of degree n < m which minimizes

If=pll, with o] = (v,0)"?

(note that this is a semi-norm) can be found as follows. Find a basis {¢g, ..., ¢n}
for P, which is orthonormal with respect to (-,-). The solution p is the generalized
Fourier expansion of f with respect to this basis, truncated after the term of de-
gree n. An algorithm that solves the problem will compute implicitly or explicitly
the orthonormal basis and the Fourier coefficients. As we shall see in the follow-
ing sections, the parameters of the recurrence relation for the sequence of these
orthonormal polynomials can be stored in a structured rank matrix, more precisely,
an upper Hessenberg matrix. This upper Hessenberg matrix can be found as the
solution of an inverse eigenvalue problem, where the points z; are the given eigenval-
ues and the weights w; are the first components of the corresponding eigenvectors.
An algorithm to solve this inverse eigenvalue problem is designed. We can reduce
the complexity of such an algorithm by an order of magnitude when a “short re-
currence” exists for the orthogonal polynomials. We shall consider the case where

415
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all the z; are on the real line, in which case a three-term recurrence relation exists,
and the case where all the z; are on the complex unit circle, in which case a Szegd
type recurrence relation exists.

The chapter is organized as follows. In Section 12.1, it is shown that the re-
currence relation for a sequence of polynomials pg, p1, ..., pk,... with degpy = k
can be compactly represented by an upper Hessenberg matrix. When the polyno-
mials py are orthonormal with respect to the discrete inner product as described in
Section 12.2, this upper Hessenberg matrix is the solution of an inversion eigenvalue
problem as formulated in Section 12.3. In Section 12.4, this result is used to define
an extended Hessenberg matrix used in solving the discrete least squares polynomial
approximation problem. This extended Hessenberg matrix is a rectangular matrix
consisting of 2 initial columns followed by the upper Hessenberg matrix of the re-
currence coefficients. An algorithm to solve the corresponding inverse eigenvalue
problem is developed in Section 12.5. If the points of the inner product are lying on
the real line or on the unit circle, the Hessenberg matrix reduces to a Jacobi matrix,
i.e., a symmetric tridiagonal one, or a unitary Hessenberg matrix, respectively, as
is indicated in Section 12.6.

ESY Mastering the content of this chapter is important to understanding the
following two chapters of the book. The essential ideas of this chapter are the fol-
lowing. A sequence of polynomials py, having strict degree k satisfies a recurrence
relation (see Equation (12.2)). The coefficients of this recurrence relation can be
summarized into an upper Hessenberg matrix (see Equation (12.3)). When the
polynomials are orthonormal with respect to a discrete inner product of the form
(12.4), the upper Hessenberg matrix can be recovered by solving an inverse eigen-
value problem as defined in Definition 12.1. This problem can be solved an order
of magnitude faster when the points of the inner product are lying all on the real
line or all on the unit circle.

12.1 Recurrence relation and Hessenberg matrix

Consider the sequence po,p1,p2,... of polynomials pi(z) € P = C[z] where each
polynomial pj has strict degree k. In this section, we show that these polynomials
satisfy a recurrence relation whose coeflicients can be naturally stored in an upper
Hessenberg matrix. When these polynomials are orthogonal with respect to the
discrete inner product as defined in the next section, it will turn out that this
Hessenberg matrix is the solution of an inverse eigenvalue problem.

Because the degree of each of the polynomials py is strictly equal to k, it is
clear that this sequence of polynomials is linearly independent. Let us construct
now a recurrence relation for this sequence. Consider the polynomial zpg(z) of
degree k + 1. Because the polynomials pg, p1, ..., pr+1 form a basis for the space of
all polynomials having degree less than or equal to k + 1, we can write zpg(z) as a
linear combination of these polynomials:

k+1
wpe(2) =Y pi()hjk,  k=0,1,2,.... (12.2)
§=0
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Note that hri1,x # 0. Hence, once we know py and the recurrence coefficients h; .,
we can compute the other polynomials as

k
Pit1,kPr+1(2) = 2pi(2) — ij(z)hj,k» k=0,1,2,....
j=0
When we denote the infinite vector of polynomials as
Po:cc = @071717 .. ] )

we can rewrite (12.2) in matrix notation as
ZP0:c0 = pO:ocHooXooa (123)

with Hooxoo = [hjk] an irreducible upper Hessenberg matrix.

12.2 Discrete inner product

In this section, a discrete inner product is defined and the corresponding sequence
of orthogonal polynomials having increasing degree is considered. It is shown that
in this case, the Hessenberg matrix containing the recurrence coefficients is unitarily
similar to the diagonal matrix containing the nodes of the inner product.

Given the complex numbers z;, called the points, and the nonzero complex
numbers w;, called the weights, i = 1,2,...,m, let us define the discrete inner
product (-,-) as

(p,a) =Y lwil*p(zi)a(z), (12.4)
i=1

with Z denoting the complex conjugate of the complex number z. Assume now that

the polynomials g, ¢1, ... are orthogonal with respect to each other, i.e.,
(@i, ;) =0, 1,7 =0,1,2,... and i # j. (12.5)
The m x co matrix whose j-th column for j = 0,1, ... consists of the function values

of polynomial ¢; in each of the points z;, is denoted by ®. The diagonal matrix
whose diagonal elements are the weights w; is denoted by W. The orthogonality
conditions (12.5) can be written in matrix notation as

(We)? (W) =D, with D an (infinite) diagonal matrix.

Because W has rank m and, hence, D has rank less than or equal to m, we can
assume that only the first m polynomials have length 1 with respect to the norm
corresponding to the inner product. In that case the other polynomials have length
0. Let us split up ® as & = [@; D3] where ®; consists of the first m columns of
®. Hence, it follows that

PHWHW®, = 1.
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Therefore, the matrix Q = W®; is unitary. Because
IWHQ =0,

it follows that ®» = 0, i.e., each of the polynomials ¢; for j = m, m +1,... has to
be zero in each of the points z;. Hence,

pj(2) = (z = 21)(z — 22) - (2 — 2m)¥(2),

with ¢ € P;_,,, and of strict degree j — m. Taking the first m columns of (12.3)
and evaluating in each of the points z;, leads to

Z(I)l - (I)leeru (126)
with H,,xm the leading principal m x m submatrix of Hyoxoo and Z the diagonal
matrix containing the nodes z; on its diagonal. Multiplying (12.6) to the left by the
diagonal matrix W consisting of the weights, gives us:

W(Z®1) = W(P1Hpxm)
or because Z and W are diagonal matrices,

ZW®1) = (WP1)Hpxm-

Using the fact that W®; = @), it follows that

ZQ =QH,
with @ unitary and H = H,,,x.,, an upper Hessenberg matrix. Summarizing, we get
Qe = aLQ, with |a| =1
[w]|
Q"zQ=H

where w denotes the vector consisting of the weights
_ T
W = [wi,Wa,. .., W] . (12.7)

In words, the matrix @ = W®; is unitary, its first column is a normalized vector
consisting of the weights, the columns of Q@ are the eigenvectors of the upper
Hessenberg matrix H whose eigenvalues are the points z;.

12.3 Inverse eigenvalue problem

Suppose now that we start with the points z; and the corresponding weights w;
for i = 1,2,...,m. How can we find the elements of the Hessenberg matrix H,
i.e., the recurrence coefficients h; 5 of (12.3) defining each of the polynomials ¢y (2)
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for k =0,1,...,m — 1, where ¢x(z) has strict degree k. Because ¢q is a constant
polynomial, it is easy to determine a possible value for it:

m

(o, po) = Z |wi|*|ol* = 1.
i=1

Hence,
— ith |a| = 1
0o =1—m3, Wi =1
w2

Therefore, we know that the first column of ) should satisfy:

Qe1 = Wpo(21), 00(22), - - -, po(zm)]”

=a——s.
w2

The upper Hessenberg matrix H = [h; x| can be determined by solving the following
inverse eigenvalue problem:

Definition 12.1 (Inverse eigenvalue problem). Given the points z; and the
weights w;, 1 =1,2,...,m. Compute an upper Hessenberg matrix H such that

e its eigenvalues are z;,
e it is unitarily similar to the diagonal matriz Z = diag([z1,. .., zn]):

Q"ZQ=H,

e the first column of Q equals oz with || =1 and w as defined in (12.7).

This condition is not sufficient to characterize ) completely. We can fix it
uniquely by making the @ to have positive leading coefficients. This will be ob-
tained when all the subdiagonal elements of the Hessenberg matrix H are positive,
i.e., when hyy1 %, K =0,1,...,m—1 are positive, and when « is taken equal to one.
Since we assumed that none of the weights w; is zero, the subdiagonal elements
hi41,, are nonzero and therefore this normalization can always be realized. Note
that this normalization is not necessary to obtain the recurrence coefficients of a
sequence of orthogonal polynomials ¢y, k = 0,1, ... having strict degree k.

In the direct eigenvalue problem, one computes the eigenvalues {zx}7* and
the eigenvectors @ from the Hessenberg matrix, e.g., with the Q R-algorithm. For
the inverse eigenvalue problem, the Hessenberg matrix is reconstructed from the
spectral data by an algorithm, which could be called an inverse @)R-algorithm.
This is the Rutishauser-Gragg-Harrod algorithm in case all nodes z; are on the
real line [97, 132] and the unitary inverse QR-algorithm described in [8] for the
case of the unit circle. In the Section 12.5, we will give an algorithm that solves
the inverse eigenvalue problem and at the same time computes the coefficients of
the polynomials solving the least squares approximation problems of strict degrees
0,1,...,m. In the next section, we will state this least squares problem in detail.



420 Chapter 12. Orthogonal polynomials and discrete least squares

12.4 Polynomial least squares approximation

In this section, we will study the polynomial least squares problem in detail. We
show that it can be solved in terms of the orthogonal polynomials with respect to
the discrete inner product. In the next section, we will design an efficient algorithm
updating the recurrence coefficients and the coefficients of the least squares solutions
when a new data point z,,+; and a corresponding weight w,, 1 are added.

Discrete least squares approximation by polynomials is a classical problem in
numerical analysis where orthogonal polynomials play a central role. Given an inner
product (-,-) defined on P,,—1 X P,,_1, the polynomial p € P,, of degree at most
n < m, which minimizes the error

||f_pH7 pEPn
is given by

p=>_ ¢rar,  ax=(f o)
k=0
when the {¢}§ form an orthonormal set of polynomials:

ok € P — Pr_y, P_, =2, (Ok, p1) = Oki,

with dx; the Kronecker delta, i.e., x; = 0 when k # [ and dg; = 1 when k = [. The
inner product we shall consider here is of the discrete form (12.4) where the z; are
distinct complex numbers. Note that when m = n, the least squares solution is the
interpolating polynomial, so that interpolation can be seen as a special case.

To illustrate where the orthogonal polynomials show up in this context, we
start with an arbitrary polynomial basis {4}, ¥, € Py — Px_1. Setting

n
v 4
p:Z¢kaka ak E((::7
k=0

the least squares problem can be formulated as finding the weighted least squares
solution, i.e., the coefficients a}Y, of the system of linear equations

Zwiwk(zi)ag ~ wif(zi), i=1,...,m.

k=0

The term “weighted” indicates that we apply a different weight w; to each of the
m equations. Hence, the weighted least squares solution turns out to be the least
squares solution of

Woa¥ ~ Wf
where W = diag([wo, . .., wn]) and
Yo(21) ... WUn(z1) ag f(z1)
Ll : a¥=| 1, f=|

wO(Zm) cee wn(zm> (Ig f(z.f'm)
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Note that when v (z) = z¥, the power basis, then W is a rectangular m x (n + 1)
Vandermonde matrix. The normal equations for this system are

(TAWHW)a? = oHWwHE,

When the vy are chosen to be the orthonormal polynomials ¢y, then the square
coefficient matrix of the previous system becomes very simple, i.e., WHWHW T =
I,,.1, and the previous system gives the solution a¥ = UHWHWf immediately.

When the least squares problem is solved by @) R-factorization, i.e., when @ is
an m X m unitary matrix such that Q¥ W = [RT 0717 and R is upper triangular,
we have to solve the triangular system given by the first n 4+ 1 rows of

o Jermam [ L)

where x is related to the residual vector r by
[ 2 } =Q%r, r=wua¥ - Wft.

Note that the least squares error is ||x|| = ||r||. Again, when the ¢}, are replaced by
the orthonormal polynomials ¢y, we get the trivial system (m > n)

{I”O“ }a‘l’QHWer[g}

Note that a unitary matrix @ is always related to the orthonormal polynomials ¢y,
by

Q=Wo,
where
wo(z1) oo Pm-1(21)
=B, =| :
SDO(Zm) <mel(zm)
since

QiQ=0o"Wiwe =1,,.

12.5 Updating algorithm

In this section, we develop an updating algorithm to compute the extended Hessen-
berg matrix, i.e., a matrix whose first column contains the coefficients of the least
squares polynomial approximants, whose second column contains the transformed
weight vector Qfw = e, and whose other columns consist of the upper Hessen-
berg matrix H = [h;;]. The updating algorithm will add a new node z,,+1 and a
corresponding weight w,,+1 and function value f(z;,+1) and compute the updated
extended Hessenberg matrix.
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For the least squares problem, we add the function values f(z;) and when
these are properly transformed by the similarity transformations of the inverse Q) R-
algorithm, this will result in the generalized Fourier coefficients of the approximant
and some information about the corresponding residual. Indeed, the solution of the
approximation problem is given by

p=[po,...,on]a®, a®=d"WHWF = QHWT.

Note that the normal equations are never explicitly formed.
The whole scheme can be collected in one table giving the relations

@ [wlwlz]|[ "™ ]

al|lho ...  hom—2 ho,m—1
o
a® | 0| hio .. him— him—1
= b
X 0 hmfl,m72 hmfl,mfl
with wog = Wf and wy = [wy,.. .,wm]T as before. The approximation error is

Ix||. For further reference we shall refer to the matrix of the right-hand side as the
extended Hessenberg matrix.

The updating algorithm works as follows. Suppose that a® was computed by
the last scheme for some data set {z;, fi, w;}7*. We then end up with a scheme of
the following form (n = 3, m = 6):

X X | X X X X X X
X X X X X X X
X X X X X X
X X X X X
X X X X
X X X

A new data triple (2m+1, fm+1, Wm+1) can be added, for example, in the top line.
Note that with respect to the scheme above, a new first row and a new third column
are inserted. The three crosses in the top line of the left scheme below represent
Wint1 frm+t1s W1 and 2,41, respectively. The other crosses correspond to the ones
we had in the previous scheme.

X X | X X X | X X X X X X X
xX X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X
X X X X X X |[=|X X X X X X
X X X X X X X X X X
X X X X X X X X
X X X X X X

This left scheme has to be transformed by unitary similarity transformations into
the right scheme which has the same form as the original one but with one extra row
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and one extra column. This result is obtained by eliminating the (2,2) element by an
elementary rotation/reflection in the plane of the first two rows. The corresponding
transformation on the columns will influence columns 3 and 4 and will introduce
a nonzero element at position (3,3), which should not be there. This is eliminated
by a rotation/reflection in the plane of rows 2 and 3, etc. We call this procedure
chasing the elements down the diagonal. In the first column of the result, we find
above the horizontal line the updated coefficients a®. When we do not change n, it
is sufficient to perform only the operations that influence these coefficients. Thus
we could have stopped after we obtained the form

X X X X X X
X X X X X

X X X X

X X X

X X

X X

X X X|X X X X

X X X|X X X X
X X X|X X X X

This can be done with O(n?) operations per new data point. In the special case of
data on the real line or on the unit circle, this reduces to O(n) operations as we
shall see in the next section.

12.6 Special cases

The recurrence relations as well as the algorithm described above simplify consid-
erably when the orthogonal polynomials satisfy a particular recurrence relation.

A classical situation occurs when the z; € R, i = 1,2,...,m. Since we can
also choose the weights w; real, the @ and H matrix will be real, which means that
we can drop the complex conjugation from our notation. Thus we observe that for
z; € R, the Hessenberg matrix H satisfies

H"=(Q"2Q)" =Q"Z2Q = H.

This means that H is symmetric and therefore tridiagonal. The matrix H reduces
to the classical Jacobi matrix, i.e., a tridiagonal matrix whose subdiagonal elements

are nonzero:
ap by

bm

b am
containing the coefficients of the three term recurrence relation
p-1=0, z¢k(2) = brpr-1(2) + arpr(2) + brer1@k41(2), k=0,1,....,m—2.

A similar situation occurs when the z; are purely imaginary, in which case the
matrix H is skew Hermitian. We shall not discuss this case separately.
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The algorithm we described before now needs to perform rotations (or reflec-
tions) on vectors of length 3 or 4, which reduces the complexity of the algorithm
by an order. This is the basis of the Rutishauser-Gragg-Harrod algorithm [135, 97].
See also [25, 132, 71].

In this context, it was observed only lately [96, 100, 8, 134, 9] that also the
situation where the z; € T (the unit circle) leads to a simplification. It follows from

HYH =Q"7"2Q=Q"Q =1,

that H is a unitary Hessenberg matrix. The related orthogonal polynomials are
orthogonal with respect to a discrete measure supported on the unit circle. The
three-term recurrence relation is replaced by a recurrence of Szego6-type

2or-1(2) = 0k (2)ok + V1 (2) %
with
o (2) = 2"or(1/2) €P, and of =1—|nl?, ok >0,

where the v are the so-called reflection coefficients or Schur parameters. Just like
in the case of a tridiagonal matrix, the Hessenberg matrix is built up from the
recurrence coefficients i, 0. However, the connection is much more complicated.
For example, for m = 4, H has the form

—Y1 —O0172 —010273 —01020374

H— 01 —M1Y2 —Y10273  —71020374
lop) —Y273 —720374
—03 Y374

The Schur parameters can be recovered from the Hessenberg matrix by
oj=hjj-1, j=1...,m, a=1/py= oo,

’)/j:—ho,j_l/(O'la'Q...O'j_l), j:l,...,m.
The complexity reduction in the algorithm is obtained from the important ob-
servation that any unitary Hessenberg matrix H can be written as a product of
elementary unitary factors

H=GGs...Gp1G,
with

Gr=Ir1@® { “k Tk } O Ln-k-1, k=1,....m
Ok Tk
and
G, = diag([1,...,1, —ym])-
This result can be found e.g., in [96, 8.

Now an elementary similarity transformation on rows/columns k and k + 1
of H, represented in this factored form, will only affect the factors Gy and part
of the factors Gx—1 and Gg41. Again, these operations require computations on
short vectors of length 3, making the algorithm very efficient again. For the details
consult [96, 8, 134]. For example, the interpolation problem (n = m) is solved in
O(m?) operations instead of O(m?).
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Notes and references
This chapter and the next chapter are mainly based on the following article.

== A. Bultheel and M. Van Barel. Vector orthogonal polynomials and least
squares approximation. SIAM Journal on Matriz Analysis and Applica-
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The field of orthonormal functions and, more specifically, orthonormal polynomials
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For orthogonal polynomials and their computation as such we refer the interested reader
to the following two books.

w W. Gautschi. Orthogonal Polynomials: Computation and Approzimation.
Oxford University Press, New York, USA, 2004.

= B. Simon. Orthogonal Polynomials on the Unit Circle: Part 1: Classical
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American Mathematical Society, Providence, Rhode Island, USA, 2004.

w G. Szegl. Orthogonal Polynomials. American Mathematical Society, Prov-
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Generalizations of orthogonal polynomials. Journal of Computational and
Applied Mathematics, 179(1-2):57-95, July 2005.
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and Orthogonal Polynomials, volume 6 of Studies in computational math-
ematics. North-Holland, Elsevier Science B.V., Amsterdam, Netherlands,
1997.

For a survey of inverse spectral problems, we refer to the following article of Boley and
Golub and the book of Chu and Golub.

w D. L. Boley and G. H. Golub. A survey of matrix inverse eigenvalue
problems. Inverse Problems, 3:595-622, 1987.

ww M. T. Chu and G. H. Golub. Inverse Eigenvalue Problems: Theory, Algo-
rithms and Applications. Numerical Mathematics & Scientific Computa-
tions. Oxford University Press, New York, USA, 2005.

One of the methods mentioned is the Rutishauser-Gragg-Harrod algorithm. This algorithm
can be traced back to Rutishauser and was adapted by Gragg an Harrod with a technique
of Kahan, Pal and Walker for chasing a nonzero element in the matrix. The article by
Reichel discusses a discrete least squares interpretation of these algorithms. The numerical
stability of the inverse eigenvalue algorithm on the real line, is discussed by Reichel and
Gragg and Harrod.

w W. B. Gragg and W. J. Harrod. The numerically stable reconstruction of
Jacobi matrices from spectral data. Numerische Mathematik, 44:317-335,
1984.
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= . Reichel. Fast QR-decomposition of Vandermonde-like matrices and
polynomial least squares approximation. SIAM Journal on Matriz Analy-
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w G. S. Ammar, W. B. Gragg, and L. Reichel. Constructing a unitary Hes-
senberg matrix from spectral data. In G. H. Golub and P. Van Dooren,
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1995.

= L. Reichel, G. S. Ammar, and W. B. Gragg. Discrete least squares ap-
proximation by trigonometric polynomials. Mathematics of Computation,
57:273-289, 1991.

It is to be preferred over the so-called Stieltjes procedure.

w W. Gautschi. On generating orthogonal polynomials. SIAM Journal on
Scientific and Statistical Computation, 3:289-317, 1982.

= W. Gautschi. Computational problems and applications of orthogonal
polynomials. In C. Brezinski, L. Gori, and A. Ronveaux, editors, Orthog-
onal Polynomials and Their Applications, volume 9 of IMACS Annals on
Computing and Applied Mathematics, pages 61-71. Baltzer Science Pub-
lishers, Basel, Switzerland, 1991.

Moreover the algorithms for the real line as well as for the unit circle are well suited for
implementation in a pipelined fashion on a parallel architecture.

w M. Van Barel and A. Bultheel. A parallel algorithm for discrete least
squares rational approximation. Numerische Mathematik, 63:99-121, 1992.

= M. Van Barel and A. Bultheel. Discrete linearized least squares approxima-
tion on the unit circle. Journal of Computational and Applied Mathematics,
50:545-563, 1994.

In Section 12.5, we only considered the problem of updating, i.e., how to adapt the ap-
proximant when one knot is added to the set of data. There also exists a possibility to
consider downdating, i.e., when one knot is removed from the set of interpolation points.
For the polynomial approximation problem, this was discussed for real data in the following
article.

w S. Elhay, G. H. Golub, and J. Kautsky. Updating and downdating of
orthogonal polynomials with data fitting applications. SIAM Journal on
Matriz Analysis and Applications, 12(2):327-353, 1991.
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For data on the unit circle the downdating procedure is described in the following article.

w G. S. Ammar, W. B. Gragg, and L. Reichel. Downdating of Szeg6 polyno-
mials and data-fitting applications. Linear Algebra and its Applications,
172:315-336, 1992.

The procedure can be based on a direct @) R-algorithm, which will “diagonalize” the Hes-
senberg matrix in one row and column (e.g., the last one). This means that the only
nonzero element in the last row and the last column of the transformed Hessenberg matrix
is zm on the diagonal. The unitary similarity transformations on the rest of the extended
Hessenberg matrix bring out the corresponding weight in its first columns and the leading
m — 1 x m — 1 part gives the solution for the downdated problem.

The discrete least squares problem of Section 12.4 is closely related to many other
problems in numerical analysis. For example, consider the quadrature formula

b m
/ w(z) f(x)dx ~ Zwif(zk),
@ k=1

where w(z) is a positive weight for the real interval [a,b]. We get a Gaussian quadrature
formula, exact for all polynomials of degree 2m — 1 by a special choice of the nodes and
weights. The nodes z; are the zeros of the m-th orthogonal polynomial with respect
to the inner product (f,g) = fab f(@)g(x)w(z)dz. These are also the eigenvalues of the
truncated Jacobi matrix which is associated with this orthogonal system. The weights w?
are proportional to g3 where g1 is the first component of the corresponding eigenvector.

= G. H. Golub and J. H. Welsch. Calculation of gauss quadrature rules.
Mathematics of Computation, 23:221-230, 1969.

The inverse eigenvalue problem as studied in Section 12.3 is precisely the inverse of the
previous quadrature problem: find the Jacobi matrix, i.e., the unreduced symmetric tridi-
agonal matrix, when its eigenvalues and the first entries of the normalized eigenvectors are
given. The computation of the quadrature formula or the eigenvalue decomposition of the
Jacobi matrix are called direct problems, while the inverse spectral problem, and the least
squares problem are called inverse problems.

The following book by Chu and Golub discusses extensively inverse problems.

ww M. T. Chu and G. H. Golub. Inverse Eigenvalue Problems: Theory, Algo-
rithms and Applications. Numerical Mathematics & Scientific Computa-
tions. Oxford University Press, New York, USA, 2005.

12.7 Conclusions

In this chapter, we have seen that orthogonal polynomials satisfy a recurrence re-
lation corresponding to an upper Hessenberg matrix. This matrix is symmetric
tridiagonal for an inner product on the real line and unitary upper Hessenberg for
an inner product on the unit circle. To determine these matrices for a discrete inner
product we have designed an updating procedure to solve the corresponding inverse
eigenvalue problem.
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Chapter 13

Orthonormal polynomial
vectors

In the previous chapter we have studied orthonormal polynomials and least squares
polynomial approximants with respect to a discrete inner product. In this chapter,
we investigate the generalization into orthonormal polynomial vectors. In this case
the parameters of the recurrence relation are contained in a matrix with a structure
that generalizes the upper Hessenberg structure. The details of the structure of the
(extended) matrix determine the degree structure of the sequence of orthonormal
polynomial vectors.

The chapter is organized as follows. In Section 13.1, we introduce the concept
of a polynomial vector approximant with respect to a discrete norm. It will turn
out that this approximant is a polynomial vector orthogonal to all the polynomial
vectors of ‘smaller degree’. In Section 13.2, we first study the case when the de-
grees of the polynomial elements of the vector approximant are equal. Section 13.3
handles the general case. Section 13.4 investigates when the recurrence relation for
the sequence of orthonormal polynomial vectors breaks down.

ESY Mastering the content of this chapter is not important to understand the
following chapter of the book. The essential ideas of this chapter are the following.
Orthonormal polynomial vectors satisfy the orthonormality relations (13.5). These
polynomial vectors satisfy a recurrence relation. The coefficients of the recurrence
relation of orthonormal polynomial vectors can be summarized into a generalization
of a Hessenberg matrix, see Subsection 13.3.2. In the beginning of this subsection,
it is described how this general Hessenberg matrix can be recovered by solving an
inverse eigenvalue problem. This problem can be solved an order of magnitude
faster when the points of the inner product are lying all on the real line or all on
the unit circle.

13.1 Vector approximants

In this section, we will generalize the polynomial least squares approximation prob-
lem into a least squares problem involving multiple polynomials. In Section 12.4 of

429
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the previous chapter, we have studied the polynomial least squares approximation
problem: find the polynomial p € P, of degree at most n < m that minimizes the

error
m

D lwilf(zi) —p(z0))I. (13.1)

=0

This can be generalized into the following approximation problem: find two poly-
nomials pg € Py, and p; € Py, minimizing the error:

Z |wo,i fo,ipo(zi) — wl,ifl,ipl(zi)|2- (13.2)
i=0
The solution having the error as small as possible is the zero solution [po, p1] = [0, 0].

To avoid this trivial solution, we normalize the polynomial vector [po, p1], e.g., by
putting the extra condition, that pg has to be monic and of strict degree dy. Note
that when we take wo; fo; = w; f(2;), wi,:f1,; = w;, and po monic of strict degree
0, we get the same error as in (13.1). Instead of considering two polynomials, the
previous situation of polynomial approximation can be generalized as follows.

Given {zi; foi, -+ fai; Wois - - -, Wai } 1%, find polynomials py, € Py, k = 0,...,q,
such that

m

> lwoifoipo(zi) + - + Wai faipa(2i)|?

i=0

is minimized. Now it doesn’t really matter whether the w;; are positive or not, since
the products wj; f;; will now play the role of the weights and the fj; are arbitrary
complex numbers. Thus, to simplify the notation, we could as well write w;; instead
of wy; fj; since these numbers will always appear as products. Thus the problem is

to minimize
m

Z lwoipo(2i) + -+ + WaiPa (i) 2.
i=0
Setting d = [do, . . . ,da]T, Py = [Py, - - - ,Pda}T,

Wi = [Woi, .-, wail', P(2) = [po(2),...,pa(2)]" € Pqg,

we can write this as

m
min Y |w'p(z;)]*, p € Pa.
i=0

Of course, this problem has the trivial solution p = 0, unless we require at least one
of the p;(z) to be of strict degree d;, e.g., by making it monic. This, or any other
normalization condition, could be imposed for that matter.
We require in this chapter that p, is monic of degree d,, and rephrase this as
]PJVI
pa € PYL.
To explain the general idea, we restrict ourselves to a = 1, the case of a general
« being a straightforward generalization which would only increase the notational
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burden. Thus we consider the problem

minz |woipo(2i) +wiipr(2:)°,  po € Pay, p1 € Py (13.3)
i=0

Note that when wo; = w; > 0, w1; = —w; fi, and p; = 1 € P}, (i.e., d; = 0), then
we get the polynomial approximation problem discussed before.
When we set wg; = w; fo; and wy; = —w; f1; with w; > 0, the problem becomes

minZw?\fino(Zi) — fupi (z:)

=0

which is a linearized version of the rational least squares problem of determining
the rational approximant po/p; for the data fi;/fo;, or equivalently the rational
approximant p;/po for the data fo;/f1;. Note that in the linearized form, it is as
easy to prescribe pole information (fo; = 0) as it is to fix a finite function value
(foi #0).

The solution of the general case is partly parallel to the polynomial case d; = 0
discussed before, and partly parallel to another simple case, namely dy = d; = n,
which we shall discuss first in Section 13.2. In the subsequent Section 13.3, we shall
consider the general case where dy # dj.

13.2 Equal degrees

In this section we consider the least squares approximation problem having only two
polynomials with equal degrees. In Subsection 13.2.1, we solve this problem using
orthogonal polynomial 2 x 2 matrices. In Subsection 13.2.2, it is shown that the
recurrence relation for these orthonormal polynomial matrices leads to an inverse
eigenvalue problem. Also, the algorithm to solve this inverse eigenvalue problem
is developed in this subsection. Subsection 13.2.3 summarizes the results for equal
degrees. In the next section, we will handle the case of unequal degrees.

In this section, we consider the case a = 1, dy = d; = n. This means that Py
is here equal to P2*!.

13.2.1 The optimization problem
We have to find

m
man|Wpr(Zl)|27 Po 6Pn7 p1 E]P)yj\f
=0

where w; = [wo; wy;]T and p(2) = [po(z) pi(2)]T € P2*!. This problem was
considered in [147, 148]. We propose a solution of the form

p(2) = Y or(2)ay,
k=0
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where
pp(z) € P2 — P22 a, € C**' k=0,1,...,n.

Proposing p(z) to be of this form assumes that the leading coefficients of the block
polynomials ¢! are nonsingular. Otherwise this would not represent all possible
couples of polynomials [pg,p1]7 € P2*1. We shall call this the regular case and
assume for the moment that we are in this comfortable situation. In the singular
case, a breakdown may occur during the algorithm, and we shall deal with that
separately. Note that the singular case did not show up in the previous scalar
polynomial case, unless at the very end when n = m + 1, since the weights were
assumed to be positive. We shall see below that in this block polynomial situation,
the weights are not positive and could even be singular.
When we denote

W = diag([wl,...,wl]) e Clm+Dx(@m+2)
a® =[al,... al]l e cn+2)x1
®o(20) on(20)
d,, = : c C(2n1+2)><(2n+2)

‘PO(.Zm) ‘Pn(.ZM)

the optimization problem is to find the least squares solution of the homogeneous
linear system

Wo,al =0

with the constraint that p; should be monic of degree n.

For simplicity reasons, suppose that m+1 = 2(m’ + 1) is even. If it were not,
we would have to make a modification in our formulations for the index m’. The
algorithm, however, does not depend on m being odd or even as we shall see later.

By making the block polynomials ¢, orthogonal so that

m

Z(pk(zi)Hwiwflgol(zi) =6plz, k,1=0,1,...,m/, (13.4)
i=0

we can construct a unitary matrix Q € C+tUx(m+1) Ly setting
Q=Wwao

where ® = ®,,» is a (2m + 2) x (m + 1) matrix, so that @ is a square matrix of
size m + 1. We also assume that the number of data points m + 1 is at least equal
to the number of unknowns 2n + 1 (recall that one coefficient is fixed by the monic
normalization). The unitarity of the matrix @ means that

H H H
QRQUQ= "W WS = I,,41,
L Although in this section ), indicates a matrix, we didn’t use a captial letter here. This is

done because we want to use the same notation for the scalar orthonormal polynomials as well as
the block orthonormal polynomials appearing in Subsection 13.3.3.
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and the optimization problem reduces to

m

min Z p(z)fwiwp(z) = min(a® ) oA WHWd(al))
i=0
= min(ay, )" (aj,)
m
= min Z alay,
k=0
'
=min Y (lakl® + |azkl®), ax = [arx a2,
k=0
with the constraint that p(z) € P2*!; thus a,41 = -+ = a, = 0, and p; € PM.
Since the leading term of p; is only influenced by ¢,a,, we are free to choose
ag,...,a,_1, so that we can set them equal to zero, to minimize the error. Thus it

remains to find
min(|ain|? + |agn|?)

Ain Po (Z) ]P)"
z = € .
o) aon | = [ 3 | €| vl
To monitor the degree of p1, we shall require that the polynomials y; have an upper
triangular leading coefficient:

such that

o) = | G ]k

with ag, Br > 0. Note that this is always possible in the regular case. The condition
p1 € PM then sets as, = 1/3, and ay,, is arbitrary, hence to be set equal to zero if
we want to minimize the error.

As a conclusion, we have solved the approximation problem by computing the n-th
block polynomial ¢,,, orthonormal in the sense of (13.4) and with leading coefficient
upper triangular. The solution is

o) = | 20 | = | 0 |2 e =1/

pl(z) 2n

13.2.2 The algorithm

In this subsection we develop the recurrence relation for the orthonormal polynomial
2 x 2 matrices @y. The coefficients for this recurrence relation can be summarized in
a block upper Hessenberg matrix. To compute these recurrence coefficients, we also
design an efficient algorithm solving the corresponding inverse eigenvalue problem.

As in the scalar polynomial case, see (12.6), expressing zp(z) in terms of
©0y -« s Pk+1 for z € {z0,...,2zm} leads to the matrix relation

Z® = ®H,
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where as before ® = ®,,,/, Z = diag([z0,...,2m]), H is a block upper Hessenberg
matrix with 2 x 2 blocks and Z = Z ® I, = diag([z012, - . ., zmI2]). Note that in the
scalar case, the matrix 7 is diagonal and the matrix H is upper Hessenberg. If the
leading coefficient of ¢y, is upper triangular, then the subdiagonal blocks of H are
upper triangular. The computational scheme to compute the recurrence coefficients
can be summarized in the following formula

Moo | Mo1  ---  TMom/ No,m’+1
I 1 Mm/ M,m’+1
0f[w|Z] [ 2 } - , " " :
Q - : :
Nm’'m’ 777n’,7n’+1
where w = [wg, - ,w%]T and where all 77”_2 are 2 x 2 blocks and the n;; are upper

triangular with positive diagonal elements. Thus

o ="1o0s  2pk—1(2) = wo()mok + - + or(2)mek, k=1,...,m.

The updating after adding the data (241, Wm+1), Where W41 = (W0, m+1, Wi,m+1),
makes the transformation with unitary similarity transformations from the left to
the right scheme below. The three crosses in the top row of the left scheme represent
the new data. So, to the original scheme a first row is added and a third column is
inserted containing the new data. This scheme is then updated to the structure as
indicated in the right scheme below.

X X | X X X | X
X X X
X

X

X XX X

X X[X X
X[ X X|X X

X|X X[X X
X X[ X X|X X

X X | X X[X X

X X|X X[X X

X XX X|X X
I

XX X[X X|X X

XX X|[X X|X X

XX X|[X X|X X

The successive elementary transformations eliminate the crosses on the subdiagonal,
chasing them down the matrix. This example also illustrates what happens at the
end when m is an even number: the polynomial ¢, € P2%! instead of ¢, € P52,
Again, when finishing this updating after ¢, has been computed, it will require
only O(n?) operations per data point introduced. In the special case of data on the
real line or the unit circle, this reduces to O(n) operations. For the details, we refer
to [147, 148].

By the same arguments as in the scalar case, it is still true that H is Hermitian,
hence block tridiagonal, when all the z; are real. Taking into account that the sub-
diagonal blocks are upper triangular, we obtain in this case that H is pentadiagonal

2Here each 1;; denotes a matrix. However, after updating the block upper Hessenberg matrix
H, they can also indicate scalar or vector elements. This is the reason why we do not use a capital
letter.
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and the extended Hessenberg matrix has the form
By | Ay Bf
Bl A1
. BE
B Ay

with the 2 x 2 blocks By upper triangular and the A; Hermitian. This leads to the
following block three-term recurrence

wo=DBy", z¢1(2) = i1 Bl + ou(2) Ak + pr41(2)Birr, 0<k<m'.

This case was considered in [147].

Similarly, the case where all z; lie on the unit circle T, leads to a 2 x 2 block
generalization of the corresponding polynomial case. For example, the extended
unitary block Hessenberg matrix takes the form (m’ = 3)

So | -1 =Sy =313l 2,395
S Iy 5.0y ¥y,

Hy|H| = ~ , fi7fli,2i,1“i E(C2><2.
[HolH] Sy —Tofy  Iy¥s
PR s
The matrices R
Iy Xk
U, = A
’ { X T ]

are unitary: U,ka = I,. Note that by allowing some asymmetry in the Uy we
do not need a —I'y in the last column as we had in the scalar case. We have for
k=1,...,m, the block Szegd recurrence relations

i (2)Sk = zr-1(2) + Pl ()0
P (25K = zor-1(2)T% + ¢h 1 (2),

which start with ¢ = ¢f, = 5]0_1.
The block Hessenberg matrix can again be factored as

H=0G1Gs...Go,

with
Gr=IL-1) QUr ® Im—op—1, k=1,...,m

The proof of this can be found in [148]. This makes it possible to perform the
elementary unitary similarity transformations of the updating procedure only on
vectors of maximal length 5, very much like in the case of real points z;. Thus also
here, the complexity of the algorithm reduces to O(m?) for interpolation. More
details can be found in [148]. For the case of the real line, the algorithm was also
discussed in [4], solving an open problem in [25, p. 615]. The previous procedure
now solves the problem also for the case of the unit circle.
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13.2.3 Summary

The case @« = 1, dg = d; = n and also the case a > 1, dg =dy = - =do =n
for that matter, generalizes the polynomial approximation problem by constructing
orthonormal polynomials matrices ¢y which are (a+1) X (a+1) polynomial matrices
and these are generated by a block three-term recurrence relation when all z; € R
and by a block Szegé recurrence relation when all z; € T.

The computational algorithm is basically the same, since it reduces the extended

matrix
[le] c C(m+1)><(a+m+2)

by a sequence of elementary unitary similarity transformations to an upper trape-
zoidal matrix

Q"wiz | It | = ol

Q
with H block upper Hessenberg with (o + 1) x (a + 1) blocks and

Hy = Q"w = [nd,,0,...,0]T,

where 79y € Cl@tDx(@+1) is ypper triangular with positive diagonal elements, as
well as all the subdiagonal blocks of H. For n = m/, where (a+1)(m'+1)—1 = m+1,
(which implies that 3,/ is of size a x (o + 1)), we solve an interpolation problem.
It requires O(m?) operations when z; € R or € T, instead of O(m?) when the z;
are arbitrary in C.

13.3 Arbitrary degrees

In this section, we consider the case of two polynomials having unequal degree in
general, i.e., a = 1 with dg # d;.

In Subsection 13.3.1, we repeat the polynomial vector approximation problem.
Before looking at the recurrence relation for the orthonormal polynomial vectors,
we develop the algorithm to solve the corresponding inverse eigenvalue problem in
Subsection 13.3.2. The recurrence relation for the 2 x 1 orthonormal polynomial
vectors is developed in Subsection 13.3.3. In Subsection 13.3.4, the polynomial
vector approximation problem (13.3) is solved. For more details we refer to [149].

13.3.1 The problem

We suppose without loss of generality that dy = 6 and dy = n+ 9, n,§d > 0. We
have to find once more

m
minz wip(z:)>, po€Ps, p el
i=0

with w; = [wo; w1;]T and p(2) = [po(2) p1(2)]T € P4, d = (do,d1). The polyno-
mial approximation problem is recovered by setting § = 0. The case dy = dy = §
is recovered by setting n = 0. The simplest approach to the general problem is
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by starting with the algorithm. In the subsequent subsections, we propose a com-
putational scheme involving unitary similarity transformations. Next we give an
interpretation in terms of orthogonal polynomials and finally we solve the approxi-
mation problem.

13.3.2 The algorithm

Comparing the cases § = 0 and n = 0, we see that the algorithm applies a sequence
of elementary unitary similarity transformations on an extended matrix

w|Z], w=lwo,...,wn|", Z=diag([20,...,%m])
to bring it in the form of an extended (block) upper Hessenberg

Q"miz | B | =

When n = 0, the transformations were aimed at chasing down the elements of [w|Z]
below the main diagonal, making [Hy|H| upper triangular. Therefore H turned out
to be block upper Hessenberg.

When § = 0, the transformations had much the same objective, but now, there
was no attempt to eliminate elements from the first column of w, only elements from
the second column were pushed to the lower right part of the matrix. The matrix
then turned out to be upper Hessenberg in a scalar sense.

The general case can be treated by an algorithm that combines both of these
objectives. We start like in the polynomial case (n = 0), chasing only elements from
the second column of w. However, once we reached row n + 1, we start eliminating
elements in the first column too.

Applying this procedure shows that the extended Hessenberg [Hy|H| has the
form

0 n m

0— | X X | X X X X X |X X X X X

X X X X X X |x x x X X

X X X X X |x x x x x

X X | X X | X x|x x|x
n— | x X X | X x| x x| x |=][HplH].

X X | x x| x x|x

X | x x| x x| X

X X | x x|

X | x x| X

m — X X | X

This means that the upper left part of H, of size (n + 1) x (n + 1), will be scalar
upper Hessenberg as in the case n = 0, while the lower right part of size (m —n +
2) x (m — n + 2) has the block upper Hessenberg form of the case § = 0.
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The updating procedure works as follows. Starting with (the new data are
found in the first row)

X | X
® X X

X X X X X|X
X
X X X X

XX X X X X

X X[X X X X X

X X XX X X X X

X X X X[X X X X X
X X X X X|X X X X X
X X X X[X X X X X
X X X X X|X X X X X

X

the element ® is chased down the diagonal by elementary unitary similarity trans-
formations operating on two successive rows/columns until we reach the following
scheme (where ® = 0 and @ and © are the last elements introduced which are in
general nonzero):

X X[ X X X X X X X
X X X X X X X X
X X X X X X X
X X X X X X
X X X X X
® O X X X
© X X X

® X X

X

X X X X|X X X X X X
X X X X X|X X X X X X
X X X X X|X X X X X X
X X X X X|X X X X X X

Now the element ® in row n + 1 is eliminated by a rotation/reflection in the plane
of this row and the previous one. The corresponding transformation on the columns
will introduce a nonzero element at position ©®. Then ©® and ® are chased down
the diagonal in the usual way until we reach the final situation

X X X X X X
X X X X X
X X X X
X X X
X X

X

X X[X X|X X X

XX X|X X|X X X
X XX X[X X|X X X

XX XX X|X X|X X X
X XX X|X X|X X|X X X
X XX X|X X|X X|X X X
X XX X|X X|X X|X X X
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13.3.3 Orthogonal vector polynomials

The unitary matrix ) involved in the previous transformation was for the case § = 0
of the form Q = W®,, where W was a scalar diagonal matrix of the weights and
®,,, was the matrix with ij-clement given by ¢;(z;), with ¢; the j-th orthonormal
polynomial.

When n = 0, the situation we studied in the previous chapter, then @ =
W®,,,, where W is the block diagonal with blocks being the 2 x 1 “weights” w; and
®,,,» is the block matrix with 2 x 2 blocks, where the ij-block is given by ¢;(z;),
with ¢; the j-th block orthonormal polynomial.

For the general case, we shall have a mixture of both. For the upper left part
of the H matrix, we have the scalar situation and for the lower right part we have
the block situation.

To unify both situations, we turn to vector polynomials 7y, of size 2 x 1. For
the block part, we see a block polynomial ¢; as a collection of two columns and set

pj(z) = [maj—1(2)|m2;(2)].

For the scalar part, we embed the scalar polynomial ¢; in a vector polynomial 7

by setting
m(2) = { %’?2) } '

In both cases, the orthogonality of the ¢; translates into the orthogonality relation

m

Zﬂ'k(zi)HWz‘WzHﬂ'l(zi) = Okt (13.5)
i=0

for the vector polynomials 7. Let us apply this to the situation of the previous
algorithm. For simplicity, we suppose that all z; € R. For z; € T, the situation is
similar.

For column number 57 =0,1,...,n — 1, we are in the situation of scalar orthogonal
polynomials: Q;; = w1;p;(2;) = wHm;(2;). Setting

X
[Ho|H] =
X
we have for j = 0,...,n — 2 the three-term recurrence relation

20j(2) = 0j-1(2)b; + 9 (2)a; + 91 (2)bjr1, w-1=0, po=1by.
By embedding, this becomes

amj(z) = i1 (2)bj + mj(2)a; + i1 (2)bje1, mo=[0 o]
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Thus, setting
ﬁ'j = [Tl'j(Zo)T, .. .,wj(zm

we have for the columns q; of @) the equality
qj:Wfrj, j:0,1,...,n—1.

For the trailing part of @, i.e., for columns (n +2j — 1,n+ 25), j = 0,1,..., we
are in the block polynomial case. The block polynomials ¢;(z) group two vector
polynomials

©j(2) = [Tnt2j-1(2)[Tn42;(2)],

which correspond to two columns of (), namely

Qi = [dn+2j-1]An+24].

Observe that we have the following relation between Qj and the block orthogonal
polynomials
Qij =wllp;(z) = | Pomv2i—t - Bine2y
42i+1,n+2j—1 42i+1,n+2j

where this time w! = [wo; w1;]7. As above, denote the vector of function values
for ; by @;. The block column of function values for ¢; is denoted by ®;. Then
clearly

Q; =W, & = [frproj_1|7nio)-

Denoting in the extended Hessenberg matrix

X bo
X oo . Bt
T 0 bn—l
[HO‘H] = 0 BO AO Bl ) BO = |: 0 0 :| )
0 B, A

we have the block recurrence

20;(2) = 0j—1(2)B] + ¢ (2)Aj + 0j11(2)Bjy1, §=0,1,...

The missing link between the scalar and the block part is the initial condition for this
block recurrence. This is related to columns n—2,n—1 and n of (). Because columns
n—2 and n — 1 are generated by the scalar recurrence, we know that these columns
are q; = W, j =n — 2,n — 1, where the 7; are related to the embedded scalar
polynomials. A problem appears in column q, where the three-term recurrence of
the leading (scalar) part migrates to the block three-term recurrence of the trailing
(block) part, i.e., from a three-term to a five-term scalar recurrence. We look at
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this column in greater detail. Because

do wWoo r1

1
: 0
dy, : 1
Q| | =QfWe, e=|0|,
0 : :
1
L O | L Wom | - 0 =
we have
quO + -+ qndn = Wea
thus
1
an = d_(We - [CIO| e |qn—1]a$—1)7 a;{z)—l = [d07 R d”—l]T
1 . N
= —(We — Wlio|... [#_a]ay_y)
1 . .
= Wd—(e — [#o] ... |7rn,1}a§_1)
1 R N
=W-—(e=pPu-1), Pu-1=[fol... [ 1lag_;.
Setting q,, = Wy, 7, = [m,(20)7, ..., wn(2m)T]T, we find that

mn(2) = — [ pn,ll(z) } (13.6)
where

Pn—1(2) = @o(2)do + -+ + pn—1(2)dn-1

is the polynomial least squares approximant of degree n — 1 for the data (z;, w;),
1=0,...,m.

13.3.4 Solution of the general approximation problem

Now we are ready to solve the general polynomial vector approximation problem
(13.3). We start with the degree structure of the polynomial vectors ;(z). Suppose
the j-th column of @ is q;, which we write as

qj =Wy, 75 =[mi(20)", ... mi(2m)
with W = diag([wll,...,wk]) and 7;(z) = [¢;(2) ¢;(2)]7. Then it follows from
the previous analysis that the ¢; are the scalar orthogonal polynomials ¢;, and
hence the degree of ¢;(2) is j, for j =0,1,...,n — 1. Moreover, the 9; are zero for
the same indices (their degree is —o0). For j = n, we just found that v, is 1/d,,
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thus of degree 0 and ¢,, is of degree at most n — 1, since the latter is proportional to
the polynomial least squares approximant of that degree. With the block recurrence
relation, we now easily find that the degree structure of the block polynomials

Ynt2j-1 ¢n+2j} i [ J—1 J

%1 = [Tavaja|mnes] = { Pn+2j-1  Pnt2j n+j—1 n+j-1

for j =1,2,..., while ¢y has degree structure

—00 0
{ n—1 n—-1 } '
It can be checked that in the regular case, that is when all the subdiagonal elements
bo,...,bn—1 as well as d,, are nonzero and when also all the subdiagonal blocks
By, ..., B], areregular (upper triangular), then the degrees of ¢, = ¢y, are precisely
k for k = 0,1,...,n — 1 and in the block polynomials ¢;, the entries ¢,42; and
®n+2;j—1 have the precise degrees that are indicated, i.e., j and n+4j—1, respectively.
Thus, if we propose a solution to our approximation problem of the form (suppose

m > n+ 26) )
n+256+1

p(z) = Z w;(z)a;, a; €C,

J=0

then p(z) = [po(z) p1(2)]T will automatically satisfy the degree restrictions dy < §
and d; < n+ 4. We have to find

min(@ TEWHWTL,, (), »' =n+20+1,

where

ag = [ao,...,an/]T and Hn/ = [ﬁ'o||ﬁ'n/]

Since WTI,,, form the first n’ + 1 columns of the unitary matrix @, this reduces to
n/
 (TINH (T . 2
min(a,, )" (a,,) = mlnz la;|*.
7=0

If we require as before that p;(z) is monic of degree n+4, then a,» = 1/8,, where 3;
is the leading coeflicient in ¢;. The remaining a; are arbitrary. Hence, to minimize
the error, we should make them all zero. Thus our solution is given by

p(2) = mw(2)an, n'=2n+5+1, aw =1/3u.

13.4 The singular case

In this section, we investigate the situation when the recurrence relation for the
block orthogonal polynomials breaks down.

Let us start by considering the singular case for dy = d; = n. We shall
then generate a singular subdiagonal block 7, of the Hessenberg matrix. The



13.4. The singular case 443

algorithm performing the unitary similarity transformations will not be harmed by
this situation. However, the sequence of block orthogonal polynomials will break
down. From the relation

2¢k-1(2) = @o(2)nok + -+ + ©r(2) Nk

it follows that if nxy is singular, then this cannot be solved for ¢ (z). In the regular
case, all the 7;; are regular and then the leading coefficient of ¢y, is 170_01 e nk_kl.
Thus, if all the n;; are regular upper triangular, then the leading coefficient of
o will also be regular upper triangular. As we have said in the introduction,
the singular situation will always occur, even in the scalar polynomial case with
positive weights, but there only at the very end where k = m + 1. That is exactly
the stage where we reached the situation where the least squares solution becomes
the solution of an interpolation problem. We show below that this is precisely what
will also happen when some premature breakdown occurs.

Suppose that the scalar entries of the extended block Hessenberg matrix are
[Ho|H] = [hijli,j=01,.... (We use h;; to distinguish them from the block entries 7;;.)
Suppose that the element hyy is the first element on its diagonal that becomes zero
and thus produces some singular subdiagonal block in H. Then it is no problem to
construct the successive scalar columns of the matrix ® = ®,,,, until the recurrence
relation hits the zero entry hyy. If we denote for j =0,1,...,k—1, the j-th column
of ® as 7, then we know from what we have seen, that 7; represents the vector
of function values at the nodes 2o, ..., zm, of some vector polynomial m;(z) € P2*1.
The problem in the singular case is that 7 (z) cannot be solved from

2Tp—o = Wphyk + Tp—1hp—16 + - - + Tohox

]

wo = qohoo; w1 = qoho1 + qih11

because hir = 0. However, from

Q| ] =[wiwi|z]|§

it follows that

and for k > 2

Zqk—2 = qohok + -+ + ik
where q;, j = 0,1,... denotes the j-th column of Q). We shall discuss the case
hir = 0 separately for £k = 0, k = 1 and k > 2 separately. If hgg = 0, then

wo = 0. This is a very unlikely situation because then there is only a trivial
solution [pg, p1] = [1,0] which fits exactly. Next consider h;; = 0; then define 7 as
0
71'/1 = l: 1 :| —Tl'oh()l.
Then

Wy = (wy — Waghot)
= (w1 —qoho1)
=qihi1 = 0.
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This means that we get an exact approximation since w;m}(z;) =0, ¢ =0,...,m.
For the general case hy, = 0, k > 2, we have that

Zdk—2 — dohox — - —dr—1hrx—1,x = qrhrr = 0.
Since q; = Wr; for 5 =0,...,k — 1, we also have
0=2ZWay_o —Waohor, — - — Wag_1hp—1,k
= W(Zfns — frohok — -+ — Fi-ahn-14) (13.7)

where Z = Z @ I». Define the polynomial

w(2) = 2mp_2(2) — mo(2)hok — +++ — Tr—1(2) hi—1.k

then, W#), = Wm}(20)7, ..., 7} (2m)T]T will be zero since it is equal to the Ex-
pression (13.7), which is zero. This means that

w;m(z) =0, i=0,...,m.

The latter relations just tell us that this 7}, is an exact solution of the approximation
problem, i.e., it interpolates.

In the general situation where dy # di, we have to distinguish between the
scalar and the block part. For the scalar part we can now also have a breakdown in
the sequence of orthogonal polynomials since the weights are not positive anymore
but arbitrary complex numbers.

Using the notation

X hoo | hot ... hont1
[Ho|H] =

X hnn hn,n-i—l

0

for the upper left part of the extended Hessenberg matrix, the situation is there as
sketched above: whenever some hyy is zero, we will have an interpolating polynomial
solution. It then holds that

e (2) = 2mi_1(2) — wo(2)hok — -+ — Tr—1(2)hk—1 k
and because W#y, = W[m/I (20),..., ™ (zm)]T is zero, we get
wimh(z) =0, i=0,...,m,

identifying 7}.(2) as a (polynomial) interpolant.

For the lower right part, i.e., for the block polynomial part, a zero on the
second subdiagonal (i.e., when we get a singular subdiagonal block in the Hessenberg
matrix), will imply interpolation as we explained above for the block case.
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The remaining problem is the case where the bottom element in the first
column of the transformed extended Hessenberg matrix becomes zero. That is the
element that has previously been denoted by d,. Indeed, if this is zero, then our
derivation, which gave (13.6):

n(2) = i { Pn—11(z) }

does not hold anymore. But again, here we will have interpolation, i.e., a least
squares error equal to zero. It follows from the derivation in the previous section
that when d,, =0,

W(e - pnfl) = ann =0.

w; ([ (1) } —gﬂk(%)dk> =w; [ pnj(zi) } =0

where p,,—1(z) = ZZ;& o(2)af. This is the same as

Thus

wWos —wlipn_l(zi) = O, 1= O,...,m

which means that (1,p,-1(z))/d with d’ # 0 to normalize p,_1(2) as a monic
polynomial, will fit the data exactly.

Notes and references

This chapter and the previous one are based on [36]. Of course, just as the updating pro-
cedure for orthonormal polynomials can be generalized to the vector case, also the down-
dating procedure can be adapted to our general situation. A combination of downdating
and updating provides a tool for least squares approximation with a sliding window, i.e.,
where a window slides over the data, letting new data enter and simultaneously forgetting
about the oldest data.

w M. Van Barel and A. Bultheel. Updating and downdating of orthonor-
mal polynomial vectors and some applications. In V. Olshevsky, editor,
Structured Matrices in Mathematics, Computer Science, and Engineering
II, volume 281 of Contemporary Mathematics, pages 145-162. American
Mathematical Society, Providence, Rhode Island, USA, 2001.

13.5 Conclusions

In this chapter we have generalized the concept of orthogonal polynomials into or-
thogonal vector polynomials. Also the corresponding updating algorithms as devel-
oped in Chapter 12 for the corresponding inverse eigenvalue problems are designed
for this more general case.
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Chapter 14

Orthogonal rational
functions

In this chapter we adapt the technique laid down in the previous chapters for poly-
nomial (vector) sequences to a specific set of proper rational functions. The goal is
the computation of an orthonormal basis of the linear space R,, of proper rational
functions ¢(z) = n(z)/d(z) with regard to the discrete inner product

with given points z; and weights w;. The rational function ¢(z) is proper, i.e., the
degree of the numerator n(z) is less than or equal to the degree of the denominator
d(z). Both degrees are not greater than n and the denominator polynomial d(z)
has a prescribed set {y1,...,yn}, yi € C, of possible zeros, called the poles of the
rational function ¢(z). The orthonormal basis of rational functions can then be
used when solving least squares approximation problems with rational functions
with prescribed poles. Moreover, it is also closely related with the computation of
an orthogonal factorization of Cauchy-like matrices whose nodes are the points z;
and y; [74, 76].

We prove that an orthonormal basis of (R, { - ,- )) can be generated by means
of a suitable recurrence relation. When the points z; as well as the points y; are
all real, fast O(n?) Stieltjes-like procedures for computing the coefficients of such
relation were first devised in [74, 76]. However, like the polynomial (Vandermonde)
case [132], these fast algorithms turn out to be quite sensitive to roundoff errors so
that the computed functions are far from orthogonal. Therefore, in this chapter we
propose a different approach based on the reduction of the considered problem to
the following inverse eigenvalue problem (HL-IEP): Find a generator representable
Hessenberg-like matrix Z of order n + 1, i.e., a matrix whose lower triangular part
is the lower triangular part of a rank one matrix, and a unitary matrix @ of order
n + 1 such that Qfw = |w|e; and Q¥ D.Q = Z + D,. Here and below w =
[wo, ..., w,]T, D, = diag([z0, . . ., 2,]) and D, = diag([yo, - -, Yn]), where yo can be
chosen arbitrarily. Moreover, we denote by Hj the class of & x k Hessenberg-like

447



448 Chapter 14. Orthogonal rational functions

matrices and by H,(f) the class of k x k generator representable Hessenberg-like
matrices. If both Z and ZH belong to H}, then Z is a semiseparable matrix.

In Chapter 12, a quite similar reduction to an inverse eigenvalue problem
for a tridiagonal symmetric matrix (T-IEP) or for a unitary Hessenberg matrix
(H-IEP) was also exploited in the theory on the construction of orthonormal poly-
nomials with regard to a discrete inner product. We also generalized this theory
to orthonormal vector polynomials. Since invertible (generator representable) semi-
separable matrices are the inverses of (irreducible) tridiagonal ones as we saw in
Chapter 1. We find that HL-IEP gives a generalization of T-IEP and, in particular,
it reduces to T-IEP in the case where y;,2; € R and all prescribed poles y; are
equal.

We devise a method for solving HL-IEP which fully exploits its recursive
properties. This method proceeds by applying a sequence of carefully chosen Givens
transformations to update the solution at the k-th step by adding a new data
(Wk+1, Zk+1,Yk+1). The unitary matrix @ can thus be determined in its factored
form as a product of O(n?) Givens transformations at the cost of O(n?) arithmetic
operations (ops). The complexity of forming the matrix Z depends on the structural
properties of its upper triangular part and, in general, it requires O(n3) ops. In
the case where all the points z; lie on the real axis, we show that Z is a generator
representable semiseparable matrix so that the computation of Z can be carried
out using O(n?) ops only. In addition to that, the class H,(ﬂl results to be close
under linear fractional (M6bius) transformations of the form z — (az+3)/(yz+9).
Hence, by combining these two facts together, we are also able to prove that the
process of forming Z can be performed at the cost of O(n?) ops whenever all points
z; belong to a generalized circle (ordinary circles and straight lines) in the complex
plane.

This chapter is organized in the following way. In Section 14.1 we reduce the
computation of a sequence of orthonormal rational basis functions to the solution of
an inverse eigenvalue problem for matrices of the form diag([yo, ..., yn]) + Z, with
Z € Hiﬂl. By exploiting this reduction, we also determine relations for the recur-
sive construction of such functions. Section 14.2 provides our method for solving
HL-TEP in the general case whereas the more specific situations corresponding to
points lying on the real axis, on the unit circle, or on a generic circle in the complex
plane are considered in Section 14.3.

N Mastering the content of this chapter is not essential to understanding
the other chapters of the book. The essential idea of this chapter is the following.
For a discrete inner product as defined in Definition 14.1 the parameters of the
relation (14.1) for the corresponding sequence of orthonormal rational functions
can be computed by solving an inverse eigenvalue problem for a Hessenberg-like
matrix (see Problem 14.3). When the nodes z; of the inner product are all on the
real line or all on the unit circle, the computational complexity can be reduced from
O(n?) to O(n?) with n indicating the number of nodes z;.
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14.1 The computation of orthonormal rational
functions

In this section we will study the properties of a sequence of proper rational functions
with prescribed poles that are orthonormal with respect to a certain discrete inner
product. We will also design an algorithm to compute such a sequence via a suitable
recurrence relation. The derivation of this algorithm follows from reducing the
functional problem into a matrix setting to the solution of an inverse eigenvalue
problem involving structured rank matrices.

14.1.1 The functional problem

Given the complex numbers y1,¥s,...,y, all different from each other. Let us
consider the vector space R,, of all proper rational functions having possible poles

in Y1,Y25 -+ -y Ynt
1 1

, e
Yy 2 —Y2 Z=Yn

1
R, = span{l, }.
v —
Note that proper means that the degree of the numerator polynomial cannot be
greater than the degree of the denominator polynomial. The vector space R,, can
be equipped with the inner product ( -,- ) defined below:

Definition 14.1 (Bilinear form). Given the complex numbers zo,z1,...,2n
which together with the numbers y; are all different from each other, and the (in
general complex) “weights” 0 # w;, i = 0,1,...,n, we define a bilinear form

() RpxRy—C by

n

(6, 0) =Y wil¢(z:)(2:)-

=0

Since there is no proper rational function ¢(z) = n(z)/d(z) with deg(n(z)) <
deg(d(z)) < n different from the zero function such that ¢(z;) =0 for i =0,...,n,
this bilinear form defines a positive definite inner product in the space R,.

The aim of this chapter is to develop an efficient algorithm for the solution of
the following functional problem:

Problem 14.2 (Computing a sequence of orthonormal rational basis func-
tions). Construct an orthonormal basis

o, (2) = [ag(2),a1(2), . . ., an(z)]T
of (Rn,{ -, )) satisfying the properties

aj(z) ERA\Rj-1 (Ra =10)
(04, a) = 055 (Kronecker delta)
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fori,7=0,1,2,....,n.

We will show later that the computation of such an orthonormal basis o, (2)
is equivalent to the solution of an inverse eigenvalue problem for generator repre-
sentable Hessenberg-like plus diagonal matrices, i.e., matrices of the form
diag([yo, - - -, yn]) + Z, where Z € H;ﬁl.

14.1.2 The inverse eigenvalue problem

Let D, = diag([yo,--.,yn]) be the diagonal matrix whose diagonal elements are
Y0, Y1, ---,Yn, where 1o can be chosen arbitrarily; analogously, set
D, = diag([#0, ..., 2n]). Furthermore, denote by ||w|| the Euclidean norm of the
vector w = [wo, w1, ..., w,]7T.

Our approach to solving Problem 14.2 mainly relies upon the equivalence
between that problem and the following inverse eigenvalue problem (HL-IEP):

Problem 14.3 (Solving an inverse eigenvalue problem). Given the numbers
Wi, 2i, Yi, find a matriz Z € Higj_l and a unitary matriz Q such that

Q"w = [|wle, (14.1)
Q"D.Q=2Z+D,. (14.2)

Note 14.4. Observe that, if (Q,Z) is a solution of Problem 14.3, then Z cannot
have zero rows and columns. By contradiction, if we suppose that Ze; = 0, where
e; 1is the j-th column of the identity matriz In41 of order n + 1, then D,Qe; =
QDye; = y;—1Qej, from which it would follow y;—1 = z; for a certain i.

Results concerning the existence and the uniqueness of the solution of Problem
14.3 were first proven in the articles [74, 76, 75| for the specific case where y;, z; € R
and Z is a generator representable semiseparable matrix. In particular, under such
auxiliary assumptions, it was shown that the matrix @ is simply the orthogonal
factor of a Q R-decomposition of a Cauchy-like matrix built from the nodes y; and z;,
i.e., a matrix whose (4, j)-th element has the form w;_1v;_1/(z;—1—y;—1) where u;_1
and vj_; are components of two vectors u = [ug, ..., u,|’ and v = [vg,...,v,]7,
respectively. Next we give a generalization of the results of [74, 76, 75] to deal with
the more general situation considered here.

Theorem 14.5. Problem 14.3 has at least one solution. If (Q1,Z1) and (Q2, Z2)
are two solutions of Problem 14.3, then there exists a unitary diagonal matriz F =
diag([1, e, ..., ei"]) such that

Qo= F, Zy=F"ZF

Proof. 1t is certainly possible to find two vectors u = [ug,...,u,| and v =
[vo, ..., v])T with v;,u; # 0 and wve/(2; — yo) = w;, for 0 < i < n. Indeed, it is
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sufficient to set, for example, v; = 1 and u; = w;(z; — yo). Hence, let us consider
the nonsingular Cauchy-like matrix C' = (u;—1vj—1/(2i—1 —y;j—1)) and let C = QR
be a QR-factorization of C. From D,C — CD, = uv” one easily finds that

Q"D.Q=RD,R'+Quv'R' =D, + Z,

where
Z=RD,R™ — D, +Quv"R™' e HY) .

Moreover, Qe; = CR™1e; = w/||w|| by construction. Hence, the matrices ) and
Z=Q"D.Q - D, solve Problem 14.3.

Concerning uniqueness, assume that (Q, Z) is a solution of Problem 14.3 with Z =
(zi,5) and z; j = w;—1v;—1 for 1 < j <i<n+41. As Zey # 0, it follows that vy # 0
and, therefore, we may assume vp = 1. Moreover, from (14.2) it is easily found that

D.Qe; = Qu + yoQey,

where U = [y, . . ., U,]T. From (14.1) we have

~ w

Relation (14.2) can be rewritten as
H ~ ~ _
Q"D.Q=uv" +U =uv" + RD,R!,

where U is an upper triangular matrix with diagonal entries y; and U = RD,R™*
gives its Jordan decomposition, defined up to a suitable scaling of the columns of
the upper triangular eigenvector matrix R. Hence, we find that

D.QR - QRD, = Quv' R = uv’

and, therefore, QR = C = (u;—1vj_1/(zi—1 — yj—1)) is a Cauchy-like matrix with
u = Qu uniquely determined by (14.3). This means that all the eligible Cauchy-
like matrices C' are obtained one from the other by a multiplication from the right
by a suitable diagonal matrix. In this way, from the essential uniqueness of the
orthogonal factorization of a given matrix, we may conclude that @ is uniquely
determined up to multiplication from the right by a unitary diagonal matrix F'
having fixed its first diagonal entry equal to 1. Finally, the result for Z immediately
follows from using again relation (14.2). O

The above theorem says that the solution of Problem 14.3 is essentially unique
up to a diagonal scaling. Furthermore, once the weight vector w and the points
z; are fixed, the determinant of Z is a rational function in the variables yq, ..., yn
whose numerator is not identically zero. Hence, we can show that, for almost any
choice of yg, ..., yn, the resulting matrix Z is nonsingular. The article [74] dealt
with this regular case, in the framework of the orthogonal factorization of real
Cauchy matrices. In particular, it is shown there that the matrix Z is nonsingular
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when all the nodes vy;, z; are real and there exists an interval, either finite or infinite,
containing all nodes y; and none of the nodes z;.

In what follows we assume that Z~! = H exists. It is known that the inverse
of a matrix whose lower triangular part is the lower triangular part of a rank 1
matrix is an irreducible Hessenberg matrix [84]. Hence, we will use the following
notation: The matrix H = Z~! is upper Hessenberg with subdiagonal elements
bo,b1,...,bp—1; for 5 =0,...,n —1, the j-th column h; of H has the form

h? = [, b;,0], b;#0.

The outline of the remainder of this section is as follows. First we assume
that we know a unitary matrix @ and the corresponding matrix Z solving Problem
14.3. Then we provide a recurrence relation between the columns q; of @ and, in
addition to that, we give a connection between the columns q; and the values at
the points z; attained by certain rational functions satisfying a similar recurrence
relation. Finally, we show that these rational functions form a basis we are looking
for.

14.1.3 Recurrence relation for the columns of ()

Let the columns of ) denoted as follows:
Q = [q07q17"'7qn]'

Theorem 14.6 (Recurrence relation). For j = 0,1,...,n, the columns g,
satisfy the recurrence relation

bi(D. = yjr1lns1)qi41 = dj + ([do. 41, - --,q;] Dy, j — D= [qo, a1, - - -, q;]) hy,
with qo = w/||w||, dnt1 =0 and D, ; = diag([yo, . .., y;]).

Proof. Since Qfw = e;||w||, it follows that qo = w/||w|. Multiplying relation
(14.2) to the left by @, we have

D.Q = Q(Z+ D,).
Multiplying this to the right by H = Z~1, gives us
D.QH = Q(I,+1 + Dy H). (14.4)

Considering the j-th column of the left and right-hand side of the equation above
we have the claim. O

14.1.4 Recurrence relation for the orthonormal functions

In this section we define an orthonormal basis o, (z) = [ao(2), a1(2), . .., an(2)]"
for R, using a recurrence relation built by means of the information contained in
the matrix H.
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Definition 14.7 (Recurrence for the orthonormal rational functions). Let
us define ap(z) = 1/||w|| and

a;(2) + ([ao(2), ..., ;(2)] Dy j — z[o0(2), . .., a;(2)]) hy
bj(z — yjt1)

aj1(z) =

for0<j<n-1.

In the next theorem, we prove that the rational functions «;(z) evaluated at
the points z; are connected to the elements of the unitary matrix . This will
allow us to prove in Theorem 14.9 that the rational functions «;(z) are indeed
the orthonormal rational functions we are looking for. In what follows, we use the
notation D,, = diag([wy, . .., wy]).

Theorem 14.8 (Connection between «;(z;) and the elements of Q). Let

a; = [aj(z0), .. .,ozj(zn)]T eC", 0<j<n.

For j=0,1,...,n, we have q; = Dy ;.

Proof. Replacing z by z; in the recurrence relation for a;;1(z), we get

bj(D: = yjr1lnt1)oypr = o + ([ao, ..., 05] Dy j — D [, . . ., 5] hy.
Since qp = w/||w|| = Dy, the theorem is proved by finite induction on j, com-
paring the preceding recurrence with the one in Theorem 14.6. O

Now it is easy to prove the orthonormality of the rational functions a;(2).

Theorem 14.9 (Orthonormality of o, (z)). The functions ag(z), .. .an(2) form
an orthonormal basis for R, with respect to the inner product { - |- ). Moreover,
we have aj(z) € Rj \ Rj-1.

Proof. Firstly, we prove that (a;,a;) = d; ;. This follows immediately from the
fact that Q@ = Dy [, ..., ay] and @ is unitary. Now we have to prove that o;(z) €
R; \ Rj—1. This is clearly true for j = 0 (recall that R_; = ). Suppose it is true

for j =0,1,2,...,k < n. From the recurrence relation, we derive that ay41(2) has
the form
rational function with possible poles in yg, y1,-- -, Yk
apt1(2) = .
(z = yj41)

Also lim, 00 ag41(2) € C and, therefore, ag41(2) € Ri+1. Note that simplification
by (z — yk+1) does not occur in the previous formula for ay11(z) because qr+1 =
D41 is linearly independent of the previous columns of (). Hence, ay11(z) €
Rit+1 \ Re. O
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In the next theorem, we give an alternative relation among the rational func-
tions «a;(2).

Theorem 14.10 (Alternative relation). We have

20, (2)T = an(2)T(Z + Dy) + ani1(2)s?, (14.5)
where sT is the last row of the matriz Z and the function o,y 1(2) is given by

ant1(z) = e [T =)/ 1] = w)
j=0 j=1

for some constant c.
Proof. Let h,, be the last column of H = Z~!, and define

n+1(2) = an(2) (2141 — Dy)hy, — an(2). (14.6)
Thus, the recurrence relation given in Definition 14.7 can also be written as

o, (2) (2Ip1 — Dy)H = 0 (2)" + any1(2)ef .

Multiplying to the right by Z = H~!, we obtain the Formula (14.5). To determine
the form of ay41(2) we look at the Definition 14.6. It follows that apy1(2) is a
rational function having degree of numerator at most one more than the degree of
the denominator and having possible poles in y1, y2, . . ., yn. Recalling from Theorem
14.8 the notation a; = [avj(20), ..., @;(2,)]T and the equation @ = Dy [ax, ..., au),
we can evaluate the previous equation at the points z; and obtain:

D, |a,...,an] H — [ag,...,0n] DyH = [, ..., 0] + anﬂef.
Since D, D, = D, D,,, multiplying to the left by D,, we obtain
D.QH — QDyH = Q + Dy i1€l, ;.
From Equation (14.4) we obtain that Do, 1€l ; is a zero matrix; hence, it follows

that c,11(2;) =0, for i =0,1,...,n, and this proves the theorem. O

Note that ap41(2) is orthogonal to all o;(2), ¢ = 0,1,...,n, since any1(2) &
R, and its norm is

n
lonral? = Jwiani1(z:)]* = 0.
1=0

14.2 Solving the inverse eigenvalue problem

In this section we devise an efficient recursive procedure for the construction of the
matrices @ and Z solving Problem 14.3 (HL-IEP). The case n = 0 is trivial: It is
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sufficient to set Q@ = wg/|wo| and Z = zg — yo. Let us assume we have already con-

structed a unitary matrix @ and a matrix Zj for the first k+ 1 points zq, 21, . . ., 2
with the corresponding weights wg, w1, ..., wk. That is, (Qk, Zi) satisfies
Qi wi = [lwyley

QF D, xQr = Zi, + Dy,

where wi, = [wo,...,wi]?, Z1 € H,(fle, D, = diag([z0,...,2x]) and, similarly,

D, = diag([yo,...,yx]). The idea is now to add a new point zx41 with corre-
sponding weight wy1 and construct the corresponding matrices Q41 and Zpy1.
Hence, we start with the following relations:

1 0 Wet1 | _ Wk+1
0 QF Wi [wlle1
1 0 Zhy1 O 1 0] [ zrem 0
0 Qf 0 D.x 0 Qr | 0 Zy+Dyyr |’
Then, we find complex Givens transformations G; = I;—1 ® G 11 @ Ip—it1,
Giiy1 = [ _g z } . GG =1, (14.7)

such that | |
H gl 1l O W1 | Wik+41
ot at [y qu [ [=[ ™5 ]

and, moreover,
GkH...g{I[l OH][Zk+1 0 Hl O}Gl...erH,(jﬁz.

Finally, we set

Qi1 = [ é Cgk }Gr"Gk,
and
Zpyr =G GH { Zkarl . +0Dy7k } G- Gy (14.8)
With the notation
erilS ( [wo, U1, - - -, Uk) >
[vo, V1, ..., Vk]

we denote the lower triangular matrix whose nonzero part equals the lower trian-
gular part of the rank 1 matrix [Ui71vj71]£8’::’;]:, ie.,

UoVo

tI‘ﬂS [UO, ULy - - ,uk] _ U1 U1y
[vo,v1,... 0] ) | Y2Vo U2V1 U2V3
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Moreover, with the notation

triuR< [[770’771,“'3771671] >

ro,T1,... 7rk—2]

we denote the strictly upper triangular matrix whose (i + 1)-st row, 0 < i < k — 2,
is equal to [0,0,...,0,n;,rl], ie.,

0 no g
triuR< [7707771a"'a77k—1} ) — 0 0 m I'{

[I'O,I'h s 7rk—2]

Let us describe now in what way Givens transformations are selected in order to
perform the updating of @ and Zi. In the first step we construct a Givens trans-
formation working on the new weight. Let G2 be a Givens transformation as in

(14.7), such that
g | Wert | | W]
otty | et | = | Il ]. (14.9)

The matrix Zj is updated as follows: We know that

Zk = trilS [UO, Ut 7uk} + triuR [7’07 My-ees Wk—l} )
[vo, v1, ..., Uk] [ro,r1,..., k2]

Let

_[Gfy 0 Zk41 0 Gia O
Zit11 + Dy 11 = [ 0 I 0 Zn+ Dy A

where Zj 11,1 and Dy 41,1 are defined as follows:

Zii1 = trilS ( [0, @, s, ..o, ) +triuR< o, s - k] )

[0, D1, V1, V2, . . ., Vk) [fo, 1,01 ..., Tp—2]
and
Dy ki1, = diag([yo, 91, Y1, Y2, - - - k),
with
a 0 Zk41 0
=GH G
[ v B } 2 [ 0 yo+uowe | °
and
Vo = —Svg ﬁoz(a—yo)/’ﬁo ﬁozd
Uy =cvg 1 =B -1 Uy = v/

_ - T -

m = Cho g = [—57707 —SFOT] r; = cro.
Observe that vy # 0 from Remark 14.4 and, moreover, s # 0 since ||wg|| # 0 in
the Equation (14.9). Whence, 09 # 0 and, therefore, all these quantities are well
defined.
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In the next steps, we are transforming D 11,1 into Dy ;1. The first of these
steps is as follows. If v1%; — 71 # 0, we choose t such that

Y1 — Y1

z: — = <
ViUl — M

and define the Givens transformation working on the second and third row and

column as
1 t
G2,3=[_f 1}/\/1+|t|2-

Otherwise, if viu; —n1 = 0, we set

0 1
G2’3|:_1 0}.

The matrices Zj1,1 and Dy ;41,1 undergo the similarity transformation associated
to G'2,3. The transformed matrices Z,11 2 and Dy 11,2 are given by

T = trilS [1&071517@2,U2,m,uk] + triuR [7?\0;7?\117127772a~~~a77k71} ,
’ [00, 01, U2, V2, . .., U] [fo,F1,T2,T2...,Tp—2]

Dy,k+1,2 = dlag([y07 Y1, gQa Y2,Y3, .- - 7yk])7
with R .
H (731 _ U1 ~ s~
Gy [ w } = [ i ] . [01,01) Go3 = [01,02] .

Moreover, g2 = g1, 71 is the (1, 2)-entry of

U101 + Y N
G%[ 101 T Y1 Uit }G%

U101 u1v1 + Y1
and
GH I B 14.10
{ i) [, 2] (14.10)

At the very end, after k steps, we obtain

Zirg = tritg ([10r@0eees i T ] Ny g (0 Loy s ]
[vo,vl,...,vk,vkﬂ] [1‘0,1‘1,1‘2,...,1‘]6,1}

and
Dy ky1.x = diag([yo, Y1, - - - > Yks Y1)

Since Zp41x = Zk+1 + diag([0,...,0,9k+1 — Yr+1]), then from (14.8) it follows
that @g+1 # 0. Thus, the last step will transform 41 into yr4+1 by applying the
transformation

U1 = Ukt1

g1 = (Uht1 — Y1 + Qhp1Op41)/Upg1-
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The computational complexity of the algorithm is dominated by the cost of per-
forming the multiplications (14.10). In general, adding new data (wg4+1, Zk+1, Yk+1)
requires O(k?) ops and hence, computing Z,, = Z requires O(n?) ops. In the next
section we will show that these estimates reduce by an order of magnitude in the
case where some special distributions of the points z; are considered which lead to
a matrix Z with a structured upper triangular part. We stress the fact that, in
the light of Theorem 14.5, the above procedure to solve HL-IEP can also be seen
as a method to compute the orthogonal factor in a QR-factorization of a suitable
Cauchy-like matrix.

14.3 Special configurations of points z;

In this section we specialize our algorithm for the solution of HL-IEP to cover with
the important case where the points z; are assumed to lie on the real axis or on the
unit circle in the complex plane. Under this assumption on the distribution of the
points z;, it will be shown that the resulting matrix Z also possesses a generator
representable semiseparable structure. The exploitation of this property allows us
to overcome the multiplication (14.10) and to construct the matrix Z, = Z by
means of a simpler parametrization, using O(n) ops per point, so that the overall
cost of forming S reduces to O(n?) ops.

14.3.1 Special case: all points z; are real
When all the points z; are real, we have that
Z+D,=Q"D.Q=(Q"D.Q)" =(z+D,)".

Hence, the matrix Z is semiseparable and can be denoted by S. So, the matrix
Z + D, can be written as

Z+ D, =S+ D, = tril(uv’,0) + D, + triu(vu, 1) = S(u,v) + D,, (14.11)

with v the complex conjugate of the vector v. Here we adopt the MATLAB notation
triu(B, p) for the upper triangular portion of a square matrix B, where all entries
below the p-th diagonal are set to zero (p = 0 is the main diagonal, p > 0 is
above the main diagonal, and p < 0 is below the main diagonal). Analogously, the
matrix tril(B, p) is formed by the lower triangular portion of B by setting to zero
all its entries above the p-th diagonal. In particular, the matrix S is a Hermitian
semiseparable matrix, and its computation requires only O(n) ops per point, since
its upper triangular part needs not to be computed via (14.10). Moreover, its inverse
matrix 7 = S~ is tridiagonal, hence the vectors flj occurring in Definition 14.7
have only one nonzero entry.

When also all the poles y; (and the weights w;) are real, all computations
can be performed using real arithmetic instead of doing operations on complex
numbers. When all the poles are real or come in complex conjugate pairs, also
all computations can be done using only real arithmetic. However, the algorithm
works then with a block diagonal D, instead of a diagonal matrix. The details of
this algorithm are rather elaborate. So, we will not go into the details here.
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14.3.2 Special case: all points z; lie on the unit circle

The case of points z; located on the unit circle T = {z € C : |z| = 1} in the complex
plane can be reduced to the real case treated in the preceding subsection by using
the concept of linear fractional (Mobius) transformation [106]. To be specific, a
function M : CU {oo} — CU {0} is a Mobius transformation if

az+ [
vz +6’

M(Z): 045_57?507 a7ﬁ7’y,§€(c

Interesting properties concerning Mébius transformations are collected in [106]. In
particular, a Mobius transformation defines a one-to-one mapping of the extended
complex plane into itself and, moreover, the inverse of a M&bius transformation is
still a Mobius transformation given by

0z — 0

1 .
M7 (z) = ———

(14.12)

The Mébius transformation M(Z) of a matrix Z is defined as
M(Z) = (aZ + BI)(vZ + 61)~*

if the matrix vZ + 61 is nonsingular. The basic fact relating semiseparable matrices
with M6bius transformations is that in a certain sense the semiseparable structure
is maintained under a Mobius transformation of the matrix. More precisely, we
have that:

Theorem 14.11. Let Z € Hgﬂl with Z = (2;5), 2ij = Ui—1vj—1 for 1 <j <i<
n+1, and vg # 0. Moreover, let D, = diag([yo, - .., ¥Yn]) and assume that M maps
the eigenvalues of both Z + D, and D, into points of the ordinary complex plane,
i.e., =0/ is different from all the points y;, z;. Then, we find that

M(Z + D,) — M(D,) e HY),.

Proof. Observe that Z € Hﬁﬁzl implies that RZU € H%‘?_l for R and U upper
triangular matrices. Hence, if we define R = I —e1[0,v1 /vo, . . ., vn /vo], the theorem
is proven by showing that

R™Y(M(Z + D) — M(D,))R € HY),,
which is equivalent to

R™'M(Z + D,)R — M(D,) € HY) .
One immediately finds that

RM(Z + Dy)R = ((v(Z + Dy) + 61)R) " (a(Z + D) + BI)R,
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from which it follows
R'M(Z + Dy)R = (yvoue! + R1) ' (avoue] + Ry),

where R; and Ry are upper triangular matrices with diagonal entries vyy; + 0 and
ay; + 0, respectively. In particular, R; is invertible and, by applying the Sherman-
Morrison formula we obtain

R'M(Z + Dy,)R = (I — oR; "uel)(avoR; 'uel + Ry 'Ry),

for a suitable o. The thesis is now established by observing that the diagonal entries
of RT'Ry coincides with the ones of M(D,) and, moreover, from the previous
relation one gets

R 'M(Z+D,)R—R;'Ry € HY),,

and the proof is complete. 0

This theorem has several interesting consequences since it is well known that
we can determine M&bius transformations mapping the unit circle T except for one
point onto the real axis in the complex plane. To see this, let us first consider
Mobius transformations of the form

z+a

Mi(z) = 1o’ aecC\R.

It is immediately found that M, (z) is invertible and, moreover, M;(z) € T when-
ever z € R. For the sake of generality, we also introduce M&bius transformations of
the form

z=p

1- 62’
which are invertible and map the unit circle T into itself. Then, by composition of

My (z) with Mj(z) we find a fairly general transformation M(z) mapping the real
axis into the unit circle:

Ma(z) = 16l # 1,

M(z) = My(My(2)) = Ei:g;jiﬁg:i;i. (14.13)

Hence, the inverse transformation M~1(z) = M (M5 (2)), where

az — Q@
—z+1’

z
Mit(z) = M) = 28
is the desired invertible transformation which maps the unit circle (except for one
point) into the real axis.

By combining these properties with Theorem 14.11, we obtain efficient pro-
cedures for the solution of Problem 14.3 in the case where all the points z; belong
to the unit circle T. Let D, = diag([yo,-..,¥n]) and D, = diag([zo,...,2n]) with
|zi| = 1. Moreover, let M(z) be as in (14.13), such that M~!(z;) and M~1(y;) are
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finite, i.e., z;,y; # (1 — B)/(1 — B) = Mz(1), 0 < i < n. The solution (Q, Z) of
Problem 14.3 with input data w, {M~1(z;)} and {M~'(y;)} is such that

QY diag([M~Y(20), ..., M Y 2,)])Q = Z + diag(IM 1 (y0), ..., ML (y,)]),

from which it follows that

M(Q" diag([M ™ (20), ..., M (za)])Q)
= M(Z + diag(IM™ (o), .., M7 (ya)]).

By invoking Theorem 14.11, this relation gives
M(QT diag(IM ™ (20), ..., M (z))Q) = Q" D.Q = Z+ D,, ZeHY,

and, therefore, a solution of the original inverse eigenvalue problem with points
z; € Tis (Q, ) where Q Q@ and 7 is such that

Z + Dy = M(Z + diag(IM ™ (y0), ..., M7  (y)])). (14.14)
Having shown in (14.11) that the matrix Z satisfies
Z = S = tril(uv?,0) + triu(vu’, 1),

for suitable vectors u and v, we can use (14.14) to further investigate the structure
of Z. From (14.14) we deduce that

Z" + Dl = M(SH + diag(IM (o), ..., M~ (ya))).
The Mébius transformation M of a matrix S is defined as
M = (78 +6I)"Y(asS + BI)

when M = (az+ f3)/(yz+0). By applying again Theorem 14.11, assuming that all
y; are different from zero, this implies that

Z" + DeHY),,
for a certain diagonal matrix D. Summing up, we obtain that
Z = tril(uv”, 0) 4 triu(pq”, 1), (14.15)

for suitable vectors u, v, p and q. If one or more of the y; are equal to zero, it can
be shown that Z is block lower triangular where each of the diagonal blocks has the
desired structure. The proof is rather technical. Therefore, we omit it here.

From a computational viewpoint, these results can be used to devise several
different procedures for solving Problem 14.3 in the case of points z; lying on the
unit circle at the cost of O(n?) ops. By taking into account the semiseparable
structure of S (14.15) we can simply modify the algorithm stated in the previous
section in such a way as to compute its upper triangular part without performing
multiplications (14.10). A different approach is outlined in the next subsection.
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14.3.3 Special case: all points z; lie on a generic circle

Another approach to deal with the preceding special case that generalizes immedi-
ately to the case where the nodes z; belong to a given circle in the complex plane,
{z € C: |z — p| = r}, exploits an invariance property of Cauchy-like matrices un-
der a Mobius transformation of the nodes. Such property is presented in the next
lemma for the case of classical Cauchy matrices; the Cauchy-like case can be dealt
with by introducing suitable diagonal scalings. With minor changes, all forthcom-
ing arguments also apply to the case where all abscissas lie on a generic line in the
complex plane, since the image of R under a Md&bius transformation is either a circle
or a line.

Lemma 14.12. Let z;,y;, for 1 <i,5 < n, be pairwise distinct complex numbers,
let

M(z) = 2210

=Ty M- #0

be a Mdébius transformation and let Cpqg = (1/(M(z;) — M(y;))). Then Caq is a
Cauchy-like matriz with nodes z;, ;.

Proof. Using the notations above, we have

1 I (yzi +90)(yy; +9)

M(Zz')*M(l/j) B ad — By Zi — Y5

Hence Caq has the form Caq = (uiv;/(2: — y5))- O

In the next theorem, we show how to construct a Mébius transformation map-
ping R onto a prescribed circle without one point, thus generalizing Formula (14.13).
Together with the preceding lemma, it will allow us to translate Problem 14.3 with
nodes on a circle into a corresponding problem with real nodes. The latter can be
solved with the technique laid down in Subsection 14.3.1.

Theorem 14.13. Let the center of the circle p € C and its radius r > 0 be given.
Consider the following algorithm:

1. Choose arbitrary nonzero complex numbers vy = |y|e** and § = |6|e*®s such
that €21(92=%) £ 1: moreover, choose 0 € [0, 2x].

2. Set o = pry + r|y|et?.
3. Set 6 =0+0., — 5.
4. Setﬁ:p5+r|5|eié.

Then the function M(z) = (az + B)/(vz + d) is a Mébius transformation mapping
the real line onto the circle {z € C: |z — p| = r} without the point 2 = a/~.
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Proof. After simple manipulations, the equation

az+p 2

vz 49

leads to the equation
2la—py|* + 22R((a — py) (B — pd)) + |8 — pd|* = (14.16)
= 22r2|y)? 4 2212 R(70) + r?|0]2.
Here and in the following, $(z) denotes the real part of z € C. By construction, we
have |a — py| = r|y| and |8 — pd| = r|6|. Moreover,
R((e = p7) (B — pd)) = r? 3| R(e* =)

= P2 R0 )

= r?R(v9).
Hence Equation 14.16 is fulfilled for any real z. The missing point is given by

. .oaz+ B«
Z= lim

im .
o Yz 4+
It remains to prove that ad — By # 0. Indeed, we have

ad — By = (py + rlylei?)s — (pd +r|6le*’ )y
= rly6e* — r5]e*’
= ryd|(eH7+99) — et 00)
_ r|’y(5|el(9+9° (1 _ e2i(9-y—95)).
Since e21(%++05) £ 1 we obtain ad — Gy # 0. O

Suppose we want to solve Problem 14.3 with data w;, z;, y;, where |z; —p| = r.
As seen from the proof of Theorem 14.5, if we let C' = (w;—1(zi—1—%0)/(zi—1—Y;-1))
and C = QR, then a solution is (Q, Z), with Z = Q¥ D.Q — D,. Let M(z) =
(az+ B)/(yz+0) be a Mébius transformation built from Theorem 14.13. Recalling
the inversion Formula 14.12, let z; = M~Y(z;), 7: = M~ Y(y;), vi = v + 6, and

— Yo ’YZZ +6
— 3o a6 — By’
Note that z; € R, by construction. From Lemma 14.12, we also have

C— (UNJilN(iil —Nﬂo)vjl) '

Zi—1 —Yj—1

wq—w“ 0<1<n.

Again from Theorem 14.5, we see that the solution of Problem 14.3 with data
UNJi7 éi, gz is (Q, Z) where

Z = QU M~Y(D.)Q — M~(D,).
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Let Z = Z + M~Y(D,). Observe that Zis a semiseparable plus diagonal matrix
[39, 66, 75]. After simple passages, we have

Z=M(Z) - D, =[aZ+BIyZ + 61" — D,,.

Hence Z can be recovered from Z by determining the entries in its first and last
rows and columns. This latter task can be carried out at a linear cost by means
of several different algorithms for the solution of semiseparable plus diagonal linear
systems (see, e.g., [39, 66, 111, 156]).
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In the previous chapter we generalized the sequence of orthogonal polynomials into
a sequence of orthonormal polynomial vectors. In the same way, we can extend the results
of this chapter towards orthonormal rational function vectors.

5 S. Delvaux and M. Van Barel. Orthonormal rational function vectors.
Numerische Mathematik, 100(3):409-440, May 2005.

14.4 Conclusions

In this chapter we have considered computing the recurrence relation for orthonor-
mal rational functions with prescribed poles. It turned out that solving the cor-
responding inverse eigenvalue problem means that we have to determine a diago-
nal plus lower semiseparable matrix. On the real line, this becomes a symmetric
semiseparable matrix and on the unit circle, the diagonal plus lower semiseparable
matrix is unitary.



Chapter 15

Concluding remarks &
software

15.1 Software

In several chapters of this book implementations of various algorithms were dis-
cussed. Several of these methods are implemented and freely available for download
at the following site:

http://www.cs.kuleuven.be/~mase/books/

The package containing several routines related to semiseparable matrices is
called SSPACK, the Semiseparable Software Package. The package is still under
development, hence it is good to check the site on a regular base.

Important to remark is that currently the MASE-team is implementing several
of the routines in C++, using thereby GLAS (Generic Linear Algebra Software),
which exploits BLAS and so forth. The above site will also discuss progress in this
project.

Let us provide an example of a routine in MATLAB, to illustrate the global
package. For example the routine
CSS: Construction of a semiseparable matrix
Providing MATLAB the following command:
>> help CSS
will provide the following output:

% CSS  Construction of a semiseparable matrix

)

YA [G,d]=CSs(8)

% produces the representation of a semiseparable
% matrix from the symmetric matrix S.

% The fastest Householder implementation is used.
% G represents a sequence of givens

% d represents a diagonal

)

A [G,d]=CSS(S,’h’)

% performs the computation with a more stable, but
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A slower Householder implementation.

)

A [G,d]=CSs(S,’g’)

% performs the computation with Givens transformations.
% This is the most stable but also the slowest.

)

% Software of the MaSe - Group

YA mase@cs.kuleuven.be

% Revision Date: 16/12/2003

This routine transforms a symmetric matrix into a similar semiseparable one.
The package contains many other implementations of proposed algorithms, such as
for example the multishift @ R-step, the singular value decomposition based on up-
per triangular semiseparable matrices, the divide-and-conquer algorithm and many
others.

For example the routine which computes the eigenvalues and eigenvectors of
semiseparable matrices is of the following form.

% EIGSS Eigenvalues and eigenvectors of semiseparable matrices

h

% E = EIGSS(G,d,cutoff) is a vector containing the eigenvalues of
% the symmetric semiseparable matrix S constructed with G,d.

% (Check BSS and CSS for info on the representation G,d.)

% Remark that the matrix has to be in unreduced form.

% (Check REDSS for info about unreducedness.)

%

%

% [V,D] = EIGSS(G,d,cutoff) produces a diagonal matrix D of

% eigenvalues and a full matrix V whose columns are the

% corresponding eigenvectors so that S*V = Vx*D,

% with S the semiseparable matrix constructed with G,d.

b

% The variable cutoff stands for the cutting off criterion.
% If the subdiagonal element is smaller than cutoff the

% corresponding eigenvalue is separated.

%

%

% Software of the MaSe - Group
% mase@cs.kuleuven.be

% Revision Date: 30/05/2003

15.2 Conclusions

The first volume of this book focused onto solving systems of linear equations,
involving structured rank matrices. This volume was dedicated to direct and inverse
eigenvalue problems related to and based on, structured rank matrices.
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The first part of the book discussed different algorithms for transforming ma-
trices to structured rank form. Transitions to semiseparable, semiseparable plus di-
agonal, Hessenberg-like, upper triangular semiseparable form were explored. More-
over also the convergence properties of these methods were studied extensively,
showing how to tune this convergence.

Being able to transform matrices to structured rank form is not enough to
compute eigenvalues and/or singular values. The second part of the book discusses
therefore all necessary tools and theoretical results for developing ) R-algorithms,
computing the eigenvalues of the previously mentioned structured rank matrices.
An extra chapter also presented a new kind of algorithm for computing the eigen-
decomposition via a () H-factorization.

The third part of the book briefly discussed some miscellaneous topics such as
the reduction to semiseparable form in an iterative (Lanczos-like) way and how to
exploit the rank-revealing properties of the reduction algorithms. Also the divide-
and-conquer algorithm for computing the eigendecomposition was discussed.

The fourth part of the book discussed some inverse eigenvalue problems, show-
ing relations between structured rank matrices and orthogonal polynomials.

We hope that the two volumes give the reader a thorough introduction in the
field of structured rank matrices and can lead to a standardization of the notation
in this strongly evolving field of research and applications.
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